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Preface

Vanishing cycles appear naturally in the picture when studying families of
hypersurfaces, usually regarded as singular fibrations. The behaviour of van-
ishing cycles seems to be the cornerstone for understanding the geometry and
topology of such families of spaces. There is a large literature, mostly over the
last 40 years, showing the various ways in which vanishing cycles appear. For
instance, we may associate to a holomorphic function f its sheaf of vanishing
cycles, encoding information about the singularities and the monodromy of f.

Although quite sophisticated information is available (e.g. in Hodge theoretic
terms, see the survey [Di2]), there are many open questions on the geometry of
vanishing cycles (see for instance Donaldson’s paper [Don] for an intriguing
one).

This book proposes a systematic geometro-topological approach to the van-
ishing cycles appearing especially in nonproper fibrations. In such fibrations,
some of the vanishing cycles do not correspond to the singularities on the space.
Nevertheless, if the fibration extends to a proper one, then new singularities
appear at the boundary and their relation to the original context may explain
the presence of those vanishing cycles. The study of this type of problem in the
setting of singular spaces and stratified singularities started notably with the
works of Goresky and MacPherson, Hamm and Lé.

The situations where nonproper fibrations appear fall into two types are:

1. fibration on a noncompact space X, which is the restriction of a fibration
over a given compact space Y such that X = Y \ V for some subspace V C Y}
2. fibration on a noncompact X, which can be extended, nonuniquely, to a
proper fibration on a larger space.

In case 1, the singularities of the given extension on the space Y are studied
and then the information for the fibration on X are extracted. In case 2, first
a ‘good’ candidate for the extension over some space Y should be found, and

iX



X Preface

pursued as in case 1. For instance, let f : C"*! — C be any polynomial func-
tion. This defines a nonproper fibration and can be extended to a meromorphic
function f /xg : Pl __5 Pl where f is the homogenization of f of degree
d = degf, by the new variable xq. Here, the embedding is C"*! c P"+! and
f /x4 restricts to f on C"™1 = P"*1\ {xy = 0}, but we may consider other
embeddings.

The leading idea of this monograph is to bring into new light a bunch of
topics — holomorphic germs, polynomial functions, pencils on quasi-projective
spaces — conceiving them as aspects of a single theory with vanishing cycles at
its core. A synthetic table with the topics and their relations is given in Figure 9.
The new and highly general branches — meromorphic functions and non-generic
Lefschetz pencils — complete and extend the landscape.

Parts I and II focus on complex polynomial functions f and discuss recent
results in connection to the ‘vanishing cycles at infinity’ introduced in [ST2].
(Some aspects are discussed in real variables in Part I.) The specificity of the
situation is the loss of ‘information’ toward infinity (e.g. singular points, curva-
ture of fibres, vanishing cycles) and the aim is to explain the phenomena and to
quantify this loss whenever possible. Roughly, the strategy is to compactify the
family of fibres of f, study the proper extension of f especially at its singular-
ities at infinity, and then derive the consequences of this study for the original
affine setting.

Some evidence for the crucial importance of singularities at infinity in
understanding the behaviour of polynomials is the famous unsolved Jacobian
Conjecture. In two complex variables, an equivalent formulation of this con-
jecture is the following, cf. [LéWe, ST2]: Iff : C*> — C has no critical points
but has singularities at infinity, then, for any polynomial h : C*> — C, the
zero locus Z(Jac(f , h)) of the Jacobian is not empty. Corollary 3.3.3 will show
that, if the polynomial f has no critical points and no singularities at infinity,
then all the fibres of f are CW-complexes with trivial homotopy groups, hence
contractible. In this situation the Abhyankar—-Moh—Suzuki theorem [AM, Suz]
tells that f is linearizable, so the case left is indeed the one of singularities at
infinity, as stated in the above conjecture.

Counting the vanishing cycles is an important issue and relates to enumer-
ative geometry. In the complex setting, this is managed by an omnipresent
character, the polar curve, to the role of which is dedicated Part II. Intersect-
ing with the polar curve opens the way to counting points with multiplicities,
which yields several invariants of the affine varieties, up to the embed-
ding: CW-complex structure, relative homology groups, Euler obstruction,
Chern—MacPherson cycle. Numerical polar invariants may control, under ‘rea-
sonable’ circumstances, the behaviour of families of affine hypersurfaces or of
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polynomials: equisingularity at infinity, topological triviality, the integral of the
curvature, the Gauss—Bonnet defect, etc. The geometry of polar curves enters
into the study of the various aspects of the monodromy of f.

Part III studies the topology of pencils of hypersurfaces (or meromor-
phic functions) on stratified complex spaces. The context is a general one:
non-generic pencils, which means pencils of hypersurfaces that may have sin-
gularities in the base locus (axis). This represents a unitary viewpoint on the
Lefschetz—Morse—Zariski—-Milnor theory, which is concerned with the change
of topology when singularities occur while scanning the space by the levels
of a function. Here, ‘singularities’ also means singularities at the boundary
(whenever the space is open) and singularities in the axis of the pencil. This
new standpoint, issued from [Ti8, Ti9, Til2, Til0], yields an extension of the
classical context of generic pencils, also called Lefschetz pencils.

This book relies on the research I have done over the past 12 years, some
of which was joint work. I owe very special thanks to Dirk Siersma. Several
chapters stem from our joint papers [ST1-8] and handwritten notes, over which
we have spent an immeasurable amount of time in Utrecht, in Lille, as RiP-ers in
Oberwolfach and in many other places. I warmly thank my collaborators Alberto
Verjovsky, Anatoly Libgober, José Seade, Alexandru Zaharia, Jorg Schiirmann,
Clément Caubel and Arnaud Bodin. Many results of our common papers were
integrated into the book structure.

The monograph is intended for researchers and graduate students. The idea
was to give transparent proofs, such that also nonspecialists can follow and get
to grips with the literature. A list of exercises is provided at the end of almost
every chapter, with a few hints at the appendix. I have privileged the self-
containedness to the abundance of results. Besides the new presentation, there
are also a few new results (Theorem 3.1.2, the determinacy scheme in Figure 1.1,
Section 3.3, Proposition 4.1.5), improvements of some older statements, and
a couple of new proofs in larger generality (e.g. Theorem 3.2.1, the global
geometric monodromy in case of #-singularities §8.1).

As prerequisites, a good idea of differential and algebraic topology (homol-
ogy, homotopy), and the basics on analytic and algebraic geometry are required.
For singularity theory, some familiarity with Milnor’s classical book [Mi2]
is assumed. Reference is made to the appropriate literature whenever more
involved results are needed for specialized topics. A list of some relevant
textbooks and monographs is given at the end.

During the preparation of this manuscript since 2000, I benefited from the
hospitality of several research institutes, to which I express my whole grati-
tude: Newton Institute (Cambridge), Institute for Advanced Study (Princeton),
Mathematisch Forschungsinstitut Oberwolfach, Centre de Recerca Matematica
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(Barcelona), Institutul de Matematicd al Academiei Roméne (Bucuresti),
International Centre for Theoretical Physics (Trieste), Banach Center (Warsaw).
Finally, it is a great pleasure to acknowledge the full non-mathematical loving
support of my wife Teodorina, my children Alexandra and Stefan, my parents
Maria and Mircea and my brother Milin. This book is dedicated to them.

January 2007
Lille, France



PART I

Singularities at infinity of
polynomial functions
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Regularity conditions at infinity

1.1 Atypical values

Let K be either the real field R or the complex field C. Let f : K" — K be
a polynomial function of n > 2 variables. We denote by Singf the sin-
gular locus of f, that is the set of points x € K" such that the gradient
gradf (x) = (%, cee %)(x) is equal to zero. Alternately, Singf is the set of
points x € K" where f is not a submersion. It then follows by the implicit func-
tion theorem (submersion theorem) that f is differentially isotopic to a trivial
fibration in some small neighbourhood of x. On a compact Riemannian mani-
fold M (with or without boundary), the Ehresmann theorem tells us that we can
get a fibration which is locally trivial on the target: if v € R” is a regular value
of a function 4 : M — RP, then this function is a trivial fibration over a small
enough neighbourhood of v. In the situation of our polynomial function, this
result cannot be applied. The reason is that we cannot control the trivialization
in the ‘neighbourhood of infinity’. This justifies the following definition.

Definition 1.1.1 We say that f is fopologically trivial at ty € K if there is
a neighbourhood D of 7y € K such that the restriction f| : f “IDy>Disa
topologically trivial fibration. If 7y does not satisfy this property, then we say
that f is an atypical value and that f ~ (1) is an atypical fibre. We shall denote
by Atypf the set of atypical fibres of f.

It is not so difficult to prove that the set f(Singf) of critical values of f
is a finite subset of K. In the complex setting we have the inclusion (see
Exercise 1.4):

f(Singf) C Atypf. (1.1)

The inclusion can be strict even in very easy examples, such as the following
one (given by Broughton [Br2]).
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Example 1.1.2 f:K?> > K, f(x,y)=x?y+x. We can quickly see that
Singf =¥. We have f ~!(¢) = {y = (¢ —x)/x*} fore /=0andf~(0) = {x(xy+
1) =0}. Therefore, f 1 (¢) is homeomorphic to K* := K\ {0}, whereas f ~-10)
is homeomorphic to the disjoint union K LI K*. We obtain Atypf D {0}. This
inclusion is actually an equality (Exercise 1.3).

It turns out that the set of atypical values of f is also finite. We shall give a
proof in Corollary 1.2.13 after discussing several issues.| However the proofs
of the finiteness of the set Atypf are not constructive.

Among the natural problems that occur are the following ones:

to find a procedure to decide whether a noncritical value is atypical or not;
to describe how the topology of fibres changes at such a value.

In order to answer the first question, we would try to produce a trivialization
at infinity as in Definition 1.1.1 by integrating the gradient vector field grad f.
It may then happen that some integral curves ‘disappear’ at infinity. This is due
to the fact that grad f may tend to zero along nonbounded sequences of points.
This phenomenon is well known in nonlinear analysis: we say that f does not
satisfy the Palais—Smale condition [PaSm].

We shall explain two regularity conditions at infinity that go beyond the
Palais—Smale condition: p-regularity and t-regularity. The former depends on
the choice of a proper non negative C'-function p, which defines a codimension
one foliation in the neighbourhood of infinity. The latter condition depends
on a compactification of f, but allows us to apply algebro-geometric tools,
particularly efficient in the complex setting.

Triviality at infinity. Let / : K” — K be a polynomial function of degree d.
We consider the following algebraic subset of P x K:
Xk = {f (x0,x) — x§ = 0} C P& x K, (1.2)
where f denotes the projectivization of f by the new variable x(. Let:
T:Xg —> K
be the projection to K and let us denote by Xg¥ := Xk N {xo = 0} the part at
infinity of Xx.

Note 1.1.3 In case K = C our set X is precisely the closure in Py x K of the
graph {(x,7) € K" x K| f(x) = t} of f and the part at infinity X& is a divisor
of Xc. It is clearly not so in the real case (example: f (x,y) = x* + y?). This is
one of the reasons why we shall stick to the complex setting later on.
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We may identify K” to X \ X*° via the canonical map x s ([x : 11, (%)),
which fits into the commuting diagram:

K" — X
AN 2 (13)
K

In this way we get an extension of f which is a proper function.?

Definition 1.1.4 (Local triviality at infinity)
Lety € X and let us denote by B C P, x K an open ball of radius ¢ centred
aty and by Ds C K an open disk of radius § centred at 7 (y). (In the real setting
Ds means just a symmetric interval).

We say that f is locally trivial at infinity, at y € X°°, if there exists g9 > 0
for which the following condition holds: for any 0 < ¢ < g, thereisa é > 0
such that the restriction:

7 (X\X®)NB, Nt (Ds) — Ds (1.4)

is a trivial topological fibration.

Definition 1.1.5 (Topological triviality at infinity)
We say that f is topologically trivial at infinity at the value to € K if there exists
a compact set K C K" and a disk Ds centred at 7y such that the restriction:

fi: K"\ K)nf~'(Ds) — Ds (1.5)

is a trivial topological fibration.

If we replace Ds by D;" in the fibrations (1.4) and (1.5), then we can show that
these are locally trivial fibrations, without any condition, see Appendix A1.1 and
Theorem 3.1.6 respectively. A more precise notion, the ¢-controlled topological
triviality, will be given in Definition 3.1.8.

1.2 p-regularity and 7-regularity

We introduce a regularity condition which is based on a control function. Let
K C K" be some compact (eventually empty) set and let:

p K"\ K = R

be a proper C!-submersion.
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Definition 1.2.1 (p-regularity at infinity)
We say that f is p-regular at y € X if there is an open ball B, C Pj x K
centred at y and some disk Dy C K at 7(y) such that either f ~1(Ds) N B, = @
or, for all ¢ € Dy, the fibre f -1 (¢) N B, intersects all the levels of the restriction
P|8,nKk» and this intersection is transversal.

We say that the fibre f~'(to) is p-regular at infinity if f is p-regular at
all points y € X*° N 7~ 1(ty). In this case we also say that 7o is a p-regular
value of f.

The transversality of the fibres of f to the levels of a control function recalls
the well-known control functions (‘fonction tapissante’ or ‘rug function’, a
notion due to Thom [Th1, Th2]) used by Thom and Mather in their First Isotopy
Theorem along Whitney stratifications. More recently, the Isotopy Theorem has
been proved for stratifications that are (¢)-regular, a weaker regularity condition
developed by Bekka [Be], which is also based on control functions.

If we use the Euclidean norm pg in place of the function p in the above
definition, then the pg-regularity is a large-scale version® of the transversality
to small spheres, the condition used by Milnor in the local study of holomorphic
functions [Mi2, §4,5], see 3.1.

Remark 1.2.2 The fact thatf ~! (f9) is p-regular at infinity is independent on the
proper extension of f, since it is equivalent to the following: for any sequence
keny C K, |xi] — 00, f(xx) — 1o, there exists some kg = ko((Xx)keN)
such that, if k > ko, then f is transversal to p at xy.

Example 123 p : K' — Rso, px) = O, [x[*)/?, where
Wwi,...,wy) € N p = lem{wy,...,w,} and w;p; = p, Vi. This is a
control function which can be used especially for polynomials f which are
quasihomogeneous of type (wy,...,w,), see Exercise 1.7.

Proposition 1.2.4 If the fibre f~!(1p) is p-regular at infinity, then f is
topologically trivial at infinity at 7.

Proof The set of points at infinity f —1 (o) N H > is a compact set and therefore
we can cover it by a finite number of balls B; as in Definition 1.2.1. Let N be
the union of these balls. Let D; be the disk centred at #y which corresponds to
the ball B; in Definition 1.2.1, and let D be the smallest of those disks.

So N is a neighbourhood of 77 119) N X and we propose to show that
the restriction fj : N Nf~!(D) — D is a trivial fibration. Notice that Thom—
Mather’s Isotopy Theorem does not apply since the function f| is not proper.
We use here p as global control function and construct a lift of the (real or
complex) vector field 9/9¢ on D to a (real or complex) vector field w without
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zeros on N N K", which is tangent to the levels p = constant. We then get our
topologically trivial fibration” by integrating w. For all the details of this type
of construction we may refer the reader to Verdier’s proof [Ve, Theorem 4.14]
of Thom—Mather’s Isotopy Theorem. (]

Remark 1.2.5 In view of Definition 3.1.8, the proof of Proposition 1.2.4 yields
the following more precise statement: If the fibre f ~ ' (to) is p-regular at infinity,
then f is p-controlled topologically trivial at t.

Corollary 1.2.6 If the fibre f ! (fy) is nonsingular and p-regular at infinity,
then f ~!(1o) is not an atypical fibre, i.e. fo & Atypf.

Proof From the proof of Proposition 1.2.4, we have a vector field w without
zeros on a neighbourhood of infinity N VK" and which is a lift of the unit vector
field 9/0t on D.

Since the fibre f ~!(fo) is nonsingular, the gradient grad f has no zeros on
£~ Nto). Moreover, for any large ball B C K" there exists a (small enough)
disk D centred at 7o such that grad f has no zeros on BN f (D). Therefore the
vector field grad f is nowhere zero on B N f~1(D).

We then take a ball B such that BN N N f~1(D) is open and such that
BUN)Nf YD) =f1 D). By a partition of unity, we glue the vector field
f~1(D) which has the properties that it has no zeros and it is a lift of 9/d¢,

since both vector fields w and u have these two properties. We then get a global
trivialization over D by integrating this vector field. O

w to the vector field u = The result is a vector field defined on

The relative conormal. Let X K" be a K-analytic variety. In the real case,
assume that X’ contains at least a regular point. Let U € K" be an open set and
letg : YNU — Kbe K-analytic and not constant. One calls relative conormal
of g the subspace of the restriction of the cotangent bundle 7* (K" |xnu defined

as followsS:

vy = closure{(y,&) € T*(KV) | y € X N U, &(Ty (g7 (1)) =0},

where X0 C X is the open dense subset of the regular points of X’ where g is
a submersion. The relative conormal is conical, which means the following:

(1,8) € Tyixny = 0,46 € T} xny YA € K™

.ok
Letrm : TngmU

771 (x) for some x € X N U such that g(x) = 0. We show that (T;Wmu)x

— X'NU denote the canonical projection and let (T;‘| xn U) =
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depends on the germ of g at x only up to multiplication by a unit in the analytic
germ algebra Oy .

Lemma 1.2.7 Let y : (X,x) — K be K-analytic and such that y(x) # 0.
Then (T, ynp)x = (T 0y )

Proof Suppose first that (X, x) is nonsingular. We have grad yg = y grad g +
g grad y, hence:

gradyg grad g g
=y +grady ———.
|| grad gl | grad gl | grad g||

Since y is analytic, || grad || and y are bounded within some neighbourhood
of x. We have the following inequality due to Lojasiewicz [Lojl1]:

|l grad g|| > |g|9, forsome 1 > 6 > 0,

which is valid in some small enough neighbourhood of x. Since g(x) = 0 we

get that m tends to zero as the point y tends to x. Therefore, along any

sequence of points tending to x, we have lim \ig;(aldygg]\ = y(x) lim ”ggi:‘(iii ;- This
shows that the limits of the directions grad y g and grad g are the same.

Let g~'(0) be denoted by Y. In the general case we resolve X within an
embedded resolution p : X — X, to a smooth variety X. This is an isomor-
phism over Xieg \ V. Now apply the result proved above in the nonsingular case
to the functions g o p and (y o p)(g o p), then pull down to the conormal of X,
by the following:

(T*KN < p*TKM)xrv — TKYV)xnv
N \ E
Xnplvy L xnu.

)| #p-1 W)

O

Remark 1.2.8 In the above proof, it is not necessary that y is an analytic
function, it is only important that y and || grad y || are bounded.

Let us come back to our polynomial function f and its associated space
Xk C P" x K. The subspace X§Z C X is covered by the union of the
affine charts U; x K, where U; := {x; # 0}, for 0 < i < n. In each chart,
the subspace X7 is defined by the equation xo = 0 and therefore the rela-
tive conormal Tx XA xK) is well defined. The equations xp = 0 differ from
one chart to the other by multiplication with a rational function of type x;/x;.
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Since this function is nonzero on Xﬁ’g, we deduce from Lemma 1.2.7 that the
fibre (T;:)\Xm ( U,-><K)) y is independent on the chart and therefore we may write
(T:le)y. We then have the following definition:

Definition 1.2.9 We say that (y,£) is a characteristic covector at infinity if
P (T;)\(X\Xw)mU)y’ where y € X]‘f(f’ Nf~1(z(y)) and U C X is some neigh-
bourhood of y. We denote by Cg° the subspace of characteristic covectors at
infinity.

We have proved above that CZ° is an analytic subspace of the restriction of the
cotangent bundle 7*(P" x K) over X§Z'. We also note that C¢° is conical* and
therefore we may consider its projectivization P(CZ’). With these definitions,
let us introduce the announced regularity condition.

Definition 1.2.10 (z-regularity at infinity; z-singularities, Sing *°f)
The fibre f ~1(fo) (or that f) is t-regular at y € Xy Nf~1(ty) iff (y,dt) is not a
characteristic covector at infinity, i.e. (y,d?) ¢ Cx°. We also say that f (1) is
t-regular at infinity if this fibre is t-regular at all its points at infinity.

We call t-singularities of f at infinity the points y € X2 where f is not
t-regular. We denote by Sing *°f the set of ¢-singularities of f at infinity.

Remark 1.2.11 It follows from the definition that, if y € Singf N Xz, then f
is not ¢-regular at y. The reciprocal is obviously not true (Example 1.1.2) and
therefore we need to investigate more closely what is the set Sing *°f .

We now relate the z-regularity to the p-regularity. Let us denote by pg the
Euclidean norm in K”. This is a control function and the pg-regularity is well
defined.

Proposition 1.2.12 If f is t-regular at y € X2, then f is pg-regular at y. In
particular, if f ~! (o) is z-regular at infinity, then f ~! (o) is pg-regular at infinity.

Proof Let d* : Xg — R be defined by:

d®(x,f(x)) = 1/pi(x), for x € K"
d*®(y) =0, for y € X§.

By computing in local charts, we can see that d is a rational function. (After
Thom [Th1], this is an example of a rug function.) Moreover, in the neighbour-
hood of some point y € X%, the functions |xo|> and d°° differ by a nonzero
factor and have the same zero locus, the germ of Xg at y. By Lemma 1.2.7
we have:

(T*"O|X)y = (T|io|2|x)y~ (1.6)

* In the complex setting, C(o:o is also a Lagrangean subvariety of T*(P" x C)xoc.
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*
Y

in turn equal to (Cﬁo)y. The condition (y,dr) & (T, IX)Y is therefore equivalent
to the r-regularity at y € X°°. On the other hand, it implies that, in some
neighbourhood of y intersected with K", the fibres r = constant are transversal
to the levels of the function d°°. These levels are the same as the levels of the
function pg, so this finishes the proof in the real case.

The complex case K = C now. By the conical structure of 7*(K") we may
take the projectivization P7*(K"), which is the quotient space by the action of
K*. Let us introduce the map ¢ : PT*(R?*) — PT*(C") between the real and
the complex projectivized conormal bundles (where R?” is the real underlying
space of C") defined as follows: if & is conormal to a hyperplane H C R?",
then ¢([£]) is the conormal to the unique complex hyperplane included in H.
This is clearly a continuous map. We then have the following equality:

Let us consider the real setting first. Then (T‘ 0|2|X)y = (T;OIX)_V and the latter is

PCE)y = LT}, o)),

since the complex tangent space T {xg =constant} is exactly the unique complex
hyperplane contained in the real tangent space T {|xo|> =constant}. The equal-
ity follows by the fact that « commutes with taking limits. Now (y,d?) & (CZ)y
implies (y,:~!([dr]) ¢ P(Tlio\zlx)”' This implies the pg-regularity at y since
the equality (1.6) is true in the complex setting too. ]

We may now give a proof of the finiteness of the set of nonregular values,
based on Whitney stratifications of semi-algebraic sets (see §A1.1).

Corollary 1.2.13 Letf : K" — K be a polynomial. The set 7 (Sing *°f) of the
values 79 € K such that f ~L(zp) is not t-regular at infinity is a finite set.

In particular, the set of values of f that are not pg-regular at infinity is a finite
set.

Proof There exists a Whitney stratification W = {W;}; of Xk with K" as a
stratum and with a finite number of strata, which has in addition the Thom
property with respect to the function xg in any local chart.* We call it a Thom—
Whitney stratification at inﬁnity.6

If = 1(#) is transversal to a stratum W; C X at some point y, then 7 1)
is transversal to the limits of the tangents spaces to the levels of xp, by the
assumed (ay, )-property of our Thom—Whitney stratification. Therefore f )
is transversal to the levels of x¢ in the neighbourhood of y and hence f is
t-regular at infinity at y (see also §2.2 and (2.0)).

* See §A1.1 and also the proof of Proposition 2.2.3.
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The restriction of the projection t : Xg — K to a stratum contained in X*°
has a finite number of critical values: since strata are semi-algebraic, the set
of critical values of 7 is semi-algebraic, discrete, and has a finite number of
connected components.* Since the number of strata is itself finite, this implies
that the set of values 7y such that 7! (fp) is not transversal to all the strata it
meets, is a finite set. By the above discussion, this contains the set 7 (Sing *°f).

The second claim follows from Proposition 1.2.12. (]

Corollary 1.2.14 The set Atypf of atypical values of f is a finite set.

Proof We have the inclusion:

Atypf C t(Singf U Sing>°f). (1.7)

Indeed, this follows from Corollary 1.2.6 by the fact that 7-regularity implies
pe-regularity (Proposition 1.2.12). Now, the set T (Sing °°f) is finite (Corollary
1.2.13) and the set Singf is finite too (Exercise 1.2). [l

1.3 The Malgrange condition

We introduce another regularity condition, which is more computable and which

will turn out to be equivalent to the t-regularity.7

Definition 1.3.1 Let {p;};cn be a sequence of points in K" and let us consider
the following properties:

(L) llpjll = oo and f(pj) — to, as j — oo.
(L) pj >y e XF, asj — oo.

We say that the fibre f ! (o) verifies the Malgrange condition if there is § > 0
such that, for any sequence of points with property (L;), we have:

Ipjll - Il grad f ()1l > 6. (1.8)

We say that f verifies the Malgrange condition at y € Xg if there is § > 0 such
that (1.8) holds for any sequence of points with property (Ly).

Right from the definition, it follows that f ~!(#y) verifies the Malgrange
condition if and only if f verifies the Malgrange condition at any point
y € 77! (to) N Xf{f We have the following characterization.

* This uses Tarki-Seidenberg theorem and Whitney’s finiteness theorem, see for instance
[GWPL].
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Proposition 1.3.2 A polynomial /' : K" — K is t-regular at y € X if and
only if f verifies the Malgrange condition at this point.

Proof Let U; x K, where U; = {x; # 0}, for 0 < i < n, be the affine charts of
Pg x K. Lety € X be a point, say in the chart Xg N (U, x K). We assume
as usual that y is in the closure of some fibre of f; if not, then there is nothing
to prove.

By definition, ¢-regular at y means that at any point x € K" in some small
enough neighbourhood N, of y, the levels {xo =const.} are transversal to the
levels {t —const} in Xg. Now from (1. 2) Xk N (U, x K) is defined by the
equation F, := f (X0, X1s -y Xp—1, 1)— txo = 0. The t-regularity at y is therefore

equivalent to the fact that the normal vector to {F,, = 0} N {xog = constant} at
3(Fn

x € N, has some nonzero component other than )(x) This amounts to the

following inequality:

, (1.9)

- d(Fn) 9(Fn)
axy T Oxpy

R

for some § > 0, in some neighbourhood of y.
Let us translate this inequality in the affine coordinates, i.e. in the chart
Up x K: we divide by |x61 ~!| and replace xo by x;; !. We then get:

of

.’ 0xp—1

0
x| - H—f, > 4. (1.10)
0x]

This clearly implies Malgrange’s inequality (1.8).

Reciprocally, let us assume that (1.8) is true in some neighbourhood of y. Let
us first remark that ||x|| ~ |x,| in the neighbourhood of y. (The equivalence ‘~’
means that the quotient ‘HXII| tends to a nonzero constant as the point tends to y.)
Therefore (1.8) is equivalent to the following inequality in the neighbourhood

of the point y:
af of  of

|xn| : ‘ P

s , > &, (1.11)
x| 0Xp—1 0xp

for some 8’ > 0. We then prove that ||3/ | <A Ham N Bxi

A > 0, in some neighbourhood of y. This implies an inequality of type (1.10).

We have seen that (1.10) is equivalent to (1.9) and hence® to the t-regularity aty.
]

’ for some

Note 1.3.3 The Lojasiewicz exponent Ly(f) aty Ly(f) is defined as the smallest
real number 6 € R such that, for some neighbourhood U of y and some constant
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C > 0, we have:
Il gradf ()|l > Clix|’, Vx e UNK".

The Malgrange condition at y € X is equivalent to saying that the
Ly(f) > —1. There are two other regularity conditions used in the litera-
ture similar to Malgrange condition but more restrictive: Fedoryuk’s condition
(or tameness, see Proposition 2.3.1), cf. [Fed, Brl, Br2], which is just the
Palais—Smale condition mentioned in §1.1:

[ grad f (X)[| > o, (1.12)

which amounts to saying that L,(f) > 0 within the neighbourhood U N K",
and Parusiriski’s condition [Pal]:

[x ™D grad f ()| > 8, (1.13)

which means that Ly (f) > —(N — 1)/N, for some positive integer N, within
U N K". These conditions are useful for checking the Malgrange condition in
particular cases. Nevertheless these two conditions are not generic: the example
f(x,v,2) = x4+ x%y 4+ x*yz from [Pa2] shows that they do not hold at any fibre.
In contrast to this, the pg-regularity at infinity holds at all but a finite number
of fibres of f (cf. Corollary 1.2.13).

A couple of other conditions have been used by Némethi and Zaharia [Ne2,
NZ], which are between the Fedoryuk condition and pg-regularity.

Comparing t-regularity to Whitney equisingularity. Let y = (z,7) € Xg
be a point in the chart Xg N (U, x K). The t-regularity at y is equivalent, by
the inequality (1.9), to the following integral closure condition:

(1.14)

JdF, c daF, oF,
ot x| ’ ’ 0X;_1 '

In the complex setting, it is known from [Tel, BrSc] that the Whitney equi-
singularity along the line {z} x C at y is equivalent to the following integral
closure criterion:

oF, oF, OF, oF,
n y( n n n >’ (1.15)

where m, is the maximal ideal of the analytic local algebra Ox .
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at infinityat t,

v) v

¢ —controlled (vii) topological
triviality at infinity

triviality at infinity

v
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att,

Figure 1.1. Implications between regularity and triviality conditions at #p € K

Determinacy scheme. Figure 1.1 summarizes the determinacies among
several regularity conditions at infinity, at some value 7y € K.

The equivalence (i) and the implication (ii) follow from the definitions and
from Proposition 1.3.2, respectively 1.2.12.

We anticipate on the notions of ‘¢-controlled topological triviality’ and ‘¢-
controlled trivial relative homology at infinity’ given in Definition 3.1.8. Then
the implication (iii) is Proposition 1.2.4 with Remark 1.2.5, and (v) immediately
follows from Definition 3.1.8. The implications (vii) and (viii) are obvious from
the definitions.

The implication (vi) is the implication (d)=>(a) of Theorem 2.2.5, proved in
full generality. The implication (iv) holds in the local complex setting only and
will be proved in Proposition 3.1.9.

We give below two examples. The first one shows that local pg-regularity
is more general than local ¢-regularity, namely that the converse of Proposi-
tion 1.2.12 does not hold. Another example illustrating this fact was given by
Piunescu and Zaharia [PZ1].

Example 1.3.4 Letf : C° — C, f(x,y,z) = x + x%y, as in Example 1.1.2
but viewed here as a polynomial in three variables. Let us first investigate the
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t-regularity. By Proposition 1.3.2 and the inequality (1.10) in the chart y # 0,
the 7-regularity is equivalent to the condition [y - || % I A 0,as |x,y,z]| = oo.
But in our example, |y| - |1 + 2xy|| may tend to zero (e.g. fory — o0, x =
1/y3 — 1/(2y), z = ay). In this way we can show (as an easy exercise) that f
is not z-regular at any point of the line at infinity {xo = x =t = 0} C X*°.
Consequently, the only non- ¢-regular value of f is zero.

Let us now find the set of points (p, 1) € X° where f is not pg-regular. These
are the points on the boundary at infinity of the set of solutions of the equality
grad f = (Ax, Ay, Az). This equality amounts to the system: ||x||2X = y+2%||y||%,
z = 0, which has a real algebraic set A C C? as the solution. We can show as
an exercise that A N X consists of a single point on the line {xop = x = r = 0}.

The following example, due to Piunescu and Zaharia [PZ2], shows that the
topological triviality at infinity at 7y in the sense of Definition 1.1.5 does not
imply ¢-regularity, and that the inclusion (1.7) is strict.

Example 1.3.5 [PZ2] The polynomial function f : C* — C:
fyzw) =x+y =2+ 4297 =29 +wy?

is not z-regular and not pg-regular at the fibre f ~10) (see [PZ2] for details).
Nevertheless, it is a component of an automorphism of C*, consequently
Atypf = @, Singf = @ but 7(Sing*°f) = {0}. Indeed, we apply two suc-
cessive changes of coordinates: w = u —z> and next v = z — 2x> 4+ x3y° + wy?.
Then f becomes f (x,y,v,w) = x + y + vy> and the automorphism of c* may
be for instance ¢ (x,y,v,w) = (f,y,v,w).

Exercises

1.1 Show that every connected component of Singf is included into some fibre
of f.

1.2 Prove that the critical set f (Singf’) consists of finitely many values.

1.3 Show that Atypf = {0} in Example 1.1.2.

1.4 If K = C, then any critical value of f is atypical.

1.5 If afibre f ~!(19) of a complex polynomial is p-regular at infinity, then this
fibre has at most isolated singularities.

1.6 Letf be a quasi-homogeneous polynomial of type (w1, ..., w,). Show that,
if a value ¢ € C is atypical, then c is a critical value of f. Conclude that
only the value O can be atypical.

1.7 In case of the Euclidean norm pg, find explicitly the vector field w
constructed in the proof of Proposition 1.2.4.
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1.8 By Corollary 1.2.14, the set of values o € K such that f~!(fy) is not
pe-regular at infinity, is a finite set, denoted say by A ... Let us choose
some open disk D; C K centered at a;, for each a; € Ay ;.. Show that
there exists Ry >> 0 such that f ~!(¢) is transversal to the sphere Sg, for any
te K\ (U,-EAf.pED,-) and any R > Ry.
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Detecting atypical values via singularities
at infinity

2.1 Polar curves

Local polar loci. Let us consider the map germ:
(0, 7) : (Xg N (Ui x K), ) — (K%,0),

for some y € X7 in the chart U; x K. Then consider the singular loci of the map
(x0, 7) and of the restriction of t to the nonsingular subspace K" N (U; x K)
and take the analytic closure of their difference:

I" (xo, r)y) := closure[Sing (xo, T) krnw; xK) \ SIng ke, xKk)] C X,

viewed as a germ at y.

Definition 2.1.1 The germ at y € Xﬂog of the analytic set I" (xp, ‘L’))(;i) is called
local polar locus of T with respect to xp. It depends on the affine chart U; x K
since the function x does so.

We have the following direct consequence of Definitions 2.1.1 and 1.2.10:
I" (xo, r);i) # ) = y is a t-singularity at infinity of f . 2.1

It seems that the local polar locus is intimately related to the relative conormal of
X0, which has been defined in §1.2. Indeed, we have the following description.
Let B be some small enough open ball centred at y within a fixed chart U; x K.
Let PT:M x\xoo)np C PT*(U; x K) be the projectivized of the relative conormal
of xp. It is an analytic variety of dimension n+ 1. Let  and p be the projections

17
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from PT*

ol (X\x0)p 1O X and to P(C" x C)* respectively. We get:

Lemma 2.1.2 The polar locus I" (xp, r)g) coincides with the germ at y of the
analytic set 7 (p~ ! (dr)).

We shall see that the set of points y such that I' (xg, r);i) # () for some i is
a finite set and that the polar loci T (xo, r)y) are curves. This will turn out to
be useful in finding the set of z-singular values of t, which is itself finite, by
Corollary 1.2.13. In contrast, the set of 7 -singularities may be of dimension >0
(see for instance Example 1.3.4).

The local polar curves at inﬁnityl are similar to polar loci defined by Teissier
but they are not generic in the sense of Teissier, since the linear form xp may
be not in general position with respect to T. We send to §7.1, §7.3 for more
details and some historical remarks. Moreover, the whole of Part II is devoted
to applications of polar curves and polar varieties.

The global polar locus relative to a linear function. Given a polynomial
f : K" — K and a linear function / : K" — K, the following analytic set:

I'(I,f) := closure[Sing (1,f) \ Singf] c K"

will be called the affine polar locus” of f relative to I. We shall use the notation
Iy : K" — K for the unique linear form which defines the linear hyperplane
H = {ly = 0} ¢ K" viewed as a point in the dual projective space P!, Let
also T'(/, f) denote the closure of I'(/,f) in Xk and let T, f)y denote its germ
at some point y € Xg.

Proposition 2.1.3 Let y = ([xp : x],t9) € X*® N f~1(#y). The following
equality of analytic set-germs holds:

T (x0, 7)) = T(xi.f)y. (2.2)

Proof Lety = ([0:x1:---: x,], %) with x; # O for some fixed i. In the char_t
U; x K, we denote f ) := xl.‘df (x0,X1, . . ., Xn). Then the polar locus I" (xo, r);’)
is the germ at y of the analytic set G; C Xy, where:

af ar®
Gi :={(lxo : x],1) € X\ X>® (')571 == ¥ =
8 1 a 1 . .
gy = 5, = 01\ Singf .
@)
On the intersection of charts (Uy N U;) x K, the function B{;T] differs from

© — —
% by a nowhere zero factor, for all j # 0, i. Thus G; equals I"(x;,f) and this
proves (2.2). O
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We need the following particular case of the polar curve theorem 7.1.2:

Lemma 2.1.4 There exists an open dense set Q; C pr-1 (respectively, a
Zariski-open set in the complex case) such that, for any H € Q, the critical
set I'(lg, f) is either a (real, resp. complex) curve or it is empty.

Definition 2.1.5 A system of coordinates (xi,...,x,) in K" is called generic
with respect to f iff {x; = 0} € Qf, Vi.

It follows from Lemma 2.1 .4 that such systems are generic among the systems
of coordinates.

In case of nonisolated 7 -singularities, the general affine polar curve might be
empty, as shown in Example 1.3.4. We come now to the proof of the announced
general finiteness result.

Theorem 2.1.6  Ifthe system of coordinates (x1, . . ., x,) is generic with respect
to f, then there is a finite number of points y € X*° at which T (xy, r)§’) # 0.
At these points, the polar loci are curves.

Proof Fix a generic system of coordinates. By Lemma 2.1.4, the set I"(x;,f)
is a curve or empty. By Proposition 2.1.3, we have the equality of germs
I"(x0,T) ;l) = T'(x;.f)y. Then the assertion follows by the fact that U?_ T (x;, f)
is a finite union of algebraic curves and therefore its intersection with X*° is a
finite set. t

Let us show that in the complex case K = C, if we know that f is z-regular
at all points in some neighbourhood of a point y € XX, except eventually y
(we say that y is an isolated t-singularity), then the implication (2.1) becomes
an equivalence.

Theorem 2.1.7 Lety € X where f is either t-regular or has an isolated
t-singularity at infinity. Then f is t-regular at y if and only if T (xo, r);') =0
foralli.

Proof By Lemma 2.1.2, the polar locus I" (xo, T)y) is precisely the germ at y
of w (p~(dr)). The projection p : IPT;;l(X\XOO)ﬂB — P(C" x C)* is an analytic
map between varieties of dimensions n 4 1 and n, respectively. By dimension
reasons (see also the proof of Theorem 7.1.2), we have either dim(p~! (dr)) > 1
or p~1(dr) = @. Since the projection 7 is one-to-one over the nonsingular part
of X'\ X*°, we get, via Lemma 2.1.2, that either dim I" (xo, t))<f) > 1 or the polar

locus I" (xo, r)y) is empty.
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By hypothesis, we have that y is an isolated point where the z-regularity is
eventually not fulfilled, so we have the inclusion:

(') NX® NB C {y}. (2.3)

Now, by definition, f is not t-regular at y if and only if (y, d) € P(CZ") IBAXoe =

]P’(T;‘O| X\X0)n B) ixee and this, if and only if we have the converse, the inclusion

in (2.3). This converse inclusion is equivalent to p~1(dr) # @ at (y,dr), hence
to T'(xg, 1)\ # 0. O

It follows from Theorems 2.1.6 and 2.1.7 that, if f has effectively an isolated
t-singularity at some point at infinity, then the germ of the polar locus at this
point is a nonempty curve.

2.2 The case of isolated singularities

We consider here four types of singularities at X°°, and next focus on the case
where they are isolated. In the complex setting, this abuts to precise criteria for
detecting atypical values.

Sets of singularities. The singular locus of the hypersurface X C P” x K is
precisely:

Xsing =X X K’
where: of, of,
d d
E:_:: :O,fd—IZO}
ax1 9xn

is an algebraic subset of the hyperplane at infinity H*® := {xo = 0} C P".
The singular locus of X*° is

X;’i‘;g =W x K,
where 5 5
W::{ﬁz-n:ﬁ:O}CHoo.
0x] 0xy,
The singularities of f, i.e. the affine set Singf = Z (% el %), may be

identified, by diagram (1.3), with the singularities of T on X \ X°.

Canonical stratification at infinity. There exists, cf. [Mat, §4], the least fine
Whitney stratification of X that contains as strata X \ X and X*° \ X;p,. This
is not the canonical Whitney stratification of X with the largest nonsingular
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open subset X \ Xy, as one of the strata, nevertheless it is a canonical Whitney
stratification with two imposed strata. We shall denote it by YV and call it the
canonical Whitney stratification at infinity of X.

Singularities of a map with respect to a stratification. Let us recall the def-
inition of stratified singularities and send to Appendix A1.2 for the stratified
Morse theory.

Definition 2.2.1 Let X € KV be a K-analytic set endowed with a K-analytic
stratification S = {S;};s, which satisfies the Whitney (a) property.

For a K-analytic map g = (g1,...,8p) : X — KP, the critical locus of g
with respect to S is the following subset of A’ (which is closed analytic, by the
assumed Whitney (a)-regularity):

Sing s¢ = |_J Singgjs;-

iel

Let Singt be the singular set of 7 : X — C with respect to the canoni-
cal Whitney stratification at infinity YV defined above and denote Sing >t :=
Singz N X*.

We have that the projection T is transversal to the stratum X \ X;,s, and
therefore, since Xy, = ¥ x K, we have (see Exercises 2.3 and 2.4):

Sing®7t C ¥ x K. (2.4)

We consider the following classes of polynomials.3

Definition 2.2.2

(1) f is a F-type polynomial if its compactified fibres and their restrictions to

the hyperplane at infinity have at most isolated singularities.

(ii) f is a B-type polynomial if its compactified fibres have at most isolated
singularities.

(iii) f is a W-type polynomial if dim Sing T < 0. In this case, we say that f has
isolated VW-singularities at infinity.

(iv) f is a T -type polynomial if dim Sing®°f U Singf < 0, i.e. if both its
singular set Singf and the set Sing >°f of ¢-singularities at infinity consist
of isolated points.

We should stress again that having singularities of the types in the above
definition depends on the chosen system of coordinates xi, . . ., x, on C".
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Proposition 2.2.3 There are the following inclusions:
F-class C B-class C W-class C 7 -class 2.5)

where the last inclusion holds in the complex setting K = C.

Proof The first inclusion is clear from the definition. Let us prove the second
inclusion. It is easy to show (see Exercise 2.1) that B-type polynomials are
characterized by the condition: dim Singf < 0 and dim X < 0. It then follows
that the set X, = X x K is a finite union of lines. There is an algebraic
Whitney stratification at infinity YW of X (eventually more refined than the
canonical one) consisting of the following strata: X \ X%, X \ Xj,e, the
lines Uyex {y} x K without a finite set of points, and those points. It is easy
to verify the Whitney (b)-regularity (see §A1.1) between pairs of strata of this
stratification, since both X \ X and X \ Xiing are connected and included
in the regular part of X. The excepted set X is a disjoint union of lines and,
since the stratification is algebraic, these lines verify Whitney (b)-regularity
except eventually at finitely many points.

By (2.4), the singularities of T on the strata at infinity are included into Xgjng.
Moreover, T is transversal to all positive-dimensional strata at infinity of YW’
since, for any point (y, #) on such a stratum, the whole line {y} x K is contained
in it and 7 is the projection on K. Then the singularities of T with respect the
canonical stratification at infinity ) are among the point-strata of X°°. It then
follows that Singt = Singf U Sing*7 is a finite set, so the polynomial is of
W-type.

The third inclusion follows from the following inclusion:

Sing™f C Sing™7 = Singt N X*°. (2.6)

This inclusion holds over the complex numbers and its proof goes as follows.
The Whitney stratification }V is also a Thom stratification with respect to the
(ay,)-regularity condition. This is proved in Appendix Al.1, Theorem A1.1.7.
The fact that y € X is not a W-stratified singularity means that the map 7 is
transversal to the stratum of )V to which y belongs. In turn, the transversality
of 7 to the Thom stratification V at y implies the ¢-regularity at y. (]

Examples 2.2.4

(a) Polynomials of two variables with reduced fibres (hence with dim Singf <
0) are all of F-type.

(b) The polynomial & = x3y+x+z% : C* — C is of W-type but not of B-type,
since dim X = 1.
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(c) The polynomial g := x?y 4+ x : C> — C has nonisolated WW-singularities
at infinity (namely in the fibre g~ 1(0)). It turns out that it has nonisolated
W-singularities at infinity in any coordinates.

Theorem 2.2.5 Letf be a complex polynomial of T -type. Then the following
are equivalent:

(a) f is @-controlled topologically trivial at ty (see Example 3.1.7 and
Definition 3.1.8 for the notation and terminology).

(b) The difference in Euler characteristics x (f "' (10)) — x (f "1 (1)) is equal
10 (=1)"p-1(4), where pip-1, is the sum of the Milnor numbers of the
isolated singularities of the hypersurface f ~'(to).

© T, 1) =0, forally e t"(10) N X® andall i = 1,...,n.

(d) £~ (t) is t-regular at infinity.

(e) f~Yto) is pg-regular at infinity.

() f~Y(to) has vanishing cycles at infinity (cf. §3.3).

Proof (a) = (b).4 If (b) were not true, then the equality (3.24) from Corollary
3.3.3 shows that the jump at infinity’ A,—1, 1s not zero. This implies that f* is
not topologically trivial at infinity at 7o (cf. Definition 1.1.5).
(b) < (c) since both conditions are equivalent to As-i,y = 0 by the just-
mentioned equality (3.24) and by Corollary 3.3.1, respectively.
(c) < (d) is Theorem 2.1.7.
(d) = (e) is Proposition 1.2.12, holding without the assumption about
7T -singularities.
(d) = (a). This implication occurred anticipatedly in Figure 1.1. The proof does
not need the assumption “isolated 7 -singularities” and holds over C or over R.
The function ¢ from Example 3.1.7 is equal to x in local charts and defines
X%, Then the proof of Proposition 1.2.12 applies to the function ¢ instead
of pg and shows that £ ~!(fy) is ¢-regular at infinity. We get the ¢-controlled
topological triviality by using Proposition 1.2.4 and Remark 1.2.5.
(e) = (b). If the fibre f ! (1) is pe-regular at infinity, then, by the proof of
Proposition 1.2.4, for some small enough disk D € C centered at 7, there is
My > 0, such that, for all M > M), the levels pp = M are transversal to
the fibres £ ~1(r), ¥t € D. We therefore get the homotopy equivalence of pairs
(FHD).f 71 (0) = By NF D). By Nf (1)
Next, at each isolated singularity of the fibre f ~! (1), we take a Milnor ball B;
and provided that the disk D is small enough, we have a local Milnor fibration
(cf. Theorem 3.1.1):

fi: Binf~(D*) — D
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and a trivial fibration dB; Nf ~1 (D) — D. We therefore have a trivial fibration
fi:Bu ﬂf‘l(D) \ U;B; and by excision we get:

H,(By Nf~N D), By N1 (1) ~ @;H,(B; Nf~ (D), B; nf~(0)).

The relative homologies are concentrated in dimension n and the rank of the
direct sum in dimension n is precisely Her=1 (10 by definition. Since y (f -1(D)) =
x(F ~L(10)), we get our claim.

The equivalence (f) < (c) will be shown by Corollary 3.3.1. O

2.3 Two variables

The complex setting. Complex polynomials in two variables f (x, y) with iso-
lated singularities (i.e. such that dim Singf < 0) are moreover of 7 -type. This
is due to the fact that the projective closure of any fibre intersects the infinity
line in P? at finitely many points. This means in particular that the equiva-
lences stated in Theorem 2.2.5 hold with the same proofs. We give some more
equivalences below.”

Proposition 2.3.1 Let f : C*> — C be a polynomial function and let 7y € C.
The following are equivalent:

(a f —1(#y) is a reduced fibre and f is g-controlled topologically trivial at fg.

®) f —L(1y) satisfies the Malgrange condition.

(c) f is tame at to (i.e. there is no sequence of points x; € C2? with property
(Ly) of Definition 1.3.1 and such that | grad f (x;)| — 0 as i — 00.)

Proof The equivalence (a) < (b) is just the equivalence (a) < (d) of Theorem
2.2.5, via Proposition 1.2.4. The implication (c) = (b) is clear since “tame”
obviously implies the Malgrange condition. The implication (a) = (c) was
proved by Ha H.V. [Ha] by using the Lojasiewicz exponent, see Note 1.3.3.
Another proof was given by Durfee [Du2]. (]

Note 2.3.2 In terms of the Lojasiewicz exponent (see Note 1.3.3), the tameness
of f at some pointy € X° amounts to the condition L, (f) > 0. The implication
(c) = (a) of the above result shows in particular® that, if L,(f) > 0, then
Ly(f) = —1.This implication is no more true in dimensions n > 3 (see Example
1.3.4).

* This is part of Ha proof in [Ha].
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Tameness is not a generic property. The example f (x,y,z) = x +x%y +x*yz
taken from [Pa2] shows that f is not tame at all fibres 7y € C, whereas all fibres,
except finitely many, are pg-regular at infinity (cf. Corollary 1.2.13).

‘We may also consider the tameness in the sense of Broughton [Br2], namely:
dK > 0 such that, for any sequence |x;| — oo, we have | gradf (x;)| > K.
Then ‘f is tame in the sense of Broughton’, obviously implies ‘f is tame at ¢,
for any t € C’, whereas the reciprocal is not true; some examples can be found
in [NZ, Du2].

Remarks on polynomials with at most one atypical value. We have seen that,
if a polynomial function has no critical points and all its fibres are #-regular at
infinity, then there are no atypical values. In the case of two complex variables, it
follows by the Abhyankar—-Moh—Suzuki theorem [AM, Suz] thatf is equivalent,
modulo an automorphism of C2, to a linear form.0

Assume now that f is a complex polynomial and has a single atypical fibre
Fo:=f ~1(0). Take a small disk Dy C C centred at 0. Then the restriction
fi: C2\f~Y(Dy) — C\ Dy is a locally trivial fibration, hence C? retracts to
f ~1(Dg). In turn, f ~1(Dy) retracts to a tubular neighbourhood of Fj and we get
the equivalence of Euler characteristics x (Fp) = x (C*» =1.

Proposition 2.3.3 Letf : C> — C be a polynomial function with at most one
atypical value, say 0 € C, and such that Fy is reduced.

(a) If Fy is connected and nonsingular, then f is equivalent (modulo Aut C?)
to a linear form.

(b) If Fy is connected and irreducible, then f is equivalent (modulo Aut C?) to
xP 4 y4, for some relatively prime integers p,g > 1.

(c) If Fpisnonsingular butnot connected, then f is equivalent (modulo Aut C?)
to x(1 + xh(x,y)), for some h € Cl[x, y].

Proof (b) is Zaidenberg—Lin result [ZL, Theorem A]. A more complete state-
ment is [ZL, Theorem B], treating the case where F( is assumed to be only
connected. If Fy is connected and nonsingular, then we get (a) by applying
the same theorem. Alternately, we may use the fact that F( is isomorphic to
C and conclude by the Abhyankar-Moh—Suzuki theorem. An argument for the
isomorphism Fy >~ C is the following. There is a compactification of Fy to a
Riemann surface M which is also nonsingular and connected. Then:

I=x(Fo)=xM)—xM\Fop) =2—-2g—s5, 2.7)

where g is the genus of M and s is the number of points in M \ Fy. This implies
g =0, s = 1 and therefore M ~ P! and Fy ~ C. This finishes (a).
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(c). We first remark that there is at least one connected component Fo; of Fo
such that x (Fp;) = 1. Indeed, 1 = x(Fo) = Y ;c; x (Fo,), but x(Fo;) < 1,
Vi € 1, by a computation such as (2.7). Since Fp,; is nonsingular, we may apply
(a) to it and we get that f is equivalent to x - v(x, y), modulo Aut C2, and further
that the polynomial v is of the form « + xh(x,y), with « a constant # 0 and
some h € C[x, y]. An algebraic proof of (c) can be found in [Assi]. O

A more refined classification (with a longer list of cases, representing distinct
topological types), generalizing in particular the result by Zaidenberg and Lin
to reducible polynomials, was given by Bodin [Bol].

Another type of classification, without condition on the number of atyp-
ical values, was initiated by Siersma and Smeltink [SiSm]. They classify
polynomials of degree 4, from the point of view of the singularities at infinity.

The study of singularities at infinity might be useful for approaching the
Jacobian Conjecture in two variables, which has the following equivalent
formulation, cf. [LéWe, ST2]:

Conjecture 2.3.4 (Jacobian Conjecture) Let f : C> — C be a polynomial
function with smooth fibres, which has ¢-singularities at infinity (i.e. there exists
at least a fibre of f which is not ¢-regular at infinity). Then, for any g € C[x, y],
the Jacobian Jac(f, g) cannot be a nonzero constant.

Remark 2.3.5 One can prove that a polynomial f with at most one atypical
nonsingular value verifies the above conjecture. In case (c) of Proposition 2.3.3
this follows from results proved by Oka [Okal] by using Newton polygon
techniques.

The real setting. We shall characterize the atypical values of polynomials
f : R? — R, which are not critical values.

Families of real curves. Let X C R" be a smooth noncompact algebraic surface
andletf : X — R be the restriction of a polynomial function F : R” — R. Let
I :=]a,b[C f(X) be an open interval such that / N Atypf = ¢. The restriction
f:f~YI) — I is a C* trivial fibration and it restricts to a trivial fibration on
any connected component ) of f -1 (I). Denote Y; := X; N'Y and observe that
Y; is connected, Vt €]a, b|.

Definition 2.3.6 We say that a point p € X is a limit point of the family
{Y:}sc1a.pf When ¢ tends to a if there exists a sequence of points p; € VY, k € N,
such that py tends to p and f (px) tends to a. We denote:

lim Y;:={p e X |pisalimitpoint of {¥;}; whent — a}

t—a,t>a
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and we define lim Y; analogously.
t—b,t<b

It follows that lim Y; gffl(a) and lim Y; gffl(b).
t—a, t>a t—b, t<b

Definition 2.3.7 We say that Y; splits at infinity when ¢ tends to a, t > a, if

lim Y, contains at least two connected components of f ~! (a).
t—at>a

We say that Y; vanishes at infinity if lim Y, = 0.
t—a, t>a

The following lemma is straightforward from the definitions.

Lemma 2.3.8 Leta € f(X) be aregular value of /. In the above notations, we
have:
(i) Thelimit lim Y;iseither empty or equal to the union of some connected
t—a, t>a
components of f ~1(a).
(ii) Let {Y/}; be the family of curves corresponding to some connected compo-
nent Y'. If lim Y,) N ( lim Y[) # @, then Y, =Y/, forallt > a

t—a, t>a t—a, t>a
close enough to a.

Let us consider the following conditions for the fibres X; of f:

(B) The Betti numbers of the fibre X; are constant for ¢ within some
neighbourhood of zero.
(E) The Euler characteristic x (X;) is constant for # within some neighbour-
hood of zero.
(nV) There is no connected component of X;, which vanishes at infinity when
ttendsto 0,7 < Qort > 0.

Theorem 2.3.9 [TZ] Let 0 € f(X) be a regular value of f. Then:

(a) The value zero is a typical value of f .
(b) (B) and (nV) hold.
(¢) (E) and (nV) hold.
(d) (B) and (nS) hold.

The above criteria are natural, since all the conditions are necessary, i.e.
(a)=(b), (c), (d). The criterion (c) has a striking similarity to certain criteria in
the complex case, as we explain in the following.

For a family X, = f~!(¢) given by the fibres of a complex polynomial
function f : C? > C,a particular case of Theorem 2.2.5(b), proved by Ha H. V.
and Lé D.T. [HaL], yields the following criterion: a reduced fibre Xy, is typical
if and only if its Euler characteristic x (Xy,) is equal to the Euler characteristic
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of a general fibre of f. We also have the following equivalent form of the
Ha-Lg criterion, cf. §3.3 and particularly Corollary 3.3.3: A regular fibre X; of
a complex polynomial function is typical if and only if there are no vanishing
cycles at infinity corresponding to this fibre.

We observe that in both the real and the complex setting, a criterion contain-
ing the idea of ‘nonvanishing’ occurs. Nevertheless, in the real case the two
conditions of Theorem 2.3.9(c), namely the constancy of Euler characteristic
and the nonvanishing at infinity, have to be considered together; alone, neither
of them implies that X; is atypical. This is shown by Example 2.3.11: (E) holds
but (nV) fails; respectively Example 2.3.12: (nV) and (nS) hold but (B) and (E)
fail. Example 2.3.13 shows that (E) + (nS) is not a sufficient criterion.

Proof of Theorem 2.3.9 (b)=(a). Let D be a connected component of
f_1 ([—e,€]), € > 0. Let us prove that, if (nV) holds, then D contains at least
one connected component of Xy. We may assume without dropping generality
thatf (D) D]0, ]. Then take a decreasing sequence {&; }ren CJ0, e[, & — 0. By
the nonvanishing condition (nV), we can choose a bounded sequence {py }ren
of points p; € X, N D. There exists a convergent sub-sequence and the limit
of this sub-sequence has to be on X(. On the other hand, it is on D since D is
closed. Applying now Lemma 2.3.8(i), we are done.

We next show that the restriction fj : D ﬁf’l([—s, el) > [—e,e]lisa C™®

trivial fibration, for small enough ¢. In case that D contains a ‘circle’ component

diff
K C Xo. K ~°5 ! we may take an open tubular neighbourhood T of K such

that 7NXy = K. Since K is compact, we get that X,NT is compact, for any small
enough [f| > 0. Therefore the restriction f : T Nf=1(—e,e]) — [—¢,¢]lisa
proper submersion (for small enough ¢ > 0) and we may apply Ehresmann’s
fibration theorem to conclude that it is a C trivial fibration. It also follows
that the total space T N f -1 ([—e, €]) is connected, hence it coincides with D,

for small enough .

. . L, diffeo
Consider now the case when D contains a ‘line’ component L C Xo,L =~ R.

We have that by (D N X;) is constant, for # in some neighbourhood of 0. Indeed,
this number cannot decrease as t — 0, by the nonvanishing condition (nV). The
condition (B) means that the sum ZD bo(DNX;) over all connected components
D is constant, which shows that by (D N X;) cannot increase either. In particular
the condition (nS) is fulfilled. We claim that the Betti number m := by (D N X;)
has to be equal to 1. The sets D ﬂf’l (10,&]) and D ﬂf’l ([—e&,0[]) contain
exactly m connected components, since the restriction of f on each of them is
trivial. This gives m families {Y;}; from the positive side and another m families
{Y/"}; from the negative side, according to Definition 2.3.6. The limit of such a
family must be a connected component of Xy, by Lemma 2.3.8(i) and the above
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discussion. Our fixed line component L of X is the limit of a certain right-side
family and also the limit of a certain left-side family. Now take the union ) of
these two families together with their limit L. Then V is a connected component
of f -1 ([—e, €]), since it is a closed set and disjoint from the other families and
their limits (by Lemma 2.3.8(ii)). Therefore V coincides with D.

It remains to show that the restriction f : D ﬂf’1 ([—&,e]) — [—&,¢e]is
a C* trivial fibration. This will follow from Proposition 2.3.10 below, which
covers a larger setting.
(d)=(a). The proof follows the pattern of the case (b)=>(a) and we leave it to
the reader.
(c)=(b). First, we note that (c)=(nS). Indeed, condition (nV) implies that no
‘line’ component of X; vanishes at infinity when ¢ tends to zero, and condition (E)
means that the number of ‘line’ components of X; does not depend on ¢ within
some neighbourhood of zero. Now conditions (nS) and (nV) show that the
number of connected components of X; is constant for  within a neighbourhood
of zero. Together with (E), this implies that (B) is satisfied. Since the implication
(b)=(c) is trivial, we get (b)<(c).

Proposition 2.3.10 Let M C R” be a smooth submanifold of dimension m + 1
and let g : M — R™ be a smooth function. Assume that the function g has no

critical values and that all the fibres g_1 (#) are diffeomorphic to R and closed

. . 00 oo s . . . diffeo
in R". Then g is a C* trivial fibration and, in particular, M =~

R™HL,
Proof It suffices to show that g is locally trivial at some point p € R™. Fix a
point ¢ € g~!(p). Since g is a submersion, we can find a submanifold T ¢ M
such that it is transversal to the fibres of g, that ¢ € T, and that the restric-
tion of g to T is a C* diffeomorphism onto a small open ball B ¢ R™
centered at p.

We can take a smooth vector field w : g~!(B) — R”" without zeros and
tangent to the fibres of g, then normalize it to a unit vector field with respect
to the Riemannian metric of R”. The fibres being closed and diffeomorphic
to R, this vector field defines a global flow ¢ : T x R — g‘l(B), which
is a diffeomorphism. Since 7 is diffeomorphic to B, it follows that g~ (B) is
diffeomorphic to B x R. (]

Let us investigate by several examples the ‘vanishing’ and ‘splitting’ phe-
nomena occurring in Theorem 2.3.9, following [TZ]. Let f : R2 — R of the
following form:

Fy) = a(x® +2B0)x + ¥ ().
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LetA :={y e R|a(y) =0} and let ¢ > 0 such that/ :=] — ¢, ¢[ contains only
regular values of f and:

B(») =0and |y(y)| > ¢ forany y € A. (2.8)

Then for any ¢ € I, the equation f = ¢ in the variable x has two complex
solutions x1 2 (v, 7). Let A(y,1) = B%(y) — a(y)y (y) + ta(y) and let us denote:

G:={(0neR|AW,) >0}, K:={(1)eR>|A®y,1) =0},

L(s):={(,0) eR*|t=s} and A:={(y,1) e R* |y € A}.

Then x12(y,t) € Rif and only if (y,7) € G. Moreover, if (y,#) € G and y
tends to a point in A, then |x12(y, )| tends to infinity. Note also that A € K

andlC\AgBQsinceaa—? =a(y) #0fory & A.

For 1y € I, the topology of the fibre f~!(fp) can be described using the
projections:

ey, ) eR | fF,y) =t} D RE SR, (x,7,1) —> (1,0) > t.

More precisely, the connected components of the sets F(ty) := G N L(ty)
and F(tp) \ A can be only segments and isolated points. By (2.8), if P is an
isolated point of F(#p) such that P € A, then 7~ 1(P) = ¢. Moreover, if Qs
an isolated point of F(t) such that Q ¢ A, then 7~ (Q) is an isolated point of
£~ N(to), hence a critical point of f; but # is a regular value of f.

Now, consider the one-dimensional connected components of F (¢y) \ A. Let
J be such a segment, let 7 be its closure in [—00,00] x R and let n(.7) be the
number of endpoints of 7 which are contained in K \ A.

If 00,00) € T\ 97, then n_l(y, tp) consists of two distinct points. Now
assume that (y,79) € 7\ 3.7 tends to an endpoint Q of 7. By studying the three
possibilities: Q € K\ A, Q € A, and Q = (F00, ty), we get the following:

() If n(J) = 2, then 71 (7) is diffeomorphic to a circle.
(i) If n(J) = 1, then 7~ (7) is diffeomorphic to a line.
(iii) If n(J) = 0, then 7' (7) is diffeomorphic to a disjoint union of two
lines.

The conclusion of this analysis is that we can read the topology of the fibre
£~ 1(¢) from the pictures of G, K, and A. Then using Theorem 2.3.9, we decide
whether or not 0 is an atypical value of f.
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Example 2.3.11 The polynomial:
£,y = x2y3 (12 —25)2 + 20y (v2 —25) (y+25) — (0 +3° —50y% — 51y +575)

has the property that zero is a regular and atypical value, but the Betti numbers
of the fibres £ ~!(¢) are constant, for |¢| small enough. We shall show that all
these fibres have five noncompact connected components.

Let us observe that condition (2.8) is satisfied and that the set /C contains,
besides the lines in A4, the graph of the function y — ¢(y) := w,
which has two connected components separated by the vertical asymptote
{y = 0}. The set G consists of the lines in A and the region of the plane
situated between the two connected components of the graph of ¢. The only
local extrema of the function ¢ are two local maximums, for y = +5, and a
local minimum, between —5 and —1. For |¢] sufficiently small, the equation
¢(y) = t has five (complex) solutions a;(?), j = 1,...,5. One of these solu-
tions, say az(t), is a real one, for all 7, while the other four are real if and only
if t < 0. Assume that:

limaj;(t) = limay(t) = —5 and limay(?) = limas(t) =5.
t—0 t—0 t—0 t—0

For |z| sufficiently small and ¢ < 0, the set F(¢) \ A has five connected com-
ponents and each of them corresponds to a line component in f ~! (). Namely,
we have:

FO\N A= (lar(n), =5[x{th U —5,a2()] x {1} U

U ([az(), 0[x{r}) U (10, a4(n)] x {t}) U ([as (1), oo[x{t}) .

We also have:
F(0)\ A= ([-1,0[x{0}) U (10, 5[x{0}) U (15, co[ x {0}) .

Therefore, when r < 0 tends to zero, the line components in f -1 (1) corre-
sponding to the segments ([a(z), —5[x{t}) U (] — 5, a2(#)] x {¢}) will vanish
at infinity since lim;_gaj(f) = lim,_,0a2(t) = —5 € A. Also, each of the
line components in f ) corresponding to the segments (10, as4(¢)] x {t}) U
([as(t), co[x{t}) will split into two line components for + = 0 since
lim; g aq(t) = lim,_,gas(t) =5 € A.

For |z| sufficiently small and ¢+ > 0, the set F(¢) \ A has three connected
components: one corresponds to a line component in f ~!(r) and each of the
other two corresponds to two line components in f ~! (7). Namely, we have:

F®)\ A= ([az(n),0[x{t}) U (10, 5[x{r}) U (J5, oo[x{t}) .
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Thus, for |#| sufficiently small, f 1) is a disjoint union of five line
components. This means that the Betti numbers of f~!(¢) do not depend on
t, if |z| is sufficiently small.

On the other hand, for ¢ > 0 sufficiently small, the restrictions f : f -1 aq-
g,0) >]—¢,0[and f :f’l([O, e[) — [0, [ are easily seen to be C* trivial
fibrations, while f : f -1 (1 —e,¢e[) =] — &, e[ is not a topological fibration.

Example 2.3.12 The polynomial f (x,y) := x%y> 4+ 2xy + (> — 1)? has the
property that conditions (nV) and (nS) are satisfied at zero, but zero is an atypical
value. Namely the set IC contains the lines in .4 and the graph of the function
@(y) := y* — 2y2. This function has a local maximum, for y = 0, and two local
minimums, for y = +1. The set G consists of the lines in .4 and the region of
the plane situated above the graph of ¢. For t < 0 with |¢| sufficiently small,
the curve f ’1(t) has two circle components. For ¢ > 0 sufficiently small, the
curve f ~1(r) has two line components.

Example 2.3.13 The polynomial:
Fy) = x93 9=y +2xy(9—y?) 3> +y+6) +2(° — 6y> +6y> +-25y +6)

has the property that the (nS) and (E) are satisfied at zero, but zero is an atypical
value. The set /C contains the lines in .A and also the graph of the function
Yy () = M. This graph has two connected components,
separated by the vertical asymptote {y = 0}. For [f| sufficiently small, the
equation ¢(y) = t has six real solutions. There exists a €]1,2[ and b €]2, 3]
such that the local maxima of ¢ are —b and a, and the local minima of ¢ are
—a and b. The set G consists of the lines in .4 and the region of the plane
situated between the two connected components of the graph of ¢. For |f| #
0 sufficiently small, the curve f~!(¢) has a circle component and four line
components. The curve f ~!(0) has only four line components.

Example 2.3.14 Letf : R> — R be defined by f (x, y) := 2x*y3 —9xy> + 12y.
Then f is a trivial C™ fibration because the map F : R* — R?:

F(x,y) = <f(x,y), L) , where g(x,y) := 2x2y2 —Oxy+ 12,
g(x,y)

is a diffeomorphism of order two and F~! = F.

The polynomial # : R? — R, defined by h(x,y) := f(x + y,y) = 2x*y> +
4xy* — 9xy? + 2y> — 9y3 + 12y, has line fibres with a large perturbation in
the shape of an ‘S’ disappearing at infinity as the value of ¢ tends to zero. This
phenomenon implies that the polar curve I'(xg,f) is not empty at the fibre
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£~1(0). However, the fibre Xy is not atypical. This contrasts with the complex
setting, where we have seen that the nonemptiness of the polar curve I' (xg, f)
at f ~1(0) guarantees that the value 0 is atypical. See also Exercise 2.9.
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Exercises

Show that f is a B-type polynomial if and only if dim Singf < 0 and
dimX <0.

Show that f is a F-type polynomial if and only if dim Singf < 0 and
dimW <0.

Prove: Singf N H*® C ¥ and dim Singf < 1 4 dim X.

Prove that Singz N (X*° \ Xiing) = @. In particular, if f has no B-
singularities (i.e. ¥ = ), thenf has no W-singularities (i.e. Sing*°t = #).
Show that Theorem 2.2.5 holds under the weaker assumption dim X;, N
(Sing*°f U Singf) < 0, where X, is a notation for the fibre = 1).
Consider the singular surface X := (x> +y> —z> =0} U {z = 0} c R?
and let f = y — 2z. Show that the curve X;, for ¢ # 0, is the disjoint union
of a line and an oval, and that Xy is a line. Show that in the family {X;};
an oval is vanishing at the origin when ¢ tends to zero. Show that x (X;) is
constant.

Show that Theorem 2.3.9 still holds if we allow singularities in the total
space X but we require that the singular locus of X does not intersect the
fibre X;,.

Show that if we drop the algebricity condition on X C R” but suppose that
X c R"is closed, that the Betti numbers of X; are finite and that the set
of atypical values of f is discrete, then the equivalences of Theorem 2.3.9
still hold.

Let f : R? — R be a polynomial having 0 as a regular value. Show
that 0 € Atypf if and only if/ we have the condition (nV) and for any
connected component Y; C X, there is an even number of intersection
points a(t); € I'(l,f) NY; with the generic polar curve I'(/,f) such that
la(t);| — oo fort — 0, wheret < Oort > 0.
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Local and global fibrations

3.1 Fibrations

In case of a nonconstant holomorphic germ g : (C",0) — (C,0),n > 2, we
have the following well-known Milnor fibration* in a small enough ball B,.

Theorem 3.1.1 [Mi2] For any sufficiently small ¢ > 0 and any 0 < § < &,
the folowing restriction of g:

g :B.Ng ' (D)) — D} (3.1)

is a locally trivial C* fibration. Its fibre is called Milnor fibre. The isotopy type
of the fibration does not depend on the choice of the radii € and §.
Moreover, if g has an isolated singularity at 0, then the restriction of g to the
sphere Sg:
g SeNg~" (Ds) — Ds 32)

is a trivial fibration. Its fibre is called the link of g and does not depend on the
choices of € and §.

In case of a nonconstant polynomial f : C" — C, n > 2, we would look for
a large-scale fibration theorem. Actually, in this global situation we encounter
elements that indicate a certain duality with respect to the local situation of the
Milnor fibration, namely: instead of small balls we work with big balls By, and
instead of their inferior we consider their exterior, i.e. the complement CBy.
Let us fix some value 7y € C and denote by Dj(#) the disk of radius § centred
at 1.

Theorem 3.1.2 Letf : C" — C, n > 2, be a nonconstant polynomial. For
any large enough M >> 0O there exists §(M ) > 0 such that, for any § < (M),

* For singular underlying spaces, see Theorems A1.1.2 and A1.1.3 in the Appendix.
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the following restriction of f :
fi : CBy Nf 1 (D} (t0)) — Dj(10) (3.3)

is a locally trivial C*® fibration. The isotopy type of the fibration does not
depend on the choice of M and §é.

If moreover the fibre f ~\(t9) has isolated singularities, then the restriction
to the sphere:

fi 1 8By Nf 1 (Ds(t0)) — Ds(to) (3.4)

is a trivial C* fibration.

Proof Since the fibre f~!(#y) might be singular, let us fix a complex semi-
algebraic Whitney stratification on it. By the Tarski—Seidenberg principle, all
the levels of the distance function pg, except for finitely many, are transversal
to the strata of £ ~!(fp). This means that there exists a sufficiently large value
My > 0 such that the level pp = M is transversal tof_1 (to), forany M > M.

Let us then fix such a value M . We claim that there exists a small enough § >
0, depending on M , such that the level pg = M is transversal to the (necessarily
nonsingular) fibre f~!(¢), for any 7 € Dj. Indeed, by Theorem Al.1.7 the
Whitney stratification of the fibre f ~! () has the Thom (a)-regularity property.
This means that the stratified transversality of {pr = M} to the fibre f (1)
implies its transversality to the nearby fibres. Our claim then follows.

Up to now, we have shown how to define the radii M and §. We continue by
proving the fibration assertion. We need to compactify the picture, i.e. to work
with the extension t : X — C of f. We consider the restriction of the Whitney
stratification WV on X to the subspace X N =1 (Ds). The projection:

7:CBy NXN t_l(Dg‘) — Dj (3.5)

is a stratified submersion. Indeed, the fibres of 7| are nonsingular and they are
transversal to the sphere 9B, . They are transversal to the strata of the Whitney
stratification that are included in X*°, by the Tarki-Seidenberg principle and
after eventually diminishing the radius 8. The only fibre which might be not
transversal to the strata within X* is 7! (#), but this fibre is avoided in our
fibration.

In this singular setting, the Ehresmann’s theorem, which is the key ingredient
in the proof of Milnor’s theorem 3.1.1, has to be replaced by the Thom—Mather
first isotopy lemma, see §A1.1. As a matter of fact, in the proof of this lemma
(for which we refer for instance to Verdier’s paper [Ve]), we construct a special
rug vector field (in French: rugueux), which is continuous, tangent to strata and
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C®° on each stratum, and also tangent to the sphere dBy; and C* on it. It is
the flow produced by this vector field that defines a local trivialization of the
projection (3.5). Since the flow is tangent to strata, this is moreover a stratified
trivialization, i.e. respects the strata. This implies that we still have a locally
trivial fibration if we take out some strata. So, after taking out the subspace
X%, which is a collection of strata, we get that (3.3), is a locally trivial C*®
fibration. Since the flow is also tangent to the boundary aBy; N f -1 (Dy), it
yields the sub-fibration (3.4). This one is moreover trivial since the disk Ds is
contractible. (]

Definition 3.1.3 The fibre 0By Nf ~L(#y) of the fibration (3.4) is called the link
at infinity of f ~(t0).

The first part of the proof of Theorem 3.1.2 shows that the link at infinity
dBy Nf ~!(to) is independent of the radius M , provided this is large enough. The
same proof also shows that the link at infinity is the same for all pg-regular fibres
of f (up to C*° diffeomorphisms). We shall call it the generic link at infinity
of f. This is a real submanifold of C", of dimension 2n — 3 and is a global
analogous of the link (or the boundary) of the Milnor fibre of a holomorphic
germ g.1

The first part of Theorem 3.1.2 is a general result, it holds at any fibre of a
complex polynomial. We shall show below that we can prove other types of
fibration theorems if we impose some natural conditions on the singularities of
/. Our aim is twofold: global fibrations and local fibrations at points y € X*°.

A Milnor type fibration on large spheres. Milnor had proved in [Mi2] a
second fibration theorem for holomorphic function germs: For small enough
& > 0, the mapping to the circle:

¢=2g/lgll:9B:\ g~ ' (0) — ' (3.6)

is a locally trivial C* ﬁbration.2

In the global setting, Némethi and Zaharia proved a similar result for a
particular class of polynomials, by following closely Milnor’s proof in [Mi2].

Theorem 3.1.4 [NZ] Assume that the polynomial f : C" — C is pg-regular
at infinity, eventually except for the value zero. Then, for any large enough
M > 0, the folowing map:

@ :=f/IfIl : 9By \f~1(0) — S! (3.7)

is a locally trivial C* fibration. The isotopy type of the fibration does not
depend on the choice of M.



3.1 Fibrations 37

General fibration theorem at infinity. In the fibration Theorem 3.1.2 we have
used the complement of the ball as the neighbourhood of X°°. Let us show that
we can use other analytic functions instead of pg.

Definition 3.1.5 Let K € K" be a compact set. We say that ¢ defines X if
¢ : (P \ K) x K — R is a real analytic function and ¢~ 1(0) = X,

In the local setting, Looijenga [L.oo] showed how to use any function defining
zero in order to prove a fibration result like Theorem 3.1.1. We prove here the
global counterpart, which is a generalization of the fibration Theorem 3.1.2.

Theorem 3.1.6 Let ¢ be a function defining X*°. Then, for any small enough
e > 0, there exists §(g) > 0, such that, for any § < §(¢), the restriction of f :

fi 1 ¢7110,eD) NfHDE () — Di(to) (3.8)

is a locally trivial C® fibration and its isotopy type does not depend on the
choice of € and §.
If the fibre f ~'(to) has isolated singularities, then the restriction:

fi: o7 &) Nf 1 (Ds(10)) — Ds(t0) (3.9)

is a trivial C* fibration.

Proof The proof follows the one of Theorem 3.1.2 since there is a faithfull anal-
ogy between ¢ and the inverse of the distance function. The Tarski—Seidenberg
principle applies to the analytic function ¢ and yields that all its levels close
enough to zero are transversal to the strata of f ~L(ty). The rest of the proof is
unchanged. U

We have used in the proof of Proposition 1.2.12 the function d*°(x, f (x)) =
1/ ,0% (x), which extends to an analytic function defining X*°. Another example
of a function defining X*° is the following one, which was and will be used
several times.

Example 3.1.7 Let & : P" x K — K be the function which is equal to x¢ in
every chart U; x K. A change of chart yields x(()i) = x(()’ ) / x?’ ) , which shows that
is K-analytic. This is actually a K-analytic section of the line bundle on P" x K
associated to the divisor H*® x K. Then ¢ = ||h||? is a function defining X*°.

‘We may now supplement the statement of Theorem 3.1.6 by the following
definition and proposition, which are needed in the proof of the determinacy
scheme 1.1.
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Definition 3.1.8 Let ¢ be a function defining X*°. We say that f is ¢-controlled
topologically trivial at ty € C if for any small enough ¢ > 0 there exists
8(&) > 0 such that for any § < §(¢), the restriction of f:

fi:7110,eD) Nf (D5 () — Ds(to) (3.10)

is a trivial C*® fibration and its isotopy type does not depend on the choice of
e and §.

We also say that f has trivial ¢-controlled relative homology at infinity at
1o € Cif:

H. (¢~ (10,e]) Nf 1 (Ds(t0)), ¢~ (10,e1) Nf (1)) = 0.

In the local version, we say that f has trivial ¢-controlled local relative
homology at infinity at 7y € C if:

H,(By N ¢~ (10,61 Nf 1 (Ds(t0)), By N ¢~ (10, Nf~1(1)) = 0,

for any y € X N Sing °°f and any Milnor ball B, C X centered at y, where ¢
and & (&) are much smaller with respect to the radius of By.

The notion of ¢-controlled topological triviality depends on the function
¢. We may prove for instance (see the notation ¢ in Example 3.1.7): ¢-
controlled = pg-controlled, but the converse is not true, at least locally, see
Example 1.3.4.

Proposition 3.1.9 If f has trivial ¢-controlled local relative homology at
infinity at fy, then f is ¢-regular at #y.

Proof By its Definition 1.2.10, the space Sing *°f is a closed analytic subspace
of X*°. By (2.6) we have Sing*°f C Sing*°t and by Corollary 1.2.13, the latter
is included in a finite number of fibres of 7.

Suppose, that Sing *°f N X;’OO # (. If y is an isolated point of this set, then
by Theorem 2.1.7 we get that I"(xo, ‘l,')y) # (. Then the proof of (a)=>(c) of
Theorem 2.2.5 shows that the p-controlled relative homology in a small Milnor
ball By, at y is not trivial, since there is a jump A, # 0 (see §3.3), so we get a
contradiction. Let us point out that in this case we also get the global result, so
we may drop the condition ‘local’ from the statement of Proposition 3.1.9 and
from the implication (iv) of Figure 1.1.

If dim Sing *°f N Xa > 0, then we may endow this closed analytic set with a
Whitney stratification £ such that it is a local refinement of the canonical Thom—
Whitney stratification at infinity, see §2.2. Let &) be the open stratum (hence of
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maximal dimension). Take an affine plane N C C” such that codimN = dim &
and the projective closure N C P” is transversal to & at y. Then N N € = {y}
and consequently the polynomial function fjx has an isolated 7 -singularity at
y. It follows, as explained above, that in the transversal slice XN N x C, the -
controlled local fibration at y has nontrivial relative homology. But the Whitney
conditions imply that we have a trivial transversal fibration structure along the
stratum &y, hence the ¢-controlled local fibration at y in X is a trivial product
and therefore has the same relative homology. This contradiction shows that
& = ¥, and this clearly implies £ = @, which is the desired contradiction.’

O

Monodromy. By the definition of the atypical values, any polynomial function
restricts to a locally trivial fibration:

fi: C"\f~!(Atypf) — C\ Atypf. (3.11)

The fundamental group 71 (C\ Atypf) acts therefore on the generic fibre f ~! (7o)
up to isotopy. The image of this action is called the geometric monodromy group.

Definition 3.1.10 Let y : (S,0) — (C,79) be a simple loop at #g, i.e. such
that y is a homeomorphism on its image. We say y is an admissible loop for f
if Imy N Atypf = 0.

More precisely, the restriction of f over any admissible loop based at #j is a
locally trivial fibration and yields an automorphism M,, : f (1) — (1),
called geometric monodromy associated to y. This is independent on the
base point, modulo conjugacy with an element in 71 (C \ Atypf). In partic-
ular, M, induces an automorphism on each homology group H.(f ~(t0); Z),
called algebraic monodromy. By Corollary 1.2.14, Atypf is a finite set and
so the algebraic monodromy group Mon,, is a finitely generated subgroup of
Aut(H,(f ~1(10); Z)). A system of generators can be given as follows: choose a
base point 7y € Atypf and for each pointa € Atypf a differentiable admissible
loop based at 7, such that each such loop separates the point a from the other
points in Atypf . This system of generators is of course not canonical.

For any admissible loop y, there is a locally trivial fibration:

fi:f'my) — Imy (3.12)

called the monodromy fibration over y of f. In particular, for large enough
radius r, the disk D, C C centered at 0 contains Atypf and for such a disk,
the locally trivial fibration: f] : f’1(8D,.) — 3D, is called the monodromy
fibration at infinity.
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Lemma 3.1.11 For any polynomial function f : C* — C and any admissible
loop y there exists Ry € R4 such that the fibration (3./2) is diffeomorphic to
the following one:

fi:f'dmy) N Bg — Imy, (3.13)
for all R > Ry, where Bg C C" is the ball centered at 0, of radius R.

Proof One should use Corollary 1.2.13 in order to find suitable radii 7y and Ry.
The details are left to the reader. O

We shall give more results about monodromy in §5.2, §8, and §9.4.

3.2 A global bouquet theorem

We recall that f is of 7 -type if it has isolated t-singularities, more precisely if
dim(Sing °°f U Singf) < 0 (cf. Definition 2.2.2). We also recall that we only
consider nonconstant polynomials in n > 2 variables.

Theorem 3.2.1 Letf : C" — C be a polynomial of T -type. Then the general
fibre of f is homotopy equivalent to a bouquet of spheres of real dimension
n—1.

Here, ‘general fibre’ means any fibre which has no ¢-singularities; we know
from Corollary 1.2.13 that there are only finitely many fibres containing
t-singularities. In the case where f has nonisolated ¢-singularities at infinity,
Theorem 3.2.1 may fail; for instance, in Example 2.2.4(c) the general fibre is a
circle, and not a bouquet of spheres of dimension 2 as it should have been if it had
isolated 7-singularities. In the local setting, we have the well-known Milnor fibre
theorem: [Mi2] The Milnor fibre of a holomorphic function g : (C",0) — (C,0)
with isolated singularity is homotopy equivalent to a bouquet of spheres of
dimension n — 1. The number of spheres, which is also equal to the dimension
of the (n—1)th homology group of the Milnor fibre, is called the Milnor number

of g.

Proof of Theorem 3.2. I+ Let @ = ||h||?> be the function defining X*°, which
was introduced in Example 3.1.7, where h denotes the holomorphic function on
X, which is equal to xq in each chart U; x C. We adopt the following simplified
notations:

Fy :=f~'(V)

Fipt:=f=1(V) N (C"\ (0, £])

Fy =71 (V) N ([0, )),
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where V is some subset of C" and where the choice of ¢ will be clear from the
context. Let:

By := 7(Sing™f U Singf)

denote the set of ‘bad’ values.

The proof is in two steps, and the most extensive is the first one, where we
show that the reduced homology H, (F;, Z) of a general fibre is concentrated in
dimension n — 1. The second step collects the connectivity results proved in the
first step, interpretes them as attaching results, and concludes via Whitehead’s
theorem (cf. [Sp, 7.5.9]).

Step 1. Let ¢ ¢ By, which means that the fibre F; is nonsingular and has no
t-singularities at infinity. For each b € By, let Ds(b) be a closed disk centred at
b. We choose some small enough common radius &, such that every disk Ds ()
meets By only at the centre b. It is then clear that any smaller § will also have this
property. Let us fix a point 7, € dDs(b). We have the following general result,
which we shall exploit in our case via the inclusion (1.7), namely Atypf C By:

Lemma 3.2.2 Letf : C* — C be any polynomial (non-constant, n > 2). Then
the Z-homology of the pair (C", F;) has the following direct sum splitting in
all dimensions:

H,(C",F;) ~ @peatyps He (Fpy ), Fi,).- (3.14)

Proof Let {yy}peatyps be a system of nonintersecting simple paths in C \
Upeatyps Ds (D) such that y;, joins the point ¢ € C to the point 7, € dDg, see
Figure 3.1.

7 N
/ A
/ \
, \
/ ‘\
!
t
| \
! |
! I
\ Y,
\ b /
\ /
\ t /
N b
N Dg(b) .
N 7

Figure 3.1. System of simple paths and disks
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By the Definition 1.1.1 of Atypf, the restriction:

fi 1 C\ f N (UbearyprDs (b)) — C\ Upearyps Ds(b) (3.15)

is alocally trivial fibration. Using this trivialization and the fact that C contracts
to (Upe Atypf (Ds(b) U yp), we get that, by a deformation retraction, C" shrinks
to f _1(Ube Atypf (Ds(b) U yp)). We then get (3.14) by an excision argument.

O

Decomposition of the relative homology H, (Fp; ), Fy,). Let us come back
to the function ¢ defining X°°. We take a small enough ¢ > 0 and an eventually
smaller disk D := Ds(b) centred at b such that the general fibration theorem
3.1.6 holds at the value b. The simpler notation ¢ stands for #;. Since the fibre F,
has isolated singularities only, by using the trivial fibration (3.4) and an excision
we get the direct sum decomposition, see also Figure 3.2:

H,(Fp,F;) ~ H (F3, F™Y) @ H, (FI, Finty, (3.16)

InC™\ ([0, e[) we may take small Milnor balls B,, at the isolated singularities
a € Singf N Fp,. Provided that the disk D is small enough, we have for each «
a local Milnor fibration (cf. Theorem 3.1.1):

fi: By Nf~H(D*) — D*

o _4____¢=¢
FEt r divisor at infinity
S Il SR P

' TN
FI‘)”:
o B,
Ff

Figure 3.2. The ‘interior’ and ‘exterior’ parts
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and a trivial fibration 8B, N f~1(D) — D. Then, by applying an excision to
H,(Fint lim), we decompose it as follows:

H.(F3' F{"™) = D Hu(By N Fp.Bu N Fy), (3.17)
o

where the direct sum is taken over the singular points « of F, and where H, (B, N
Fp, By NF,) is the so-called homological Milnor datum at the point .. Since the
singularities « are isolated hypersurface singularities, we may apply Milnor’s
bouquet theorem to conclude that the relative homology H,(By N Fp, By N Fy)
is concentrated in dimension n = dim Fp.

Connectivity. In homotopy, the same Milnor’s bouquet theorem implies that

. ht
By N Fp is built out of B, N F; by attaching n-cells. It then follows that Fle ~
FI"'U (UyBy N F) is built from Fi™ by attaching n-cells.

The ‘exterior’ pair (F5, Ff*'). Let us take a small open Milnor-Lé ball
B;j C P" x C at every singularity a; € F}, N Sing®f . The fibre F}, is t-regular
at infinity at all points X*° N F, \ (U;B;)), hence it is ¢-regular at this compact
set, since ¢ defines X*°. If we denote by Sing (¢, f) the singular locus of the
map (¢|c».f), then we have the following equality of germs:

Sing (¢.f) = T (x0, 7)y

in any chart U; x C and at any point y € X*. Indeed, the inclusion ‘left into
right’ is obvious and the equality follows since f is a complex analytic function.
Therefore the real analytic set Sing (¢, f) intersects X*° exactly at the points a;.
It follows that for any small enough ¢ there is §(¢) > 0 such that for all disks
D := Dg with § < 8(¢) we have:

Sing (¢./) N ¢~ ' (10,6]) N Fap C (UjB)) N Fop.

Take the Whitney stratification WV restricted to the subset X N (p‘l ([0, €]) and
refine it to a real Whitney stratification such that Sing (¢, f) is a union of strata.
We may construct a stratified vector field on F5', the flow of which defines a
deformation retract of this set to its boundary F SE U (¢~ (e) NFp). This yields
the following homotopy equivalence of pairs:

(FSLFSY = (FSS U (9™ (e) N Fp), FEY).

We decompose the circle dD into two arcs I and J, which overlap along two
small disjoint arcs and such that r € I N J. Then we may continue with the
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following homotopy equivalences:

~ (FfUFF U (9™ () N Fp), FTY)
~ (FCUFS U (971 (e) N Fp), F$* U (¢~ () N Fp)),

since FJeXt retracts to F£*' and ¢~ (&) N Fp retracts to ¢! (¢) N F, both defor-
mation retractions being consequences of the fibration theorem 3.1.6. We apply
to the last pair the homotopy excision, i.e. Blakers—Massey theorem [BM] in the
version of [BGr, Corollary 16.27], as in the proof of the forthcoming Proposition
10.1.6, and we get the pair:

(FEUFS U (97 (e) N FY)). (3.18)

This excision is an isomorphism in homology. For homotopy groups, this is an
isomorphism for ¢ < n—1 and an epimorphism for g = n— 1 if we show that the
above pair (3.18) is (n — 1)-connected. Let us observe that this pair is homotopy

ht
equivalent to the product (F&X, ¢~ (e) N F,) x (I,dI), since F§X' ~ F& x 1.
In homology we apply the Kiineth formula and, resuming the above chain of
isomorphisms, we get:

H (F§LFY ~ Hy ((F, 97 (6) N Fy). (3.19)

To show the desired (n — 1)-connectivity of the pair (3.18) it is then sufficient
to prove that the pair (F&*, ¢~ (e) NF}) is (n — 2)-connected.

Connectivity. We may assume that B; is included in some chart U;(;, x C, where
the Uj(;) are not necessarily distinct, and that xo denotes the corresponding
coordinate at infinity in each chart. Let us consider the holomorphic function A
which defines the controll function ¢ of Example 3.1.7 and which is equal to
X in the coordinate charts. We have that the restriction:

hy : F* — D (3.20)

is a proper fibration with finitely many isolated singularities at the points
{ajk}k == Fr N T(xo, ‘L')g/). Let §;; C D} be small closed disks around the
images by A of the points a;; (if two a;, have the same image, then the two
d; k coincide by definition) and let y; x be radial paths from §; x to the boundary
0D}. Then the pointed disk D} deforms by a retraction to 9D} U (U; 1 8; 1 Uy i)-
By using the fibration (3.20) and by applying the complex Morse theory to the
holomorphic function & (see Chapter 10 for details on the Lefschetz method of
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slicing by pencils), we get that F*' is obtained from A~ ! (dD}) N F, by attaching
! (8j % Uyj k), which means the attaching of (n — 1)-cells corresponding to the
singularities a; ;. of hf,, for each k. This shows that the pair (Ff*', o N (e)NFy)
is (n — 2)-connected, hence the pair (FF*, FS' U (9~ (e) N Fy)) is (n — 1)-
connected. It then follows by the homotopy excision argument that the pair
(F5, F£XYy is (n — 1)-connected.

In homology, by using the fibration (3.20) we get the excision:

H (F™, 7 () NFy) ~ @ Ho(h7 (800,07 (s00), (3.21)

where s := §;xNy; k. Moreover the homology H,,(h‘_1 (Bjk)> hl_1 (sjx)) is con-
centrated in dimension n — 1 = dimc F{*' and dim Hn_-l (hfl((Sj,k), hfl(sj,k))
is the intersection multiplicity of F; with I'(xp, ‘L')gj) at a;, denoted by
munaj,k (Fh F(X(), T)t(l]/)k)

By collecting the results (3.21), (3.19), (3.17), and finally (3.16), we may
conclude that H,(Fp, F;) is concentrated in dimension n. Via Lemma 3.2.2,

this yields that I:I*(F ;) is concentrated in dimension n — 1 and thus concludes
our proof of Step 1.

Step 2. The space Fp is obtained from F; by attaching to it Fg’“ and Fg‘t. We
have proved above that the attaching of F g“ amounts to attaching n-cells. Next,
we have proved that the pair (Fg’“, F, N Fg’“) is (n — 1)-connected. Then, by
Switzer’s result [Sw, Prop. 6.13], the attaching of Fg’“ to F; means attaching
of cells of dimension > n.

It then follows that Fp is (up to homotopy) the result of attaching a finite
number of cells of dimension > n to F;.

Finally, following the decomposition (3.15) and Figure 3.1, the whole space
C" = Fc is obtained by attaching a finite number of cells of dimensions > n to
a general fibre F;. Since F; has the homotopy type of a (n — 1)-dimensional CW-
complex, we get that it is (n — 2)-connected. It then has the same homotopy
groups up to the level n — 1 as a bouquet VVS"_I. In case n = 2, by the
classification of surfaces of surfaces we deduce that F; is homotopy equivalent
to such a bouquet of circles. When n > 2, by Step 1, there is a continuous
map V,, S "=l < F, which induces an isomorphism of homology groups at all
levels. By Whitehead’s theorem (cf. [Sp, 7.5.9]) this induces an isomorphism
of homotopy groups, hence we get a weak homotopy equivalence. For CW-
complexes, weak homotopy equivalence coincides with homotopy equivalence
(cf. [Sp, 7.6.24]), and this finishes our proof. O
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3.3 Computing the number of vanishing cycles

Lemma 3.2.2 shows that for any complex polynomial f (as usual, nonconstant
and in n > 2 variables) we have a direct sum decomposition of the vanishing
cycles of the general fibre, in all dimensions:

H,\(F;7) ~ Oveatypr Hx (Fpyvys F1,3 Z).

This is of course not canonical, as depending on the choices of paths in the
proof of Lemma 3.2.2. In case of a 7 -type polynomial f, we derive from this
and from Theorem 3.2.1 a direct sum decomposition of the vanishing cycles,
which are concentrated in dimension n — 1. Each term H,, (Fp; ), F,) is a free
Z-module, and the decompositions (3.16) and (3.17) show that we have:

dimHn(FD5(b)sFtb) = MUF, + )"Fb’ (322)

where (1 f, denotes the sum of Milnor numbers of f* at the singularities a; of the
fibre F;,. The nonnegative integer Az, represents the number of vanishing cycles
which are concentrated at the singularities at infinity of F},. Indeed, according
to (3.19) and (3.21), this number splits as follows:

AR, = Z A (3.23)

ajeXbﬂSing f

where

hay = ZdimHn_1(hr1<8j,k>,h|‘1(sj,k>).

The proof of Theorem 3. 2 | yields that each term of thls sum equals the cor-
responding intersection number multy,, (Fy, I (xo, T)a/ k) By the intersection
theory, the sum of these intersection numbers is precisely the intersection
number multy; (Xp, I (xo, r)gj)).

We therefore get the following interpretation of the local number of vanishing
cycles of a 7 -type polynomial.

Corollary 3.3.1 (Polar number interpretation)

Let f be a 7-type polynomial. The number A,; of vanishing cycles which are
concentrated at the singularity at infinity a; € X, N Sing®°f is equal to the
intersection number multg; (X, I' (xo, r)g)). In particular, the latter does not
depend on the chart U;.

Definition 3.3.2 Whenever dim Singf < 0, we denote by uy the total Milnor

number” of f, i.e. the sum Zcef(Singf) WF, = ZaeSingf Uq of the Milnor
numbers at all the singularities of .



3.3 Computing the number of vanishing cycles 47

Whenever dim Sing®f < 0, we denote by A the sum ), Atypf My and call
it the total number of vanishing cycles at infinity.

Corollary 3.3.3 Letf : C* — Cbe apolynomial of 7-type and lett ¢ Atypf.
Then:

(a) dimH,1(F;) = pf + Ay. In particular, A; is invariant under diffeomor-
phisms of C".
(b) Forany b € Atypf and t ¢ Atypf, we have:

X (Fp) — x(F1) = (=1)"(uF, + AR,). (3.24)

(c) Atypf = Br.

Proof (a). We first prove this for t € By := 7(Sing®f U Singf); we leave this
task as an exercise. Then use (c) proved below to finish the argument.

(b). Let us remark that, despite the fact that F}, is not a deformation retract of
Fp; ), we have an equality at the level of Euler characteristics:

X (Fpsw)) = x (Fp). (3.25)

Then our claim follows from (3.22).
(c). The inclusion Atypf C By is true in whole generality, cf. (1.7). If b €
Bf, then there are some isolated 7-singularities a; € XZO and so )»,l_/. > 0, by

Corollary 3.3.1 and since I'(x0, 7)) # # (cf. Theorem 2.2.5). By using (b),

this implies that f cannot be a topologically trivial fibration above any disk
centered at b. U

In the more general case of a polynomial with isolated singularities in the
affine space, the f-singularities at infinity may be nonisolated and we do not
have the numbers A, anymore. However, we can still give a meaning to the
number Af, by taking the relation (3.24) as its definition:

Definition 3.3.4 Letf : C" — C be a polynomial with isolated singularities.
The following number:

Ap, = (=D"(X(Fp) — x(Fp)) — 1F,

may be called Euler—Milnor number at infinity of the fibre Fy.

If F}, is t-regular at infinity, then A, = 0. The converse is not true in general
(see e.g. Example 1.3.5).
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Number of vanishing cycles in the WW-class. Let f be a VW-type polynomial.
At some W-singularity a; € X, N Singt, we have a well-defined Milnor-Lé
fibration of the function t (see Theorem A 1.1.2). Since the stratified singularity
of 7 is isolated and since the underlying space (X, a;) is a hypersurface germ,
we know from Lé&’s [Lé5, Theorem 5.1] that the Milnor fibre of 7 at g; is
homotopy equivalent to a bouquet of spheres of dimension n — 1, and therefore
the Milnor-L& number w4, (7) is well defined.

Proposition 3.3.5 (Milnor-Lé number interpretation)
At any W-singularity a; € X, N Singt of a WW-type polynomial, we have:

haj = M (T). (3.26)
Proof Recall from §2.1 the definition I" (x, r),(li.) := closure(Sing ®|cnnu; <) \
Sing ricrnwi <)) C X, where @ := (xo, 7) : (XN (U; xC),q;) — ((Cz, 0,b)).
The stratified singular set of the function xq is SingX C X* N (U; x C)
and the function 7 is transversal to the strata of X* except at finitely many
points, the VV-singularities. Following [L&2], there is a fundamental system of
privileged open polydisks in U; x C, centred at a;, of the form (Py X Dg)uer
and a corresponding fundamental system (D), X Dy)aer, of 2-disks at (0, b) in
C?, such that ® induces, for any « € L, a map

Dy 1 XN (Py x Dy) Nxy (D)) — D, x Dy,

which is a locally trivial fibration over D/, x Dy \ @4 (Sing ). The Milnor fibre
of the germ 7 : (X, a;) — (C, b) is homotopy equivalent to X; N (Py x Dy) N
Xo ! (D)), for some ¢ € D¥. By L&’s result [L&5, Theorem 5.1] recalled above,
this Milnor fibre is homotopy equivalent to a bouquet of 14, (7) spheres of real
dimension n — 1. See Figure 3.3.

We have a finite number of isolated singularities of the function:

x0 2 Xi N (Py x Do) N x5 (D \ {O}) — (D), \ {0} x {1}, (3.27)

which are precisely the intersections of the polar curve I'(xo, r)g.) with X; N
(Py X Dg). All of them project to (D], \ D) x {t}, where D/, C D,, is a small
enough disk centred at 0. We know that the sum of the Milnor numbers at these
points of the restriction of xo to X; is equal to Aajs by Corollary 3.3.1.

We claim that the space X; N (Py x Dy) N Xy ! (D}) is contractible, if D],
is small enough. The stratified singularities of xq|x, are all on {xo = 0}, and
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X0

Figure 3.3. The polydisk neighbourhood and the small disk D/, x {t}

therefore, by a result of Durfee [Dul], X; N (Py X Dgy) N X, ! (D)) is a semi-
algebraic tubular neighbourhood of the compact set X° N (Py x D), defined by
the rug function |xo|>. Consequently, these two sets are homotopy equivalent.
In turn, the set X>° N (P, x Dy ) coincides (up to homotopy equivalence) with
the Milnor—Lg fibre at a; of the restriction of 7 to the space X*°. The projection
7 : X* — C is a stratified trivial fibration since X* = {f; = 0} x Cis
a product and may be endowed with a product Whitney stratification. This
implies that the Milnor-Lé& fibre* of the function 1| is contractible, and our
claim is proved.

To conclude the proof, we use complex Morse theory to show that X; N
(Po X Do) Nxg ! (D)) is built, up to homotopy type, from the contractible space
XN (Py x Do) Nxyy ! (D)) by attaching to it a number of Aq; cells of dimension
n — 1 corresponding to the singularities of the restriction (3.27). This shows
that X; N (Py X Dg) N x; ! (D},) is homotopy equivalent to a bouquet of Aaj
spheres of dimension n — 1. U

Number of vanishing cycles in the 5-class. As we have shown, B-type poly-
nomials are special W-type polynomials. Inside the B-class, we may obtain an
interpretation of 24;, which is not visible in the setting that we have used in the
proof of Proposition 3.3.5. We have dim ¥ < 0, and therefore Xjp, = ¥ X C
is a finite union of lines U;{p;} x C, where p; € ¥ C H® is by definition an
isolated singular point of the hypersurface X, := t7!(¢), for all # € C. Let
Mp; (X}) denote its Milnor number. This number is constant, except for a finite
number of values of ¢, where it may increase (Exercise 3.1). Let us denote by

* See Theorem A1.1.2 and §A1.1.
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Hp;.gen the value of pup, (X;) for generic ¢. At a special value ¢ = b, we may then
have: Hp; (Xp) = Mpj.gen-

Proposition 3.3.6 (Jump of Milnor numbers interpretation)
At any singularity a; = (pj,b) € X, N Singt of a B-type polynomial, we
have:

hay = Dy (Xp), (3.28)

where App, Xp) = Hp; Xp) — Hpj,gen is the jump of Milnor numbers at a;.

Proof We parallel a part of the proof of Proposition 3.3.5. Instead of the map
@ we consider here the map W := (F, 1) : Ui xC — C2, where F(x, x,1) :=
f (x0,x) — txg ,d = degf and 7 is the projection to the #-coordinate. In the fixed
chart U; x C we have {F = 0} = X and Sing F = SingX = ¥ x C. We may
consider the germ of X at g; as the total space of a family of hypersurface germs
(X4, pj) with isolated singularities, along the line germ {p;} x (C, b). Then the
function F is, for each fixed 7, a smoothing of (X;, pj).
The polar locus:

I'(F, T)Eé,) := closure(Sing (F, 1)y, xc \ (£ x C)) (3.29)

is either the germ of a curve or it is empty. This is due to the fact that the
projection T is transversal to the nonsingular part at infinity X* \ (X x C),
and transversal to the singular set ¥ x C except at the points a; (see also
Exercise 3.3). We may then apply a reasoning analogous to the one used before
for the map @ and show the following (in the same notations):

@) 7' ON Py x D) NF~! (D}) is a semi-algebraic tubular neighbourhood
of the compact set 771 N (Py x De) N F~10) = X, N (Py x Dy) and
therefore homotopy equivalent to it.

(ii) the space T=1(¢) N (Py x Dg) N F~Y(DL) is built from 771 (£) N (Py x
Do) NF~! (D7) by attaching a number of n-cells. This number is equal to
the local polar intersection multiplicity:

Vo = multy, (' (1), T(F, DY)
We now claim that we have the equality:

Yaj = Ag;-
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Indeed, the space 71 (1) N (Py x D) N F~! (D)) is contractible since it is the
Milnor fibre at a; of the linear function 7 on the nonsingular space U; x C. It
then follows from (i) and (ii) that X; N (P, x Dy) is homotopy equivalent to a
bouquet of y;; spheres of dimension n — 1. On the other hand, since Py is itself

a polydisk of type D¥ x P!, we have X; N (Py x Dy) P_vt X; N (Py x Dg) N
X ! (Dﬁ) and in the proof of Proposition 3.3.5 we have shown that the latter is
homotopy equivalent to a bouquet of A,; spheres of dimension n — 1. Our claim
is proved.

Finally, let us show that the polar intersection multiplicity y, equals the
Jump of Milnor numbers Ay, (Xp). This is actually a well-known result due
to Teissier [Te3], to which as we shall refer in some other sections, see §7.3,
(7.11). The sketch of its proof goes as follows: Let s € dD,,. The space N
(Py x Dy) N F~1 (D,,), which as we have shown is contractible, is built from
the regular fibre 171 (1) N (Py x Do) N F~1(s) of the restriction JF to the former
space, by attaching n-cells. There are y,; cells corresponding to the singularities
of JF| over D/, \ {0} and Hpj.gen cells from the singularities of X; N (Py X Dy).
On the other hand, the space Y b)Y N (Py x D) N F _I(D(’x), which is also
contractible (by the local conical structure of analytic sets [BV]), is built from

h
the regular fibre 71 (b) N (Py x D) NF~1(s) X -l ()N (Py x Dg) NF~1(s)
of the restriction F|, by attaching exactly w, (Xp) cells of dimension n. This
shows the equality 1), (Xp) = ya; + Up;,gen and ends our proof. O

Exercises

3.1 Show that in a holomorphic one-parameter family of hypersurface germs
(like (X}, p;) for running parameter ¢), the Milnor number is constant except
at some discrete values of the parameter, where it may increase.

3.2 Prove that F; g vS"~! for the general fibre F; of any complex polynomial
in n variables with isolated singularities which is p-regular at all points
y € X*°. (Indication. Use the definition of p-regularity and the proof of
Theorem 3.2.1.)

3.3 Prove that the ‘interior’ polarlocus I' (xg, r),(f) isisomorphic to the ‘exterior’
polar locus I'(F, r)((f). Deduce the following equivalence, for a 7 -type
polynomial f: mult, (X,, '(F, r)Ej)) =0 < f islocally trivial at a.

3.4 Letf bea7 -type polynomial andleta € X,NSing *°f. Prove the equalities:

multy(Xp, T'(x0, 7)) = multy (Xp, T'(F, 1)) = Aa.
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3.5 Letf be a B-type polynomial and let (p, b) € Sing *°f. Show that, if 11, (X;)
is independent of 7 at (p, b), then f is locally trivial at (p, b). How does this
constancy compare with the u*-constant condition at the point (p, b)? See
also Parusiniski’s paper [Pa3] on the local p-constant condition, and the
forthcoming section §5 on the numerical control over the global triviality
in a family of polynomials.
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Families of complex polynomials

By deformation of the polynomial function f we mean a family of polynomial
functions fs(x) = P(x,s) such that fy = f, where P : C" x Ck - C and
the parameter s varies in a small neighbourhood of 0 € C. We shall assume
that our family depends holomorphically on the parameter s € C* (unless
otherwise stated). There is a well-defined general fibre G, of the polynomial
function f;, since we have seen that the set of atypical values Atyp f; is a finite
set. When specializing f; to fp, the topology of the general fibre may change,
and the number of atypical values may vary. First we prove some general results
on the topology, then we focus on the transformation of the set of singularities
Singf USing °°f in the neighbourhood of infinity, and finally we give a criterion
for the topological triviality of a family.

4.1 Deformations to general hypersurfaces

Definition 4.1.1 We say that an affine hypersurface Y C C" of degree d is
general if its projective closure is nonsingular and transverse to the hyperplane
at infinity H*® = P" \ C".

Any hypersurface Y = Xy C C” (say of degree d > 2) can be deformed in
a constant degree family {X;}es such that X; is general for s # 0. Indeed, let
Y :={f =0tand letf; = (1 — 5)f +s(gq — 1), where gg = x4 + - +x¢.
The deformation f; is linear in 5. Then X, := {f; = 0} defines a family {X;}ses.,
which has the desired property for a small enough disk § centred at 0.

Computation of Euler characteristics. It is well-known that the Euler char-
acteristic x(n,d) of a general affine hypersurface of degree d is equal to
1+ (—=1)""1(d — 1)" (Exercise 4.1). For a family of hypersurfaces such that X
is general for any s # 0 close enough to zero (as it is the case for holomorphic

53
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families), we may compute the jump of the Euler characteristic by involving
the compactifications X; C P* and their restrictions to the hyperplane at infin-
ity X, N H®, as follows. We first have the following formula, since x is a
constructible function:

X (Xo0) = x(Xy) = x(X0) — x(Xs) = x(Xo NH®) + xXs NH®).  (4.1)

If Xo has isolated singularities only, then some vanishing cycles of X; vanish,
as s tends to zero, at each singular point g € Sing Xj. Since the germ at s = 0
of the family X; is a smoothing of the hypersurface germ (Xy, ¢), these van-
ishing cycles are of pure dimension n — 1 and their number is equal to the
Milnor number wu,(Xo) of the isolated hypersurface singularity germ (Xo, g).
If moreover the projective closure X has isolated singularities, then we have
the same property at singular points g € (SingXp) N H>. The jump of Euler
characteristic is then:

X(Xo) = x X)) = (=" Y ug(Xo).

q€Sing Xo

We may apply the same analysis to the hypersurface Xo N H® < P"~! of
dimension n — 2, provided that this has isolated singularities. Note also that
such a singular point may be either a singular point of Xy, or a point where X
is nonsingular but is tangent to H>° at p. We get:

XXoNH®) = xXNH®) = (D" Y @,(XogNH™).
peSing (XoNH>)

Formula (4.1) then yields the following jump formulal for the Euler
characteristic:

Lemma4.1.2 Let Xy C C” be an affine hypersurface such that Xy and XoNH >
have isolated singularities only. Let {X}scs be a deformation of Xy such that
X, is general for s # 0. Then:

x Xo) — x (Xy)

= (=" (quSingffo 1q(X0) + X pesing (Ronroey HpXo N HOO)) .

We may derive from it a formula for the Euler characteristic of the fibres F; of
a F-type polynomial. In this setting we note that, in contrast to 1, (X;), which
may jump at a finite number of values of ¢, the number 11, (X?°) is independent
of ¢ and therefore we shall use the notation ugo for it.
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Corollary 4.1.3 Let f : C* — C be a polynomial of F-type. Then, for any
t € C, we have:

XE) =1+ D)""1d—1)"
+ (D" Y wgF) DY KD+ ). (42)

qeSing Fy pewW

Number of vanishing cycles. Formula (4.2) holds for any value of 7. But if
t & Atypf, then Fy is the general fibre G of the F-type polynomial f, and since
we know from Theorem 3.2.1 that G is in this case a bouquet of (n — 1)-spheres
up to homotopy type, we get a formula for the (n — 1)th Betti number:

bu-1(G) = (d = 1" = D (p(X0) + p1°). 43)
pewW

We also have a formula for b,,_1 (G) from Corollary 3.3.3, namely: b,—1(G) =
wr +Ar. Plugging in the interpretation of A,; as the jump of Milnor numbers, cf.
Proposition 3.3.6, we get the second presentation of the number of vanishing
cycles, which applies to B-type polynomials:

bt (G) = Y ur, Y > App(Ky). (4.4)

beSingf beAtypf peX

Generic-at-infinity polynomials. If we restrict the genericity condition to a
neighbourhood of infinity, then we obtain the following class of polynomials,
which we shall call the G-class:

Definition 4.1.4 A polynomial f : C" — C is called generic-at-infinity (or, of
G-type) if, for any ¢ € C, the compactified fibre F, C P" is transversal to the
hyperplane at infinity H>°.

In particular, the fibres of a G-type polynomial may have at most isolated sin-
gularities (easy exercise). Comparing with Definition 2.2.2, we get the obvious
inclusion:

G-class C F-class.

We have the following numerical characterization of the G-class:

Proposition 4.1.5 A polynomial f of degree d is generic-at-infinity if and only
if its general fibre G satisfies b,—1(G) = (d — 1)".

Proof If f is of G-type, then f has only isolated singularities and ¥ = W = 0.
The general fibre G of f is a general hypersurface. Since all the Milnor
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numbers u,(X;) and /Lgo are zero, for all (p,1) € X*°, formula (4.3) shows
that b,—1(G) = (d — 1)".

Reciprocally, let b,,_1(G) = (d — 1)" and suppose that our polynomial /' was
not generic-at-infinity. We may assume that f has a nontrivial part of degree
d — 1; if not, then we deform f by adding some homogeneous polynomial of
degree d — 1 times a parameter. Next, we claim that we can deform f in a
one-parameter family f; such that, for all s # 0, the compactified fibres of f;
are nonsingular in the neighbourhood of the hyperplane at infinity, and tangent
to this hyperplane at a single point. This can be done by deforming only the
degree d homogeneous part of f, as follows. It is classical from G. Boole,
cf. Cayley [Ca], that the discriminant of the space PV=1 of all the degree d
hypersurfaces in P"~! is a hypersurface D C PV=1 where N := (ZflJ“d).
In turn, D contains a Zariski-open set, such that any of its points represents
a hypersurface, which has just a single singular point of Morse type. For our
specific needs, we may choose such a deformation, which, in addition, has the
property that the single Morse point of {(f;;)s = 0} avoids the proper intersection
{(fa—1)s = 0, (f)s = 0} for s # 0,

Altogether, this shows the existence of a one-parameter polynomial family f;
such that fo = f, and that, for s # 0 small enough, W; is one point and X, = ¢.
This means that fy deforms into polynomials f; of F-type. The formula (4.3)
tells us that the generic fibre G; of f; verifies b,—1(Gy) = (d — 1)"~! — 1. The
semi-continuity result proved below, Proposition 4.2.1, shows that b,,_1 (Gp) <
b,—1(Gy). This yields the strict inequality b,—1(G) < (d — 1)1, which
contradicts our hypothesis. ]

4.2 Semi-continuity of numbers

General semi-continuity of Betti number. In case of holomorphic function
germs g; : (C",0) — (C,0) it is well known that the (n — 1)th Betti number
of the Milnor fibre is upper semi-continuous, i.e. does not decrease under the
specialization g — go. In case of a polynomial f; : C* — C, the role of the
Milnor fibre is played by the general fibre G, of f;. This is a Stein manifold of
dimension n — 1 and, by Hamm’s result [Hm?2], has the homotopy type of a
CW-complex of dimension < n — 1 (see also §6.1), which is moreover finite,
since G; is algebraic. It follows that the (n — 1)th homology group with integer
coefficients is free. Let us first prove a general specialization result, which
reveals an opposite behaviour” with respect to the one in the local case. The
exposition is based on [ST7].
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Proposition 4.2.1 [ST7] Let P : C" x C¥ — C be any holomorphic defor-
mation of a polynomial fy := P(:,0) : C" — C. Then the general fibre G of
Jfo can be naturally embedded into the general fibre G; of f, for s # 0 close
enough to zero.

The embedding Gy C Gy induces an inclusion H,_1(Gy) — H,—1(Gy)
which is compatible with the intersection form. In particular b,_1(G;) >
bn—l(GO)'

Proof It is of course enough to consider a one-parameter family of hyper-
surfaces {f;l (®)}ser C C", for fixed ¢, where L denotes the germ of some line
through 0. We denote by X; the total space over L. By choosing 7 generic enough,
we may assume that fs_l (#) is a generic fibre of f, for s in a small enough neigh-
bourhood L, of 0 in L (Exercise: prove this claim). Let o0 : X; — L. denote the
projection. Now X; is the total space of a family of nonsingular hypersurfaces.
Since o~ 1(0) is an affine hypersurface, by taking a large enough radius R, we
get BBR/ M 0_1(0), for all R” > R. Moreover, the sphere 8BR is transversal
to all nearby fibres o' (s), for small enough s. It follows that the projection
o from the pair of spaces (X; N (Bg x C),X; N (3Bg x C)) to L, is a proper
submersion and hence, by Ehresmann’s theorem, it is a trivial fibration. This

shows that Bg N o~ (0) dlsz Br N o~ (s). It also follows that Bg N o ~1(0) is
diffeomorphic to the general fibre Gy and, obviously, the space Bg N o~ ! (s) is
included in the general fibre G;. This proves our first claim.

The affine hypersurfaces o ~!(s) are finite CW-complexes of dimension <
n — 1, by Hamm’s result [Hm2]. By using Andreotti’s and Frankel’s classical
argument for the distance function [AF] we show that the nonsingular hyper-
surface o ~!(s) is obtained from Bg N o ~!(s) by attaching cells of index at
most n — 1. This implies that the nth relative homology H,(Gy, Gy) is trivial,
so the second claim follows. Finally, the compatibility of the inclusion with the
intersection form is a standard fact. (]

Semi-continuity at infinity. In the remainder we restrict to constant degree
families, degf; = d, where f; runs within certain classes of polynomials: F-
class C B-class C W-class C 7 -class, cf. Definition 2.2.2, Proposition 2.2.3.
These classes have the property that the reduced homology of the general
fibre Gy of f; is concentrated in dimension n — 1 and is localizable at finitely
many points (see also Proposition 8.1.3 for details), in the affine space (the u-
singularities) or in the part at infinity of the projective compactification of some
fibre of f; (the A-singularities, see §3.2). We have also seen (Corollary 3.3.3)
that the total number of vanishing cycles is related to the Euler characteristic
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x (Gy) by the formula x (Gy) = 1 + (= 1)"~!(u(s) + A(s)). We are using here
the simplified notations w(s) and A(s) for w(f;) and A(f;) respectively.

Our aim is to study the behaviour of the - and A-singularities of f; under
the specialization s — 0. It is easy to see that, for singularities which tend
to a u-singular point, the total number of local vanishing cycles is constant,
in other words: we have local conservation of . In the global setting, the
new phenomenon which occurs and which we investigate here is that some
p-singularities may change into A-singularities, at points at infinity. In the case
of a constant degree family {f;(x)}; of 7 -type polynomials we then have:

(a) u(s) is lower semi-continuous under the specialization s — 0.
®) wu(s) + A(s) = u(0) + 1(0) (by Proposition 4.2.1).

Whenever p(s) decreases, we say that there is loss of u at infinity. This may
happen only when one of the two following phenomena occurs:

(i) the modulus of some critical point tends to infinity and the corresponding
critical value is bounded (see Examples 4.2.2 and 4.2.4).

(i1) the modulus of some critical value tends to infinity (cf. [ST5, Examples
8.2-3]).

In contrast to w(s), it turns out that A(s) is not semi-continuous under
specialization; it can increase or decrease (Examples 4.2.2-4.2.4). More-
over, the A-values may behave like the critical values in case (ii) above, see
Example 4.3.6.

Example 4.2.2 f; = (xy)> + sxy + x, see Figure 4.1(a).
This is a deformation inside the F-class, with constant i+ A, where X increases.
Fors #0: A =1+4+1landpu =1.Fors =0: A =3and u = 0.

Example 4.2.3 f; = (xy)* + s(xy)? + x, see Figure 4.1(b).

This deformation is within the F-class, has constant 4 = 0, and A(0) = 2 at
one point and A(s) = 1+ 1 at two points at infinity which differ by the value of
t only, namely ([0 : 1], s,0) and ([0 : 1], s, —s? /4). The notations are explained
below.

Example 4.2.4 f; = xy* + s(xy)?> + y, see Figure 4.1(c). This is an F-class
family where A decreases at s = 0. Fors 2 0: A =2 and u = 5. For s = 0:
A=1and u =0.

In Figure 4.1 we call splitting the change of a A-singularity into u- and
A-singularities, from s = 0 to s # 0.

In order to understand the behaviour of A(s) in some more detail, we stick
to the B-class. We first need to introduce more involved notations for families.
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(a) A increases (b) A is constant (c) A decreases

Figure 4.1. Mixed splitting in (a) and (c); pure A-splitting in (b)

We remind that in the case of a single polynomial f, we have defined the space
X and the proper projection 7 : X — C.

Notations. We associate to the deformation P(x,s) = f;(x) of constant
degree = d the following analytic hypersurface:

Y = {([x : x0l,5,7) € P" x CF x C | P(x,x0,5) — txd = 0},

where P denotes the homogenized of P by the variable xo, considering that s
varies in a small neighbourhood of 0 € C¥. The projection 7 : Y — C to the
t-coordinate extends the map P in the sense that C" x C* is embedded in Y
(via the graph of P) and tjcnyck = P. Leto 1 Y — C* denote the projection
to the s-coordinates.

Furthermore, let Y, := Y N o), Y.r = YN 771() and Ysr =
You N i) = Y., N o~ 1(s). Note that Y, is the closure in P” of the affine
hypersurface fs_l ) cC".

Let Y*° := YN {xg =0} = {Py(x,s) = 0} x C be the hyperplane at infinity
of Y, where Py is the degree d homogeneous part of P in the variables x € C".
It is important to remark that, for any fixed s, the space Yff; = Y, NY> does
not depend on ¢.

The singular locus SingY = {xg = 0,%4(x,5) = 0, Py_1(x,5) =
0, aalsd(x, s) = 0} x C is included in Y* and is a product-space by the
t-coordinate. It depends only on the degrees d and d — 1 parts of P with respect
to the variables x.

Let © = {xo = 0,%4(x,5) = 0, P4_1(x,5) = 0} C P"~! x C. The
singular locus of Y , is the analytic set £ x C, where ¥, := £ N{o = s}, and it
is the union of the singularities at the hyperplane at infinity of the hypersurfaces
Y, fort € C.
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We denote by W, := {[x] € P"~! | %(x, s) = 0} the set of points at infinity
where Y¢7 is singular, i.e. the points where Y, is either singular or tangent to
{xo = 0}; it does not depend on ¢ and we have ¥; C W;.

Theorem 4.2.5 (Lower semi-continuity at \-singularities) [ST7]
Let P be a constant degree one-parameter deformation inside the B-class. Then,
locally at any A-singularity p € Yo, of fo, we have the inequality:

2p(0) <D " hp () + Y g (s),
i J

where p; are the A-singularities and q; are the ji-singularities of fs, which tend
to the point p as s — Q.

Proof We need to define a certain critical locus. First we endow Y with the
coarsest Whitney stratification ¥/, without requiring that Y°° is a union of
strata. Let W := (0,7) : Y — C x C be the projection. The critical locus
Crit W is the locus of points where the restriction of W to some stratum of W is
not a submersion; we denote by Disc W := W (Crit W) the discriminant of V. It
follows that Crit W is a closed analytic set and that its affine part Crit W N (C" x
C x C) is the union, over s € C, of the affine critical loci of the polynomials f;.
Notice that both Crit W and its affine part are, in general, not product spaces by
the z-variable. In case of a constant degree one-parameter deformation in the B-
class, the stratification WV has a maximal stratum that contains the complement
of the set ¥ x C, which is of dimension < 2. At any point of this complement,
all the spaces Y, Y , and Y, are nonsingular in the neighbourhood of infinity.
In particular, Crit W N (Y® \ £ x C) = @. Since our deformation is within the
B-class, it follows that the affine part Crit ¥ N (C" x C x C) is of dimension
at most one. The map W is submersive over some Zariski-open subset of any
two-dimensional stratum included in ¥ x C. Consequently the part at infinity
of Crit W has dimension < 2. We conclude altogether that dim Crit ¥ < 1.

In general, the functions o and t do not have isolated singularity with respect
to our stratification WW. Nevertheless, except of finitely many values ¢ € C, the
function o + ¢t has an isolated singularity at p with respect to the stratification
W. Let us fix some ¢ close to zero and consider the local application ¥, =
(0 +e1,7): N — C2 for some good neighbourhood N’ C Y of p € Yo5-

The germ of the space N'N (o +£71) “1(0)isa germ of a complete intersection
at p and the function 7j: N N (o + e1)~1(0) — C has an isolated singularity
at p. We may apply the stratified bouquet theorem in this setting (see L&’s
theorems in the Appendix, §A1.1 and Al.1) and get that the Milnor—L¢ fibre
of 7| is homotopy equivalent to a bouquet of spheres \/S”’l. It follows that



4.2 Semi-continuity of numbers 61

the general fibre of W,, which is A/ N W 1 (s, 1), for some (s,7) & Disc W, is
homotopy equivalent to the same bouquet \/ S"~!; let p denote the number of
§"~1 spheres in this bouquet.

On the other hand, the Milnor-L& fibre at p of the function o +&7 is homotopy
equivalent to abouquet \/ S", by the same result loc.cit.; let v denote the number
of n-spheres.

In the remainder, we shall use the local Morse—Lefschetz theory (see also § 6.1
for the global affine theory) in order to count the vanishing cycles of dimension
n—11intwo ways (similarly to the counting performed in the proof of Proposition
3.3.5), namely as follows:

(D along (o +e1) =0,
(II) along (o0 + et) = u, for u # 0 close enough to zero,

and we compare the results. Figure 4.2 is a guide to these computations; in the
picture, the germ of the discriminant locus Disc W at W (p) consists of the two
axes and the germ of a curve.

(I). We start with the fibre A/ N \Ifg_l (0, 8), where § is close enough to zero. To
obtain AN (o +&7) ! (0), which is contractible, one attaches to N’ NW1(0, §)
a certain number of n cells corresponding to the vanishing cycles at infinity, as
t — 0, in the family of fibres W 1(0,1). This is exactly the number p defined
above and it is the sum of two numbers, corresponding to the attaching, which
is done in two steps, as we detail in the following. One is the number of cycles
in NN W 1(s, 8), vanishing, as s — 0, at points that tend to p when § tends
to zero; we denote this number by &. The other number is the number of cycles

c+et=0

(o) °
Disc ¥

C+EeT=u

Figure 4.2. Two ways of counting vanishing cycles
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inN Nyl (0,1), vanishing as t — 0; this number is A, (0), by definition. We
thus have the equality: A,(0) + & = p.

(IT). We start with the fibre "N W !(u,§), which is homeomorphic to A/ N
w1(0,8) and to NN W~ (x,8). The Milnor fibre N' N {o + et = u} cuts
the critical locus Crit W at certain points px. The number of points, counted
with multiplicities, is equal to the local intersection number mult,({oc + 7 =
0}, Crit ). We now use the pencil of (o, 7)-fibres of the slice {o + et = u}
and we get, by Morse—Lefschetz theory, that the space N' N {0 + et = u} is
homotopy equivalent to the fibre N NW - !(u, 8) to which we attach a number of
n-cells corresponding to the vanishing cycles at Crit WN{o +et = u}N{o = 0},
which is just the number £ defined above, and to the vanishing cycles at points
{o+et = u}NCrit¥ \ {o = 0}. For any ¢ small enough we have the inequality:

mult,({o + et = 0}, Crit W \ {0 = 0}) < mult,({c = 0},Crit¥ \ {o = 0}).

By the Morse-Lefschetz theory, in order to get A’ N {o = u}, we have to attach
to N'N W1 (u, §) a number of n-cells corresponding to the vanishing cycles at
points p; and g;. By our hypothesis, this number is } ; A, (u) + 3 _; p1q; (u). We
get the inequality: p +v < & + ), A, (u) + Zj Mg ().

By collecting the results obtained at steps (I) and (II), we obtain:

WO =p—E<p+v—E<D M@+ Y pngw, 45
i J

which proves our claim. (|

4.3 Local conservation

Deformations with constant ;¢ + A. The inequality (4.5) may become an equal-
ity under certain conditions; we then say that there is local conservation of the
quantity of singularity.

Corollary 4.3.1 Let P(x, s) be a constant degree deformation inside the 3-class
such that w(s) + A(s) is constant for s in some neighbourhood of zero. Then:

(a) When s — 0, there cannot be loss of w or of A such that the modulus of the
corresponding atypical value tends to infinity.
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(b) A is upper semi-continuous, i.e. A(s) < A(0).
(c) there is local conservation of & + A at any A-singularity of fo.

Proof (a). If there is loss of  or of X, then this loss must be compensated by
the increase of A at some singularity at infinity of fy. But Theorem 4.2.5 shows
that the local & + XA cannot increase when s — 0.

(b). This is clear since . (s) + A(s) is constant and w(s) can only decrease when
s — 0.

(c). The global conservation of pu + A together with the local semi-continuity
(Theorem 4.2.5) imply local conservation. ]

Persistence of A-singularities. We define below another class, between the
B-class and the F-class, where we may study the exchanges u — A described
in Theorem 4.2.5 in some more depth.

For a deformation {f}, inside the B-class, the compactified fibres of f; have
only isolated singularities. Let us take some point z(0) € Xg. Fix some value
t € Atypfo and assume without dropping the generality that ¢ & Atypfs for all
small enough s. Then the Milnor number of Yo ; at (z(0), ¢) is larger or equal to
the sum of the Milnor numbers of Y, at the points (z;(s),?) € Xz x {t} such
that z;(s) — z(0).

(*) Ifthe above local sum of Milnor numbers is conserved, then there is a unique
singular point z(s) — z(0), by the nonsplitting principle (see page 68).

Definition 4.3.2 We say that a constant degree deformation P(x, s) inside the
B-class has constant generic singularity type at infinity at some point (z(0),1) €
Yo x C when the condition (*) holds. If this holds for all points in ¥y x C, we
say that P is a deformation with constant generic singularity type at infinity,
briefly a cgst-deformation.

We prove below a result on A-singularities and we refer to Exercises 4.5, 4.6
for more issues on cgst-deformations:

Theorem 4.3.3 [ST7] Let P(x, s) be a constant degree deformation, inside the
B-class, with constant generic singularity type at infinity. Then:

(a) the A-singularities of fy are locally persistent in f.
(b) a A-singularity of fy cannot split such that two or more A-singularities
belong to the same fibre of f;.

Part (a) means that a A-singularity cannot completely disappear when deform-
ing fp, but of course it may split or its type may change, see Figure 4.1.
Nevertheless a A-singularity may split into several As along a line {z(s)} x C,
in disjoint fibres, see Example 4.2.3.
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Proof (a).Let(z,7)) € XoxCbeaA-singularity of fy. Letus denote by G(y, s, 1)
the localization of the map Is(x, X0,S8)— txg at the point (z, 0, o) € Y, where yg is
the coordinate defining the hyperplane at infinity of P”. The idea is to consider
the two-parameter family of functions G, ; : C* — C, where Gs,(y) = G(, s, 1).
Then G(y, s, t) is the germ of a deformation of the function G 4, ().

We consider the germ at (z,0,#p) of the singular locus I' of the map
G,o,7): C" —> C3, which is the union of the singular loci of the functions
Gy, for varying s and ¢. We claim that I" and the discriminant D := ImI" C C3
are both surfaces, in the sense that every irreducible component is a surface.

Moreover, we claim that the projections I' (y(i’if) D and D i C? are finite
(ramified) coverings.

These claims all follow from the following standard fact: the local Milnor
number conserves in deformations of functions. In our case, the function germ
Go,;, With Milnor number 1o deforms into a function G, with finitely many
isolated singularities, and the total Milnor number is conserved, for any couple
(s, 1) close to (0, 7g).

Let us now remark that the germ of ¥ x C at (z,0,tp) is a union of com-
ponents of I" and projects by (yo, s, ) to the plane Dy := {yyg = 0} of C3. The
inclusion Dy C D cannot be an equality, since, by hypothesis, we have a jump
A = Apzo(to) > 0 at the point of origin (z, 0, fp), and we may apply the above
argument on the conservation of the total Milnor number. So there must exist
some other components of D. Every such component is a surface in C3 and has to
intersect the plane Dy C C3 along a curve. Then, for every point (s',’) of such
a curve, the sum of Milnor numbers of the function Gy , at points on the hyper-
surface {yo = 0} that tend to the original point (z, 0, #o) when s’ — 01is therefore
strictly higher than the one computed for a generic point (s, f) of the plane Dy.
Therefore our claim (a) will be proved if we show the following two facts:

(i) the singularities of Gy, which are on the hypersurface {yo = 0} and
which tend to the original point (z,0, fg) when s’ — 0, are included in

Y ={G =0}
(ii) there exists at least a component D; C D such that D; N Do # DN {s = 0}.
To show (i), let gx (v, s) denote the degree k part of P after localizing P at

(z,0) and note that G(y,5,1) = ga(y,5) + Yo(ga—1(y,) + ---) — 1§ Then
observe that the set:

084
Iy =0} = {% =084 =0} (4.6)

does not depend on the variable ¢ and its slice by {o = s,7 = ¢} consists of
finitely many points. These points may fall into two types: (I) points on {g; = 0},
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and therefore on {G = 0}, and (II) points not on {g; = 0}. We show that type
(II) points do not actually occur. This is a consequence of our hypothesis cgsz-
deformation, as follows. By choosing a generic 7 such that 7 & Atypf; for all s,
and by using the independence on ¢ of the set (4.6), the cgst condition implies
that, as s — 0, type (II) points cannot collide with type (I) points along the
slice {yo = 0,0 = 5,7 = ?}. If there were a collision, then there would exist
a singularity in the slice {G = 0,y9 = 0,0 = 0,7 = f} with the Milnor
number higher than the generic singularity type at infinity. This proves the
equality:

F'Nfyo=0)=TN{G =y =0}, 4.7)

which finishes the proof of (i). Now observe that the equality (4.7) also proves
(i), by a similar reason: if there were a component D; such that D; N Dy =
D N {s = 0}, then there would exist a singularity in the slice {G = 0,y9 =
0,0 = 0,7 = 7} with the Milnor number higher than the generic singularity
type at infinity. Notice that we have in fact proved more than (ii), namely:

(ii"). There is no component D; # Dy such that D; N Dy = D N {s = 0}.

This ends the proof of (a).
(b). If there were collision of some singularities, out of which two or more
A-singularities are in the same fibre, then there would be at least two different
points z; # z; of Xy such that (z;, s, 7) and (z;, s, 7) collide when s — 0. This is
exactly what is forbidden by the cgst assumption. 0

We may prove (see Exercise 4.4 for details) that the deformations in the
JF-class such that u + A = constant are cgst-deformations. Therefore, we has
the following consequence of Theorem 4.3.3(a):3

Corollary 4.3.4 Inside the F-class, a A-singularity of fo cannot be deformed
into only p-singularities by a constant degree deformation with constant
w+ A

Example 4.3.5 f; = x* + sz* 4+ 2° + y.
This is a deformation inside the B-class with constant u + A = 0, which is not
cgst at infinity.

The fibre Y is singular only at p := ([0 : 1 : 0],0) and the singularities of
Ygf’l change from a single smooth line {x* = 0} with a special point p on it into
the isolated point p, which is a E7 singularity of Y{7- We use the notation & for
the Thom—Sebastiani sum of two types of singularities in separate variables.

We have:

s = 0: the generic type of Yo at infinity is A3 @ E7 with Milnor number 21,
and x (Y&Ot) =2.
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s # 0: the generic type of Y, at infinity is A3 @ E¢ with Milnor number 18,
and x (Y39) = 5.

The jumps of 43 and —3 compensate each other in the formula (4.8).

Example 4.3.6 f; = x2y 4+ x + 22 + 5z°.
This is a cgst-deformation, but u + A is not constant. Moreover, f; is F-type
for all s # 0, whereas fy is not F-type (but still B-type). The generic type at
infinity is D4, for all s, and there is a jump D4y — Ds for t = 0 and all s.
For s # 0, a second jump D4y — Ds occurs for t = ¢/s?, where ¢ is some
constant.

There are no affine critical points, i.e. u(s) = 0 for all s, but A(s) =2 if s #
0 and A(0) = 1. We have Atypf; = {0,c¢/s?} for all s # 0, and x> changes
from 3 if s = 0 to 2 if s # 0. There is a persistent A-singularity in the fibre over
t = 0 and there is a branch of the critical locus Crit W, which is asymptotic
to t = oo.

Rigidity of singularities in the F-class. Let P(x,s) = f;(x) define a family
of F-type polynomials, of constant degree d, where s varies in a small enough
disk § C C centered at 0. We suppose that the coefficients of the polyno-
mial f;(x) are polynomial functions of the parameter s, so that the space Y is
algebraic.

Notations. We recall a few notations and set some more. Let s € § be fixed
and let p € X;. We know that u,(Ys;) > pgen(s) for a finite number of
values of t and that the number of vanishing cycles of f; at (p,f) is the jump
Apt(8) = pp(Yss) — tpgen(s). Let us denote A;(s) := Zpe):s Ap,t(8).

We denote by Ayefs := fi(Sing™f;) the set of ‘critical values at infin-
ity’ (i.e. the images of points where the jump is positive), and by Aufs =
f5(Singf) the set of critical values produced by affine critical points. We
have:

M= D () and p@)= Y pur,.
1€ At fy 1€ Aqsif

where F; 1= fs’1 (¢) is our usual notation. We also know that Atypfs = Agerfs U
Ainfs and that f; :fs’1 (C\ Atypfy) — C\ Atypf; is a locally trivial fibration.
As usual, Yi‘i = Y. N {xo = 0}.

Definition 4.3.7 We say that a finite set 2; of points in Ck, for some k,
depending on a real parameter s € [0, 1], is an analytic braid® if the num-
ber #Q2, is constant, the multi-valued function s — £, is continuous, and
© = Ugeo,11(S25 x {s}) is a real analytic sub-variety of Ck x [0, 1].
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Proposition 4.3.8 Let {f;}c[0,1] be an analytic family of F-type polynomials.
Suppose that the integers w(s) + A(s), #Atypfs and deg f; are independent of
s € [0, 1]. Then:

(a) X, Aasrfs, Aintfs, and Atypfs are analytic braids;

(b) for any continuous function s — p(s) € Xy, we have iy (s),gen = constant;

(c) for any continuous function s — c(s) € Aptfs, we have Apg)cs) =
constant,

(d) for any continuous function s > c(s) € Auffs, we have p,(Fycs) =
constant for any g € Sing F ¢ ().

Proof Let us remark that our hypotheses imply that the family {f;}, is a cgst-
deformation, see Exercise 4.4. This means that there is no collision of points
p(s) € Xy as s — 0 and that () gen(s) i8 constant. Consequently, ¥y is an
algebraic braid. This proves (b) and a part of (a).

Next, let us observe that the multi-valued map s +— Atypf; is continuous.
This is a consequence of the conservation of the local 1 in families of functions
(generally valid) and of the conservation of the local ;& + A shown in Corollary
4.3.1. By the same reasons, there is no loss towards infinity of values from
Atypfs, as s — 0. This shows that the values Atypf; are bounded within some
disk of radius independent of s. The constancy of #Atypfs; shows that there is
no collision of atypical values when s — 0.

Let us now observe that, since Atypfy does not split and since A-singularities
are persistent by Theorem 4.3.3(a), we might only have splitting of ,(0).c(0)
in a single fibre of f; (into A-singularities and eventually p-singularities). By
Theorem 4.3.3(b), there cannot be more than one A-singularity. Since the local
A + w is independent on s, by using formula (4.9) and the jump interpreta-
tion of A, which we recalled in the above notations, we deduce that we are
in the presence of a family of hypersurface germs Y, where an isolated sin-
gularity splits such that the total Milnor number is constant. This contradicts
the nonsplitting principle (see its statement below). We have thus proved the
claim (c), and also that #Aj,¢f; is constant and that the map s — Ajrfs is
continuous.

Since we have local conservation of u in the family f; at any p-singularity
of fy, it follows that a p-singularity cannot split into a single fibre, again due to
the nonsplitting argument. However, there cannot be loss of x towards infinity,
since we know now that both ;« + A and A are conserved locally. This proves
(d), that #Aa¢sf5 1s constant and that the map s > Aggf; 1S continuous.

The maps s — Ajnfs and s — Aggefs are also analytic, finite maps and their
images are therefore analytic. The same is true for s — Atypf;. U
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The local nonsplitting principle. We recall here the statement of the result
due to A’Campo, Lazzeri, and L& [A’C1, Laz, L&5]. Let {X;};ep, be an analytic
family of hypersurfaces in some ball Bs C C", where D, C C is some disk
centered at the origin, such that X( has an isolated singularity at xo € Xo N Bs.
For small enough radii ¢ and §, any hypersurface X; has isolated singularities
in Bs, say at the points {x;1,...,X;x} C X;NBs, forsome k > 1. Let u(X;, x1;)
denote the Milnor number of X; at the point x;;. Then the local nonsplitting
theorem says the following: if Zle WXz, x1) = (Xo,xp), then, k = 1, i.e.
the singularity xo of Xo does not split in the deformation, and moreover its
trajectory {x;1};ep, is a nonsingular curve.

Exercises

4.1 Prove that, if ¥ C C”" is a general hypersurface of degree d, then x(Y) =
1+ (D" 1@ -1

4.2 Show that the Euler characteristic of the smooth hypersurface V;;Z of
degree d in P" is x4 = X(V;e’ff) =n+1- %{1 + (—=D*(d — D"ty

4.3 Letf be a B-type polynomial and G its general fibre. Prove the formula:

ba1(G) = (=" '™ = 1) =D ppgen — (D" x, (48)
pex

where x*° := x ({fy = 0}).
4.4 Consider a deformation {f;} of constant degree d, inside the F-class. Show
that formula (4.8) takes the following form:

PE) F M) =d = 1D"= Y ptpgen(®) = Y uX(s), (49

PEX PEW;

where ,ulc,’o (s) denotes the Milnor number, independent of 7, of the singu-
larity of Yy, N H at the point (p,) € Wy x C. Conclude that p1) gen (s)
and M;o (s) are constant in p + A constant families, and, therefore, that such
families are cgsz-deformations.

4.5 Remark that, in deformations within the B-class, there is no inclusion
relation between the properties ‘constant generic singularity type’ and
‘u(s) 4+ A(s) constant’, see Examples 4.3.5, 4.3.6. Show that in the F-class
the two conditions are equivalent.
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4.6 Let Ax*® = (=D"(x*°(s) — x*°(0)) in formula (4.8) applied to
deformations inside the B-class. Show the following:
(1) If Ax®* < 0, then the deformation is not cgst.
(i) If Ax®° > 0, then the deformation is not i + A = constant.
(iii) If Ax® = 0, then we have the equivalence: i + A = constant < cgst
at infinity.
(iv) in deformations inside the F-class, A x> > 0.
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Topology of a family and contact structures

5.1 Topological equivalence of polynomials

A well-known result by Lé and Ramanujam [L.éRa] for a smooth family of
germs of holomorphic functions with isolated singularity g; : (C*,0) —
(C,0), says that the constancy of the local Milnor number implies that the
hypersurface germs g, 1(0) and 8 1(0) have the same topological type when-
ever n # 3. Under the same conditions, Timourian [Tim] and King [Ki]
showed moreover that the family of function germs is topologically trivial
over a small enough disk §. The techniques available by now for proving the
Lé-Ramanujam-Timourian—King theorem do not work for local nonisolated
singularities.

In the global affine setting, we may ask a similar question: under what con-
ditions can the topological equivalence of polynomial functions be controlled
by numerical invariants?

We say that two polynomial functions f,g : C*" — C are topologically
equivalent if there exist homeomorphisms @ : C" — C*and ¥ : C — C
such that W o f = g o ®. The global setting creates new problems, since we
have to deal at the same time with several singular points and atypical values.
Moreover, the singularities at infinity present a new and essential difficulty
since, even if they are isolated, they are of a different type than the critical
points of holomorphic germs. Our exposition follows [BT].

Local triviality at infinity. When studying a polynomial family f;(x) = P(x, s)
of polynomial functions, we have to deal with the triviality problem in the
neighbourhood of im“mity.1

The Whitney stratification W of the singular space Y . has in our setting
the following strata: Yy, \ Y3, YT5 \ Sing Y 4, the complement in Sing Y .
of the singularities at Infinity and the finite set of singular points at infinity. We

70
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also recall that the restriction 7Y, is transversal to all the strata of Y . except
at the singular points at infinity.

Let (p, c) be a singularity at infinity of fp, i.e. such that A, .(0) > 0 and let
gs : Y54 — C be the localization at (p(s), c(s)) of the map 7y ,. We denote
by B C C" x C the closed 2n + 2-ball of radius € centred at (p, c), such that
B. N Y, is a Milnor ball for gg. We choose 0 < 1 <« € such that we get
a Milnor tube Ty = Be N Yy, N gy ' (Dy(c)). Then, for all 1 € Dy(c), g (1)
intersects transversally S¢ = 9B.. Werecall that go: To\ g, ! (¢) = Dy(o)\{c}
is a locally trivial fibration and that go: Ty — Dj(c) is a trivial fibration if and
only if A, (0) = 0.

By using Proposition 4.3.8(a) and an analytic change of coordinates, we may
assume that (p(s), c(s)) = (p,c) forall s € [0, u], for some small enough u > 0.
WesetTy = B.NY,,Ngy 1 (Dj;(c)) and notice that B does not necessarily define
a Milnor ball for g; whenever s # 0. For some u > 0,let7T = Use[O,u] T x {s},
andlet G : T — C x [0, u] be defined by G(z,s) = (g(2), ).

Theorem5.1.1 [BT]Letf;(x) = P(x,s) be aone-parameter polynomial family
of polynomial functions of F-type and of constant degree, such that the numbers
w(s) + A(s) and #Atypfs are independent of s. If n # 3, then there exists u > 0
and a stratified homeomorphism o such that the following diagram commutes:

o
T —— Top x [0,u]

G\L \Lgoxid

Dy(c) x [0,u] —— Dy(c) x [0,u],
id

and such that « sends the strata of tube Ty to the corresponding strata of T,
forall s.

The stratification of some tube 7 is the one induced by W;, and has therefore
three strata: {7 \ ({p} x D;(c)), {p} x Dy(c) \ (p,c), (p,c)}.

We cannot apply directly Timourian’s proof [Tim] to the family g; because
here the space germ (Y., (p, c)) is singular. Nevertheless we can adapt it to
our situation. We start from the fact that (p, ¢) is the only singularity of g; in T,
by Proposition 4.3.8. One may show how the assumptions of [Tim, Lemma 3]
are fulfilled in our new setting. We refer to [BT] for the details of this proof,
which, in particular, adapts L&’s and Ramanujam’s arguments of [[L.éRa] to
the new setting. These arguments include the h-cobordism theorem, which is
responsible for the excepted case n = 3.
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5.1.1 The topological equivalence theorem

Theorem 5.1.2 [BT] Let {f;}sc[0,1] be a continuous family of complex polyno-
mials of F-type in n # 3 variables. If the Euler characteristic of the general
fibre x(Gy), the number of atypical values #Atypf; and the degree degf; are
independent of s € [0, 1], then the polynomials fy and fi are topologically
equivalent.

Example 5.1.3 Let fi(x,y,z,w) = x>y2 + 22 + w? + xy + (1 + 9)x? + x.
For s € C\ {—2,—1}, we have Atypf, = {0, —1, 152}, u(s) = 2, and
A(s) = 1. It follows that x (Gy) = —2 and #Atypf; = 3. Since f; is not of
F-type, we have to consider f; (x,y) := x2y? + xy + (1 + 5)x> + x. We then
have f; = f/ @ (z> +w?). By applying Theorem 5.1.2 to the family £, and then
coming back to f;, we get that fj is topologically equivalent to f; if and only if
s € C\ {—2,—1}, since #Atypf_1 = #Atypf_2» = 2.

We recall that the F-class of polynomials includes all polynomials of two
variables with reduced fibres. These may have A-singularities.

The constancy of x(G;) and of #Atypfs are necessary conditions for the
topological triviality. The constancy of deg f; is only a technical condition which
enables us to work with the space Y.

We first prove Theorem 5.1.2 in case the coefficients of the family P (x, s) are
polynomials in the variable s; the general case will follow by a constructibility
argument.

The rough idea of the proofis to use the local triviality Theorem 5.1.1 and then
patch together the pieces in order to obtain a global topological equivalence.2
We outline below the steps of the proofs.

Start of the proof: trivialization in a large ball. Let R; > 0 such that for
all R > R; and all ¢ € Ajys(0) the intersection f(f1 (c) N Sg is transversal. We
choose 0 < n <« 1suchthatforallc € Ajnr(0) andallz € Dy (c) the intersection
f({1 (t) N Sg, is transversal. We set

KO =D\ |J Dy
c€Ar (0)

for a sufficiently large disk D of C. There exists Ry > Rj such that for all 7 €
K(0)andallR > R, the intersection fof1 (r)NSgistransversal (see Exercise 1.8).

By Proposition 4.3.8, Atypf; is an analytic braid, so we may assume that
for a large enough D, Atypf; C D for all s € [0, u]. Moreover, there exists a
diffeomorphism ¢ : C x [0, u] — C x [0, u] with ¢ (x, s) = (¢5(x), s) and such
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that ¢ = id, that ¢s(Atypf;) = Atypfoy and that ¢; is the identity on C \ D, for
all s € [0, u]. We set K(s) = ¢S_1(K(O)).

We may choose u sufficiently small such that for all s € [0, u], for all ¢ €
Aine(0) and all t € ¢ I(D,7 (c)) the intersection fs’l(t) N Sg, is transversal.
We may also suppose that for all s € [0, u], for all # € K(s) the intersection
£.71(t) N Sk, is transversal. Notice that the intersection f,;~! (£) N Sg may not be
transversal for all R > R, and 1 € K(s).

We denote:

B'(s) = (7' (D) N Br,) U (f, (K (s)) N Bg,), s €[0,ul.

By using Timourian’s theorem at the affine singularities and by gluing
the pieces by vector fields (for the details, see [BT]), we get the following

trivialization:
Qaff
B —— B'(0) x [0,u]

F l l foxid

D x [0,u] —— D x [0, ul],
¢

where B = |} ]B’(s) x {s} and F(x,s) = (f;(x),s).

se[0,u

Gluing trivializations at infinity. It remains to deal with the part at infinity
fs_l (D) \fS/ (s) according to the decomposition of D as the union of K (s) and of
the disks around each ¢ € Ay ¢fs. For each singular point (p, ¢(0)) at infinity we
have a Milnor tube 7), o defined by a Milnor ball of radius €(p, ¢(0)) and a disk
of radius 7, small enough in order to be a common value for all such points.

Let g5 be the restriction to Y, of the compactification 7 of f;, let G :
Y — C x [0,u] be defined by G(x,5) = (gs(x),s) and let C'(s) =
g;1(¢;1(D,7 (cON) \ (IOBR1 U Up(s) YO"I,(S)). Now g; is transversal to the fol-
lowing manifolds: to Ty (5) N 0B, for all s € [0, u], by the definition of a Milnor
tube, and to Sg, N C’(s), by the definition of R;. We shall call the union of these
subspaces the boundary of C’'(s), denoted by §C’(s). Recalling the definition
of the Whitney stratification on Yj ., and noticing that C’(s) N Sing Y . = @,
we get that g, is transversal to the stratum C’(s) N Y?,?k-

For C" = U0 C'(5) x {s}, we have that C' N SingY = ¢ and that
the stratification {C’ \ Y°°,Y*°} verifies Whitney’s conditions. Then by our
assumptions and for small enough u, the function G has maximal rank on
Usero. €' () x {s}, onits boundary §C’ = (J¢ (9,1 8C'(s) x {s}andon C'NY33.
By Thom—Mather’s first isotopy theorem, G is a trivial fibration on C” \ Y*°.
More precisely, we may construct a vector field on C’, which lifts the vector
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field (%i;, 1) of D x [0, u] and which is tangent to the boundary §C’ and to
C’ N Y*°. We may in addition impose the condition that it is tangent to the
sub-variety g, 1 (0, I(D,7 (c(0)))) N Sg,. We finally get a trivialization of C’,
respecting fibres and compatible with ¢.

Since this vector field is constructed so as to coincide at the common bound-
aries with the vector field defined on each tube 7 of Theorem 5.1.1, and with
the vector field on B’ as defined above, this enables us to glue all the resulting
trivializations over [0, «]. Namely, for

B(s) := (£, (D) N Bg,) U (£, ' (D \ K(s)) and B” := | ] B"(s) x {s}

se€[0,u]

we get a trivialization:

Q
B’ — B"(0) x [0,u]

Fl ifoxid

D x [0,u] — D x [0,u].
¢

This diagram proves the topological equivalence of the maps fy, : B”(0) — D
and fy : B"(u) — D.

Extending topological equivalences. By the transversality of fo_l(K 0)) to
the sphere Sg, for all R > R», it follows that the map fy : B”"(0) — D is
topologically equivalent to fj : fo_l (D) — D, which in turn is topologically
equivalent to fy : C" — C.

By applying to f, the transversality result of Exercise 1.8 we get that there
exists R3 > Rj such that fu_1 () intersects transversally Sg, for all # € K (u) and
all R > R3. Now, with arguments similar to the ones used in the proof of the
classical Lé-Ramanujam theorem [[L.éRa], we may show as in [Ti3, Ti7] that the
hypothesis of the constancy of j« + A allows the application of the h-cobordism
theorem on B” (u) \ B” (u), where B” () = (f,” (D) N Bg,) U (f;, 1 (D \ K (5))).
Consequently, we get a topological equivalence between f, : B”(u) — D
and f, : B” (u) —> D. Finally, f, : B” (u) — D is topologically equivalent
tof, : £ (D) — D by the transversality evoked above, and this is in turn
topologically equivalent to f;, : C* — C.

This proves Theorem 5.1.2 under the hypothesis that the coefficients of the
family P (x, s) are polynomials in the parameter s. The extension to continuous
coefficients is shown in the following.
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On the continuity of the coefficients. Let P, be the vector space of all poly-
nomials f in n complex variables of degree at most d. Let Py (u + A, #Atypf)
be the set of polynomials of degree d, with isolated singularities in the affine
space and at infinity, with a fixed number of vanishing cycles i + A and with a
fixed number of atypical values #Atypf. We may prove (see [BT, Proposition
4.1]) that Py (e + A, #Atypf) is a constructible set*. Since fy and f] are in the
same connected component of Py (u + A,#Atypf), we may connect fy to fi
by a family g; with go = fp and g1 = f such that the coefficients of g are
piecewise polynomial functions in the variable s. Since we have proved our
result for each polynomial, we get that fy and f] are topologically equivalent
and this ends the proof of Theorem 5.1.2. U

Remark 5.1.4 Theorem 5.1.2 has the following interpretation: to a connected
component of Py (i +A, #Atypf ), one associates a unique topological type.** It
follows that there is a finite number of topological types of complex polynomials
of fixed degree and with isolated singularities in the affine space and at infinity.
A more general fact, the finiteness of topological equivalence classes in Py,
has been conjectured by René Thom and proved by T. Fukuda [Fuk].

5.2 Variation of the monodromy in families

Letf; : C" — C,s € [0, ¢] for some & > 0, be a family of polynomial functions
depending smoothly on s. We shall discuss here the variation of the monodromy
and refer to §2 for the basic definitions and notations.

In particular, Definition 3.1.10 tells that a simple loop y : S! — C is
admissible for f if Imy N Atypf = . For instance, we know from §3.1 that,
foreach fixed s, there is a large enough open disc Dy C C, which is an admissible
loop (and the monodromy above it is called the monodromy at infinity).

Now, if y; is an admissible loop for f;, for any s, then we say that y is stably
admissible.

The ‘Lé-Ramanujam problem’ consists in finding the appropriate condi-
tions under which the monodromy fibration is constant in a family. L& and
Ramanujam [LéRa] investigated the local setting, namely families of hypersur-
face germs with isolated singularity. In this case the Milnor fibres are homotopy
equivalent to bouquets of spheres of dimension equal to the complex dimension
of the fibres.

* A constructible set is a finite union of locally closed real algebraic sets.
** This does not exclude that two different connected components of Py + A, #Atypf) may
have the same topological type; for such an example see [Bo2].
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In the affine global setting, let us call V-class the class of polynomials f :
C" — C such that their general fibre G is homotopy equivalent to a bouquet of
spheres vnS"’l. By Theorem 3.2, the V-class includes the 7 -class. We shall
call the family {f;}s a V-deformation of f = fy if fs is of V-type for all s € [0, £].
If, moreover, the number 7, of spheres in the bouquet Vv m,S”’1 is independent
on s, then we say that we have a n-constant V-deformation.

Theorem 5.2.1 Let {f;}se(0,¢] be a smooth n-constant V-deformation. Let y be
a stably admissible loop. Then the monodromy fibrations f;l (Imy) over y are
fibre homotopy equivalent. If n # 3, then these fibrations are diffeomorphic to
each other.

Proof The original method of proof due to L& and Ramanujam [LLéRa] actually
applies, with minor modifications, to the monodromy fibrations (3.13), for the
V-class of polynomials under the assumed conditions. Then we use Lemma
3.1.11 to conclude. We refer to [Ti3, Ti7] for the details. U

Corollary 5.2.2 Let P(x,s) be a constant degree deformation of f inside the
B-class, where 0 < s < &.If u + X is constant and n # 3, then the monodromy
fibrations over any stably admissible loop are isotopic in the family, for small
enough ¢.

In particular, the monodromy fibrations at infinity are isotopic in the
family.

Proof The first claim follows immediately from Theorem 5.2.1. For the second
claim we argue as follows. If s is fixed, then there is a large enough open disk
Dy C C such that Atypf; C Dy, as we have seen in §3.1. The radii of the disks
D¢ may vary with s, but, under our assumptions, Corollary 4.3.1(a) tells that
there is no atypical value tending to infinity as s — 0. This implies that there
is a sufficiently large disk D C C such that Atypf; C D for all s close enough
to zero. Therefore 3D is a stably admissible loop and we may apply Theorem
5.2.1. (]

Example 5.2.3 Let {f;}; be a family of polynomials such that f; is ps-regular
at infinity, for some pj as in Definition 1.2.1. Then f; is of V-type and Atypf; =
f5(Singfs). Let us assume that the deformation is n-constant. Since 7 is equal
to the total Milnor number w (f;), it follows that there is no loss of u as s — 0
and therefore that the critical values of f; are bounded inside some large enough
disk D for all small enough s. So Theorem 5.2.1 applies to such a situation. See
also Exercise 5.1.

Example 5.2.4 Here are some families of polynomial functions in two vari-
ables, with  + A = constant and A # 0 taken from the classification lists due
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to Siersma and Smeltink [SiSm]:

AZBCs; @ x* —x%y? + Qxy + Kx® + Px? + A, Q#0;1=1,2734;
w+Ar=>5.

A2B2y; 0 X+ O+ R +By, Q#0,A=1,23; u+r=4

A’B%F3; © x%y? 4 Qxy + Ry? + By, OR#A0;A=1,2; u+r=3.

The parameters are A, B, K, P, O, R and they depend on the variable s. Since
n = 2 and since all listed polynomials have isolated critical points, they are
F-type and Corollary 5.2.2 applies. Actually there is a singularity at infinity
which occurs at the point p = ([0 : 1 : 0], QTZ) in the first family, resp. at the

pointp = ([0 : 1 : 0], —QTZ) in the two last families. In each case, an atypical
value is either a critical value, or the value Q2 /4, resp. —Q2 /4.

5.3 Contact structures at infinity

As we have seen in §3.1, Milnor’s theorem 3.1.1 tells that the link S, N g~ (0)
of an isolated singularity of a holomorphic function g : (C",0) — (C,0) is a
closed oriented (2n — 3)-dimensional smooth manifold and does not depend,
up to isotopy, on the radius ¢ of the sphere S, provided this is small enough.
The couple (Sg, Se N g’1 (0)), determines completely the topological type of the
hypersurface germ g_1 (0), as shown by Saeki [Sae]. Scherk [Sche] proved that
the natural CR-structure on the link S, Nf —1(0), defined by the maximal complex
hyperplane distribution in its tangent bundle, determines its analytical type.

We explain here the contact structure on the link, which is an intermediate
invariant. In case of a global polynomial function f : C* — C we have a well-
defined link at infinity of f, replacing small spheres by large ones. It will follow
that there are well-defined contact boundaries attached to isolated singularities
or to complex polynomials.

These situations are examples of the following type of problem: find the
contact manifolds which are ‘fillable’in the sense of Mumford, i.e. such that they
are of the form (0V , &), where V is a complex space with isolated singularities
and boundary 0V, and & is the contact form.

Such contact boundaries are, in our setting, analytic or algebraic invariants,
but a priori not topological invariants, and we shall discuss their variation in
topologically trivial families of hypersurfaces, following [Cau, CT1, CT2].

Families of contact manifolds. Let us recall some basic definition and refer to
Blair’s book [BI] for basic facts on contact structures and to Eliashberg’s paper
[EI2] for an overview of more recent results.
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Definition 5.3.1 A contact form on a (2n — 1)-dimensional manifold M is a
global 1-form o on M satisfying the nonintegrability condition e A(de)"~! > 0.
A contact structure on M is the hyperplane distribution defined by a contact
form.

Any smooth level set of a strictly plurisubharmonic function on a com-
plex manifold admits a natural contact structure, given by the maximal complex
distribution in its tangent bundle: if ¢ denotes the function and J the complex
structure, then @ := J*dg is a contact form. One may consult Eliashberg’s
paper [El1] on contact structures and plurisubharmonic functions. We shall use
the following general criterion for the contact isotopy in a family:

Theorem 5.3.2 [JGr] Let 1 : M — B be a smooth fibre bundle such that
its fibre is a closed, oriented, odd-dimensional manifold. Let &, be a contact
structure on each fibre My, depending smoothly on the point b € M. Then the
contact manifolds (My, &,)pep are all contact isotopic.

Definition 5.3.3 Let M be a smooth closed oriented odd-dimensional manifold.
An almost contact structure on M is ahyperplane distributioné C TM endowed
with a complex multiplication J : & — &. An almost contact manifold is a
manifold endowed with an almost contact structure.

Two almost contact manifolds (M1, &1,J1) and (M>, &, J>) are called almost
contact homotopic if they are isotopic submanifolds of a manifold W and if
any isotopy between them carries (§1, J1) on an almost contact structure on Ms,
which is homotopic to (&2, J>) in the space of almost contact structures on M>.

Any real, co-oriented hypersurface M in an almost complex manifold (W, J)
is naturally endowed with an almost contact structure: the complex hyperplane
distribution (£, Jpr) is just the maximal complex subbundle TM NJ TM of
the tangent bundle to the hypersurface equipped with the complex structure
induced by J.

Lemma 5.3.4 [Cau] If My and M, are two isotopic real hypersurfaces in an
almost complex manifold (W, J), then they are almost contact homotopic.

Proof We may identify almost contact structures with 2-forms of maximal rank
when a Riemannian metric is fixed.

So let us fix a Riemannian metric on W. The almost complex structure J
is associated to a nondegenerate 2-form w € Qz(W, R), whose restriction to
any hypersurface gives the natural almost contact structure. In particular, the
almost contact structures induced by the inclusions i; : M; < W are given
by the 2-forms i;‘a), where j = 0,1. If &, : W x [0,1] — W denotes the
isotopy between My and M, then the one-parameter family (($; o io)*a))te[o,l]
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provides a homotopy between the almost contact structure on My and the pull
back by & of that on M. O

This result shows that, if we define the formal homotopy class of a hypersur-
face in an almost complex manifold as the homotopy class of its almost contact
structure, this formal homotopy class is an isotopy invariant, providing the most
primitive global invariant of contact structures (see [E12]).

The contact link. Let g : (C",0) — (C,0) be a holomorphic function germ
with isolated singularity. We call contact link the link S, Ng~!(0) equipped with
the contact structure defined by the strictly plurisubharmonic squared distance
function z — ||z]|%. The following result, proved by Varchenko with help of
Gray’s theorem 5.3.2, shows that the contact link is a well-defined analytic
invariant of the hypersurface germ (g_1 0),0).

Proposition 5.3.5 [Var3] The contact link of an isolated hypersurface singular-
ity does not depend on the radius of the small sphere S, defining it, up to contact
isotopy. Moreover, it does not depend on the choice of analytic coordinates.

Global setting. While focussing on the behaviour at infinity of the fibres of
polynomials, we have used in §1.2 the notion of rug function. We need here to
adapt it to our problem.

Definition 5.3.6 A pseudo-convex rug function at infinity is a proper real
polynomial map p : C" — R>q which is strictly plurisubharmonic.

The squared distance function dy, : z — [lz — 20 12, for any point zg in C", is
an example of pseudo-convex rug function at infinity. It is clear that the class
of pseudo-convex rug functions at infinity is right-invariant under the action of
the automorphism group Aut C”".

Proposition 5.3.7 [CT1] Let V C C" be a complex affine algebraic set with
at most isolated singularities. For any pseudo-convex rug function at infinity
p : C" — Ry there exists R, € R, such that for any R > R,, the intersection
p~1(R) NV is a contact manifold. This is independent of the choice of p and
R > Ry, up to contact isotopy. We call it the contact link at infinity of V.

Proof The pseudo-convex rug function at infinity p has a finite number of
critical values on any nonsingular semi-algebraic subset of C" (see [Mi2]).
Choosing R,, greater than any critical value of p on V ensures that p RNV
is a contact manifold, for any R > R, Its contact isotopy class does not depend
on R, as a straightforward application of Theorem 5.3.2 (see Exercise 5.2).
Let pg, p1 : C" — Rx( be two pseudo-convex rug functions at infinity. We
claim that there exist ag > R,, and a; > R, such that pgl] — 00,ap] C
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oy - 0,a 1) and that d p;(z) are positive multiple of each other on the closed
set Vieg N (<p0_1] — 00,ap] \ gol_l] — 00,ai[). Then we use Exercise 5.3 to
conclude.

Let us prove our claim. If not true, then there exists a sequence z,, of points
tending to infinity in the set of points z € Viey such that the d po(z) and d p1 (z)
are not zero and are negative multiple of each other. Applying the curve selection
lemma [Mi2] in this semi-algebraic setting, there exists an analytic curve y :
[—&,0] — P" such that y[—&,0[C Vieg, ¥(0) € H*® N \_/reg, and the two
analytic functions pg o ¥ and p; o y having derivatives of opposite sign. This
is clearly impossible. O

Letf : C" — C be a complex polynomial function. We have seen in Corol-
lary 1.2.14 that the set Atypf of atypical values of f is finite. It also follows
from Proposition 5.3.7 that any fibre f ~!(r), which contains at most isolated
singularities, has a well-defined contact link at infinity.

We want to compare the contact link of the fibres and show that there is a
generic contact link. We first recall the p-regularity introduced in §1.2. and the
fact that the set of values 7 of f such that f ! () is not pg-regular at infinity
is a finite set, Corollary 1.2.13. Then we say that the fibre f ~1(¢) is regular-
at-infinity if there exists a pseudo-convex rug function at infinity p such that
f~Y(1t) is p-regular at infinity. It then follows that the complement of the set
Reg®™f of regular-at-infinity values of f is a finite set.

It also follows from this definition that a regular-at-infinity fibre can have at
most isolated singularities, see also Exercise 5.1.

Theorem 5.3.8 [CTI1]Letf : C* — C be a complex polynomial function. The
contact link of a regular-at-infinity fibre f =\ (t) does not depend, up to contact
isotopy, on the choice of the value t € Reg®™f.

Proof We first assume that 1,7, € Reg™f are both pg-regular at infinity
values. Then pick up a path I from #; to #; such that ImI" consists of only
values of f which are pg-regular at infinity. This is possible by the above
remark on the finiteness of non-pg-regular values. For sufficiently large R,
fir o f ~I(I') N Sg — T is a smooth fibration. We then apply Gray’s Theorem
5.3.2 to show that the contact links at infinity of the fibres f (7)) and f -1 (1)
are contact isotopic.

Let us consider the general case: say #; is a pj-regular at infinity value and
1 is a pp-regular at infinity value. Then we can find disk neighbourhoods of #;
and 1, consisting of pj-regular and pp-regular values, respectively. We connect
each of #; and 1, by paths I'y and T'», respectively, to some point in its disk
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neighbourhood, which is moreover a pg-regular value. Then apply the above
reasoning to these paths, and once again to conclude. (]

This theorem gives the precise meaning to the notion of the generic contact
link of a polynomial f, which we shall denote by B°°f. It does not depend on
changes of coordinates in the automorphism group Aut C”, since the class of
pseudo-convex rug functions at infinity is right-invariant under this action.

pu-constant deformations. In the local setting we have the following invari-
ance result, which uses the proof of Lé—Ramanujam’s theorem [L.éRa]:

Theorem 5.3.9 [Cau] Let g5 : (C",0) — (C,0) be a smooth family of holo-
morphic function germs with isolated singularity. If the Milnor number 141(gs)
is constant for s € [0, 1] and if n # 3, then the contact boundaries of go and g1
are almost contact homotopic.

The statement excludes the surface case, n = 3, due to the use of the
h-cobordism theorem in [LéRa]. For normal surface germs, we may refer
to [CNP], which uses the recent work of E. Giroux and others on contact
3-manifolds in order to show that the contact link is in fact a topological
invariant.

Global setting. Let f; : C* — C family of polynomials as in §5.2, depending
smoothly on the parameter s € [0, ], for some real ¢ > 0. As we have seen in
§5, even if we suppose that f; has isolated singularities, the total Milnor number
is not enough to control the topology of f;. We have defined in §5.2 the class
of V-type polynomials, which includes the other classes defined previously
(T -type, etc), and the notions of V-deformation, respectively n-constant V-
deformation.

Itis clear that if a VV-deformation is topologically trivial, then it is n-constant.
The converse is not true, as we have seen in Example 5.2.4.

Theorem 5.3.10 [CT1] Let {fi}se|0.e] be a smooth n-constant V-deformation
of polynomial functions f; : C* — C, for n # 3. Then the contact links at
infinity B>®fo and B>f; are almost contact homotopic.

Proof It appears that the arguments used in the local case by Lé—Ramanujam
([LéRa]) can be applied in case of n-constant V-deformations (cf. [Ti3, Ti7]),
as we have also done in Theorem 5.2.1. For a pg-regular at infinity fibre f(f1 ®,
for large enough Ry, for small enough s and a good choice of §, we get the
following contact isotopies:

oo, COnt .4 cont 4 cont 4
B%f :fO O NSy, = fy ()NSr, = fi (t+8) N Sgy,
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where we pass from 7 to a nearby value 74§ since fs_1 (#) might be not pg-regular
at infinity. For large enough R we also have:

t
B¥f, X £ (e + 8) N Sg..

Under our n-constancy hypothesis, the cobordism W := fs_l (t+8)N(Bg,\ Bgy)
between the two contact boundaries is a product #-cobordism. We may then use
Lemma 5.3.4 to conclude. ]

Remark 5.3.11 In [Ell], Eliashberg raises the following ‘J-convex h-
cobordism problem’: suppose we have a strictly plurisubharmonic function f
on aproduct W = M x [0, 1], such that the two boundary components M x {i},
i = 0,1, are level sets of f. Is it possible to find another strictly plurisubhar-
monic function g, which coincides with f on the boundary and without critical
points? Were this true, the proofs of Theorem 5.3.9 and Theorem 5.3.10 would
show the invariance of the contact link (at inﬁnity).3

Exercises

5.1 Prove that if f is p-regular, then f has at most isolated singularities and
is of V-type. Show that a family of pg-regular polynomial functions with
constant total Milnor number fits in the setting of Example 5234

5.2 Let M be a complex manifold and ¢ : M — R a proper, strictly plurisub-
harmonic function. Show that if [a, b] C R contains no critical value of ¢,
then the levels ¢! (a) and ¢! (b) are isotopic contact manifolds.

5.3 Let M be a complex manifold and ¢g, 91 : M — R two proper, strictly
plurisubharmonic functions such that ¢, 1] —00,a0] C ¢ 1] — 00, ay) for
some agp,a; € R. Leth : (pa]] — 00, agp] \(pfl] — 00,ai[— [0, 1] be the
smooth function defined by

vo(z) — ao
(po(z) —ao) + (a1 — ¢1(2))

h(z) =

Under what conditions is this function a proper submersion? Whenever this
is the case, prove that ¢, ! (ap) and (pl_l (a1) are contact isotopic manifolds.
(Hint: use that ¢; := (1 — t)gp + tg; is strictly plurisubharmonic for
t € [0, 1], and Gray’s theorem 5.3.2.)
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The impact of global polar varieties
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Polar invariants and topology of
affine varieties

6.1 The Lefschetz slicing principle

By a classical result due to Kar&jauskas [Ka], any complex affine algebraic
space has the structure of a CW-complex of dimension < n. A more general
result has been proved by Hamm [Hm2, Hm3] for Stein spaces and its proof is
based on real Morse theory.

We adopt here another viewpoint: we construct a model of any closed affine
algebraic variety ¥ C CV as the result of scanning it by a Lefschetz pencil. The
genericity of our model, in the sense that we shall explain in detail, is the central
property which makes it useful in several problems that we shall consider in
the current chapter.

For a projective hyperplane H ¢ P¥~!, we denote by Iy : CV — C its
corresponding affine linear form and view H as an element of the dual projective
space PN=! In our affine setting, what we first need is a pencil of hypersurfaces
on Y without ‘singularities at infinity’:

Proposition 6.1.1 (Affine generic pencils)

Let Y C CV be a closed affine algebraic variety and let A be a Whitney
stratification of its projective closure ¥ < PV such that the part at infinity
Y\ Y C H® is aunion of strata. Then, for any hyperplane H C P¥~! such that
H is transversal in H® = PV~! to all the strata of ¥ \ Y, the restriction Iy :
Y — Cisalocally topologically trivial stratified fibration in the neighbourhood
of Y NH®™.

Proof Let:

Y := closure{(x,t) € ¥ x C | Ig(x) =t} c PN x C
be the hypersurface in ¥ x C defined by the equation /i (x) — txo = O.

85
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Let A be the (roughest) canonical Whitney stratification of Y induced by
the stratification A restricted to Y, and such that Y* is a union of strata. The
projection 7, : Y — C extends /g since its restriction to Y \ Y identifies
to Iy . Its stratified singularities are the set Sing 4 (/g |Y). This set consists of
finitely many points: if not so, then there would exist a nonempty curve 'y C
Sing 4(Ig]Y), contained in a single stratum A, of the stratification A of Y. We
have that Iy (I'g) = a for some a € C. At any point x € I'g we then have the
nontransversality:

(I (@) e (ToAa), (6.1)

where Uﬁl (a)) C PN denotes the projective hyperplane which is the closure of
lgl (a), and (T/X,Ta) denotes the projective plane of dimension dim A, tangent
to Ay at x. Let y € To N H* and let Ay be the stratum on ¥ \ ¥ to which y
belongs. Passin/g\to the limit point x — y in (6.1) yields the nontransversality

(1 gl (@) iy (Tx,[lo> due to the Whitney condition (a) satisfied by the couple of

strata (Ay, Ag). Since (lgl(a)) N H® = H, this gives a contradiction to the
assumed transversality of H to the stratum Ay.

It is therefore sufficient to prove that 7(;,,) is a stratified submersion on every
stratum included in Y := YN (H® x C). Let us remark that Y = HN (Y x C),
where H = {(xo,x) € PV, € C | Iy (x) — txo = 0} is a nonsingular hyperplane
of PV x C. Since the axis H of the pencil /g is transversal to the strata of ¥
and since, for any ¢, HN (H*™ x {t}) = H, it follows that, for any stratum
S C Y\ Y, the hyperplane H is transversal to the stratum S x C of the product
stratification A x C of ¥ x C. We know that a transversal intersection of a
Whitney stratified set yields a stratification which is also Whitney (see §A1.1).
It then follows that the strata at infinity of the canonical stratification Aof Y
consist of only strata that are products by C. This implies that the projection
T(1y) 18 transversal to these strata. Our statement is proved. O

Corollary 6.1.2 (Affine Lefschetz pencils)

There exists a Zariski-open subset Qy 4 C PN ~1 such that, for any H € Qy 4,
the affine hyperplane pencil Iy : ¥ — C has a finite number of stratified Morse
singularities™ and is a locally trivial stratified fibration in the neighbourhood of
YNH™.

Proof From Proposition 6.1.1 we have the local triviality as soon as H is
transversal to the strata at infinity of Y. This is a Zariski-open property. We
have also seen in the proof of the same proposition that in this case the pencil

* The notions of stratified singularity and stratified Morse singularity are explained in Appendix
Al.2.
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lg © Y — C has a finite number of stratified singularities. It is well known
that under small deformations these singularities split into Morse singularities.
Therefore the hyperplanes H, such that the pencil /g has only stratified Morse
singularities, are generic. In the Zariski topology, this genericity precisely means
that H belongs to a Zariski-open subset of pN-1, By intersecting it with the
former Zariski-open subset we obtain a Zariski-open subset Qy_4, which has
all the required properties. (]

Example 6.1.3 Consider the case: Y is nonsingular of dimension n. By Corol-
lary 6.1.2 the singular points a; of an affine Lefschetz pencil Iy on Y are
ordinary complex Morse points (see §A1.2) and by Proposition 6.1.1 the pencil
is topologically trivial in the neighbourhood of infinity. Then the Lefschetz—
Morse—Smale theory tells the following: Y is built out of a general slice
Y N {ly = u} by attaching a number of cells of pure dimension n. Here ‘gen-
eral’ means that the slice {{y = u} does not contain any of the points a;. The
pure dimension is explained by the fact that a complex Morse singularity of a
holomorphic function germ on a nonsingular space of dimension 7 has index n.

The global polar numbers. We assume that the singular affine variety ¥ ¢ CV
is of pure dimension n > 0 and we choose a Lefschetz pencil Iy € Qy_4 asin
Corollary 6.1.2. The affine hyperplane pencil Iy : Y — C has a finite number
of stratified Morse singularities (see Definition A1.2.2) and we want to consider
only those points on the highest-dimensional stratum Yye,.

Let oy i be the number of Morse points of the affine Lefschetz pencil Iy on
the regular part Yyeg. The number ay y depends a priori on H. Nevertheless
there exists a Zariski-open subset Q2y,,, C 2y 4 for which this number is locally
constant with respect to the variationof H € Qy,,, and therefore constant (since
Qy,, is connected). This can be proved as follows. Let C be the following
algebraic variety:

C := closure{(x, H,u) | I;' () ffiy Yreg} C ¥ x PN "1 x C

and its projection 7 : C — PV=! x C. Since dimC = N — 1 and dim PV ~! x
C = N and since 7 is an algebraic map, the discriminant of 7 is an algebraic
variety of dimension < N — 1. Therefore the complement / of this discriminant
is Zariski-open in PN=1 x C. The intersection U N (Qy 4 x C) is also Zariski-
open, and dense. Denoting G := closure{(x, H,u) € ¥ xPN "I xC | Iy (x)—u =
0} C Y x PY=! x C, it then follows that the map:

y:Q—)]IV”N_lx(C
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is a locally trivial fibre bundle over the Zariski-open subset i N (y 4 x C).
(The discussion concerning the stratification of G and the transversality of y is
similar to the last part of the proof of Proposition 6.1.1.) This implies that any
two slices lI;l(u) N Y are stratified homeomorphic, for (H,u) varying in the
Zariski-open set U N (Qy_4 x C). In particular the restrictions to the stratum
Yreg Of any two such slices are homeomorphic.

We then consider, for such a point (H, u), the Lefschetz pencil /g restricted
to the stratum Y. By the Lefschetz principle, applied as in Example 6.1.3, we
get the following equality at the level of Euler characteristics:

X (Yreg) = x (L' () N Yieg) + (= 1)y . (6.2)

By the above discussion, x (l;l(u) N Yieg) is independent of (H,u) € U N
(Qy,4 xC); it then follows that the number of Morse points ay  is independent
of the choice of H in the projection to PV=1 of the Zariski-open set U N (Qy 4 X
C), which is Zariski-open itself, and hence connected.

We may therefore denote this generic number oy i by oy or, keeping trace
of the dimension of the space, by aén).

In the next step we replace Y by a general hyperplane section ¥ N H; of
dimension n — 1 and defines as above the generic number aynp, . It turns out
that this does not depend on the choice of the affine hyperplane Hy, provided it
is generic enough (see also Definition 6.3.9). Therefore we may denote aynp,
by o ;"_1), and keep in mind that this is by definition the number of Morse points
of a general Lefschetz pencil on Y, N Hj.

This procedure continues by recursion and we finally get a sequence of
nonnegative integers:

ool ol o), ©3)

where the last one a;O) is by definition the degree of Y, i.e. the number of points
of the intersection of Yy, with a generic plane of codimension 7 in CV.

All these numbers are well-defined invariants of Y, by the connectivity of
the Zariski-open sets of generic slices and of pencils which we use (see also
§6.3). They depend however on the embedding of Y into CV. Let us remark
that generic global polar numbers ag) are well defined for any affine space Y,
even if it is not purely dimensional, since the index i captures the information
on the dimension of irreducible components. For a zero-dimensional connected
space Y, it is natural to set Ol;()) =1.

These numbers! can also be interpreted as total multiplicities of global polar
varieties. We refer the reader to §6.3 for the definitions and for comparison to



6.1 The Lefschetz slicing principle 89

the local setting. The multiplicities of the local polar varieties were defined and
used by Lé-Teissier [LéTe], see also Piene [Pil].

Euler characteristic. The first consequence of the construction of the sequence
of generic polar numbers (6.3) is the following general CW-complex model:
any nonsingular algebraic space ¥ ¢ CV ~of dimension » has the structure of
a CW-complex of dimension < n, with ag) cells in dimension i. Therefore we
may express its Euler characteristic as follows:

n

X)) =) (=Diay. (6.4)

i=0

The singular setting. Let now Y be a singular affine variety. As we have seen,
a general Lefschetz pencil Iy : ¥ — C has only isolated stratified singularities
and is ‘good’ at infinity according to Corollary 6.1.2.

Definition 6.1.4 ([GM2], see also Definition A1.2.3) The complex link
CL(Y,y) of a space germ (Y,y) is the fibre in the local Milnor-Lé fibration
defined by a general function germ at y (see Theorem A1.1.2). Up to homotopy
type, this does not depend on the stratification, the choice of the representative
of the space, or the general function.

‘General function’ means here a function g defined on an ambient nonsingular
space, such that the covector d,g is noncharacteristic with respect to Y at y.
Let us fix an algebraic Whitney (b)-regular stratification A = {A4;}jcp on Y
(see §A1.1).

Definition 6.1.5 ([GM2], see also Definition A1.2.3) The complex link of the
stratum A; of Y, denoted by CLy (A;), is by definition the complex link of the
germ (N, p;), where \; is a generic slice of Y at some p; € A;, by a plane in
CN of codimension equal to the dimension of A;.

It was also shown by Goresky and MacPherson that this does not depend on
the choices of the point p; € A; and of the generic slice, up to homotopy. We
remark that the complex link of a point-stratum {y} is precisely the complex
link of the germ (Y, y).

Let Cone(CLy (A;)) denote the cone over the complex link and let NMD(.A4;)
denote the normal Morse datum at some point of A;, that is the pair of spaces
(Cone(CLy (A;)),CLy(A;)) (see also §A1.2). After Goresky and MacPherson
[GM2], the local normal Morse data are local invariants up to homotopy and
do not depend on the various choices in cause. The complex link of a stratum
Ay C Yreg is empty, and we set by definition x (NMD(Ap)) = 1.
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Theorem 6.1.6 LetY C CV be a closed algebraic space and let A = {A;}iea
be some Whitney stratification of Y. Then:

dim A; )
X(¥) =) x(NMD(A)) Y~ (~1Y af. 6.5)
ieA j=0

Proof Take a generic affine Lefschetz pencil Iy : ¥ — C. It has only finitely
many stratified Morse singularities. By the definition of the generic global polar
numbers and their geometric interpretation, the number of stratified Morse
points on a stratum 4, is precisely oz(dlm AD,

According to the Lefschetz shcmg ‘method applied to singular spaces (cf.
[GMZ2]), the space Y is obtained from a generic hyperplane slice ¥ N H of the
pencil, to which are attached cones over the complex links of each singularity
of the pencil. Goresky and MacPherson [GM?2] have proved that the Milnor
data of a stratified Morse function germ is the (dim .4;)-times suspension of
NMD(A;). At the level of Euler characteristics, we then have:

X(¥) = x(¥ NH) + Y (=D AT (NMD(A)), (6.6)
ieA '
where the sign (—1)4m Ai is due to the repeated suspension of the normal Morse

data. We then apply formula (6.6) to ¥ NH and to the successive generic slices
in decreasing dimensions. In the final equality, we get Zdlm Ai (=1y O‘Z{). as the

coefficient of x (NMD(A;)), for each i € A. This ends our proof. O
In Theorem 6.2.4, we shall interpret the sum Zdlm A’( 1y (xfg as a global

Euler obstruction.

The case of locally complete intersections. Let ¥ C CV be a closed affine
variety which is a local complete intersection of dimension n (hence pure
dimensional®), with arbitrary singularities. This implies that the complex link
of any stratum .4; is homotopy equivalent to a bouquet of spheres of dimension
equal to codimy A; — 1, by L&’s theorem [[.&5]. We may then write the formula
(6.6) in the following form:

x(Y) = x (¥ NH) + (=)@ + i), (6.7)

*A good reference for local complete intersections is [Loo].
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where ,31(,’1) collects the contributions from all the lower-dimensional strata in
the sum (6.6). More precisely, under our assumption we have:

d dim A;
By = > azm ! bg—dim A1 (CLy (A)),
-Ai¢yreg

where by _gim 4,—1(CLy (A;)) denotes the Betti number of the complex link
CLy (A;). According to their definitions, ag,d) and ﬁ;,d) are both nonnegative
integers. Their sum represents the number of d-cells which have to be attached
to Y N ’H in order to obtain Y.

6.2 Global Euler obstruction

The local Euler obstruction was introduced by MacPherson in [MP] as an
invariant of complex analytic varieties that plays an essential role for study-
ing the Chern classes of singular varieties. Roughly speaking, the local Euler
obstruction Euy (x) of an analytic space X at some point x is the obstruction for
extending a continuous stratified radial vector field around x to a nonzero section
of the Nash bundle over the Nash blow up X of X ,see [MP, Dubl, BrSc, LéTe].

The polar invariants turn out to play a key role in the study of the local
Euler obstruction. They enter in the local Euler obstruction formula of Lé-
Teissier [LéTe, (5.1.2)], see (6.2). Some other types of formulas have been
proved during the time, see for instance [Dub1, BLS, Sch1, BMPS, Til14]. Their
relations were not clear until recently; we refer to Schiirmann’s book [Schl]
and [ScTi].

We shall define the global Euler obstruction Eu(Y) for an affine singular
variety ¥ C CV of pure dimension n, and discuss all the ingredients in this
global setting, following [STV 1]. Our main aim is to explain how the generic
global polar numbers enter in the description of the global Euler obstruction.
We shall see that actually the local setting can be recovered by the following
presentation, which is in terms of vector fields. We refer to [Sch1, ScTi] and to
Appendix A1.2 for a dual viewpoint on the (local) Euler obstruction, and for its
relations to the Chern—MacPherson cycles.

Definition of the global Euler obstruction. Let Y denote the Nash blow-up of
Y, that is:

Y := closure{(x, Ty Yreg) | X € Yreg} C ¥ X G(n,N),
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where G(n, N) is the Grassmannian of complex n-planes in CV. Let v : Y >Y
denote the algebraic natural projection. Let T denote the Nash bundle over ¥,
i.e. the restriction over Y of the bundle CN x U (n,N) — CV x G(n,N), where
U (n, N) is the tautological bundle over G (n, N). We consider a real vector field
v on some open subset V' C Y, which is continuous and tangent to the strata of
A; we call such a vector field a stratified vector field. Then v has a well-defined
canonical lifting v to v~! (V') as a section of the real bundle underlying the Nash
bundle T — Y .*

Definition 6.2.1 We say that a stratified vector field v is radial-at-infinity if it is
defined on the restriction to Y of the complement of a ball By, of a sufficiently
large radius M, centered at the origin of CV, and it is transversal to the sphere
Sg, pointing outwards, for any radius R > M. In particular, v is without zeros
onY \ By.

Remark 6.2.2 The existence of a ‘sufficiently large’ radius M follows essen-
tially from Milnor’s finiteness result [Mi2, Cor. 2.8] applied to the strata of the
stratification A of Y (see Definition 3.1.3 for the notion of link at infinity). From
this and from Thom’s isotopy lemma, we derive that Y N Sk is stratified home-

omorphic to Y NSg for R,R' > M, and that YN ER is stratified homeomorphic
toY forR> M.

We explain, roughly, the construction of a radial-at-infinity vector field on
Y N(CN \ Bg). This is based on the general construction due to M.-H. Schwartz
[Sc] and is similar to the one used in [B V] for proving the local conical structure
of Whitney-stratified analytic sets.

Let grad p denote the gradient vector field of the usual distance function p on
CV and consider, at each point y € Y, the orthogonal projection (with respect to
the standard Euclidean structure) of grad p (p) to the tangent space 7.4;, where
A, is the stratum to which y belongs. This yields a vector field w on ¥ which
is tangent to the strata, smooth on each stratum, without zeros, transversal to
the spheres Sg/, for R” > R, and pointing outwards. On each stratum .A;, this
is just the vector field w; defined as the gradient of the restriction of p to A;.
The vector field w might not be continuous on ¥ N (CV \ Bg), but the Whitney
condition (a) implies that we can glue the vector fields w; together by a partition
of unity to get a stratified (hence continuous) vector field on Y, away from the
large ball Bg, which is radial-at-infinity.

Definition 6.2.3 Let v be the lifting to a section of the Nash bundle T ofa
radial-at-infinity, stratified vector field v over Y \ Bg. We call global Euler

*A good reference for such constructions is [BrSc].
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obstruction Y, and denote it by Eu(Y), the obstruction for extending v as a
nowhere zero section of 7 within v=1(Y N Bg).

More precisely, the obstruction to extend v as a nowhere zero section of
T within v~ (Y N Bg) is a relative cohomology class o(V) € H* (v~ (Y N
Bg), v~ (Y NSg)) ~ H2 (v=' (Y N Bg)) ~ H2(Y). The second isomorphism
comes from Remark 6.2.2 and itis valid for R > M . Thus o(V) is the localisation
of the top Chern—Mather class ¢ (T) e H¥ (?) of the Nash bundle T (which
is oriented as a complex vector bundle).

The global Euler obstruction of Y is the evaluation of o(V) on the homol-
ogy orientagon class [Z] in the Borel-Moore homology Hfj” (?). Then
ve(o(V) N [Y]) € Ho(Y) ~ Hp(Y) is mapped, by the natural “forgetful
map” (forgetting the compact support), to the top-degree Chern—Mather class
d (V) = v (V)N [Y]) € HEY (1).

Thus Eu(Y) is an integer and does not depend on the radius of the sphere
defining the link at infinity of Y. Since two radial-at-infinity vector fields are
homotopic as stratified vector fields, it does not depend on the choice of v either.
Elementary obstruction theory tells us that o(V) is also independent of the way
we extend the section ¥ to v~} (¥ N Bg), see [Str]. Moreover, as shown in [MP]
or [Dubl], this is also independent on the blow-up v, so one can work with any
blow-up that extends the tangent bundle over Y.

Some properties of the Euler obstruction. As is well known (see for instance
[Dubl, BrSc, LéTe]), the local Euler obstruction Euy is a constructible func-
tion on an analytic space X, constant on each stratum of the fixed Whitney
stratification Y. Thus, given a stratum A; C Y of W, we denote by Euy (A4;)
the local Euler obstruction at some point of A;. The global Euler obstruction
defined above has the following properties.

(a) Eu(Y) is a localization of the top-degree Chern—Mather class cj‘{,, Y).
(b) Eu(Y) = > 4,cy x (A)Euy (A)).

The property (a) has already been discussed. The property (b) tells us that Eu(Y)
is a Euler—Poincaré characteristic weighted by the constructible function Euy.
In particular, this shows that Eu(Y) is an intrinsic invariant of Y, not depending
on the affine embedding of Y. The equality (b) follows immediately by Dubson’s
[Dub2, Theorem 1] applied to our setting, and will be proved in §6.3 in larger
generality.

We are now ready to state a global affine counterpart of a Lé—Teissier formula
(6.10). The presentation follows [STV1]:



94 6 Polar invariants and topology of affine varieties

Theorem 6.2.4 [STVI1]IfY C CV is a closed algebraic subset of pure
dimension n, then its global Euler obstruction satisfies the following equality:

Eu(Y) =Y (~Diay . (6.8)
i=0

It turns out that Eu(Y’) depends only on the regular part of Y. By comparing
(6.8) with formula (6.4), we get the equality Eu(Y) = x (Y) for a nonsingular
Y'; this also follows from the definition of Eu(Y). In general, Eu(Y) is neither
the Euler characteristic of ¥ nor that of Yyeg.

Proof of Theorem 6.2.4 Let us fix an affine Lefschetz pencil for Y, defined by
a linear function Iy, where H € Qy_4 (cf. Corollary 6.1.2). Its restriction to
Y is a stratified submersion away from a finite set of points ¥ = {y1,..., &},
which are stratified Morse singularities. Let us then take a large enough disk
D C C such that the discriminant B := [y (X), which is a finite set, is contained
in D. A generic slice H, := [~'(¢), i.e. for t € D \ B, is transversal to the strata
of A and induces a Whitney stratification of ¥ N H;, to which we refer in the
following. We apply Remark 6.2.2 to Y and then to Y N H;. This yields a radius
M such that the sphere Sy is stratified transversal to Y and to Y N H;, for all
R > M. Let us fix some radius R > M.

The critical set X is contained in Y NBrN l;l (D). We shall construct a special
continuous stratified vector field v on Y N l,;l (D), which is radial-at-infinity
onY N (l,;l(D) \ Bgr) and points outwards the tube l;l(aD). We start with
a radial-at-infinity vector field v on ¥ N (l,;1 (D) \ Br), which in addition is
radial-at-infinity with respect to the strata of the fixed slice ¥ N H;. This can
be done as explained after Remark 6.2.2. Next we extend this to a continuous
vector field on Y N H; N Bg, such that the extension has isolated zeros (which
we can always do by the general theory).

Then we may extend™ this vector field to a continuous stratified vector field
without zeros within a tubular neighbourhood of Y N H; N Bg, by using the lift
by /g of a vector field on the disk D, which is radial from the point 7. We may
further extend and deform this without zeros outside the tubular neighbourhood
such that it becomes the vector field grady /g in the neighbourhood of any point
vi € X. See Figure 6.1.

The vector field grady Iy is defined as follows: take first the complex con-
jugate of the gradient of /g and project it to the tangent spaces of the strata of
Y into a stratified vector field on Y. This may be not continuous, but we can
make it continuous by ‘tempering’ it, as we have indicated after Remark 6.2.2.

* This has been done in the local setting in [BLS, BMPS].
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Figure 6.1. Construction of the vector field

We then get a continuous stratified vector field, well defined up to stratified
homotopys; this is by definition our grady /g .

Note that the only zeros of grady Iy occur precisely at the points y; € X.
Ifv:Y — Y is the Nash blow-up of Y and T is the Nash bundle over 17,

—_~—

then grady [ lifts canonically to a never zero section grady Iy of T restricted
to v=1(Y N S,), where S, is a small Milnor sphere around some fixed y;. In

our problem, we are interested to compute the obstruction to extend grady Iy
without zeros throughout v~ (Y NB). This is a particular case of the following
more general problem treated in [BMPS]: given a holomorphic function germ

[ (X,x0) — C, compute the obstruction to extending grady f without zeros
from v~=!(X NS,) throughout v—! (X NB,). This is called local Euler obstruction
of f, or “defect of £, and is denoted by Euy (X, xp).* In case of Morse singular
points, we may directly compute this obstruction as follows:

Lemma 6.2.5 Let / be a holomorphic function germ on (Y,y) with a strati-
fied Morse singularity at the point y on the stratum 4¢. Then the local Euler
obstruction of [ is zero if dim Ay < dim Y, and is (—1)dmcY if Ay ¢ Yeeg.

Proof Take a small enough ball B, in ¥ C CN, centered at y and of radius
¢ > 0. Let v be the gradient vector field grady [ restricted to the link ¥ N 0B,
and consider the tautological lift v to the Nash blow-up Y. By hypothesis the
covector d/ does not vanish on any limit of tangent spaces at points in the regular
stratum Yeo. By the definition of the space Y and the definition of stratified
complex Morse points (see §A1.2, Definition A1.2.2), if y & Yieg, then the

* One may also consult [STV2] for the comparison between the Milnor number of f, the local
Euler obstruction of f, and several versions of indices of vector fields.
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section 7 of T can be extended over v=1(Y N B,) without zeros as follows:
view T as a subset of (CV x G(n, N)) x CV. Then at each point (x, V) € ¥, we
take the sum of v with the tautological lift of the vector y (||x||) - projy, (grady 1),
where projy, denotes the orthogonal projection to V and y : [0,¢] — [0, 1] is
some continuous function such that y(¢) = 0 and y(0) = 1. This proves that
Eu(Y,y) =0fory ¢ Yreg.

If y € Yreg, the Nash bundle over some small neighbourhood U of y is
the usual tangent bundle of U C Yy and then Eu;(Y,y) is by definition the
Poincaré—Hopf index of grady [ at y. As pointed out by Milnor [Mi2, Theorem
7.2] this index is (—=1)%™cY for a complex Morse point. This concludes the
proof of the lemma. O

We continue the proof of Theorem 6.2.4. We have shown how we may extend
the radial-at-infinity vector field vto Y N Bg N lgl (D). We may further extend
it, and without zeros, to the exterior of the tube, (Y NBg) \ (Y NBrN 11;1 (D)).

Altogether this construction shows that the global Euler obstruction Eu(Y) is
precisely the obstruction to extend V inside the lifted tube v L (Y NBg ﬂl;l (D)).
Moreover, it shows that this obstruction consists of the sum of two contributions:

(i) the obstruction to extend v within the slice v=!(Y N H, N Bg), as a lift
of a stratified vector field with respect to the strata of ¥ N H;. This is by
definition Eu(Y N Hy), since the Whitney strata of Y N H; are precisely the
intersections of the strata of ¥ with H,, by the assumed transversality of H,
to the Whitney stratification A of Y.

(ii) the obstructions due to the isolated zeros of the gradient vector field
grady /y. By Lemma 6.2.5, the local obstruction at some stratified Morse
point y; is zero if y; & Yreg and it is (—1)" for y; € Yeg. So the sum of all
such local obstructions is equal to (—1 )"aé") since, as defined at §6.1, a§,")
is the total number of Morse points on Y. We therefore get:

Eu(Y) = Eu(Y N Hy) + (=1)"a\”. (6.9)

Applying this formula to Y N H; in place of Y, we get Eu(Y N H;) =
Eu(Y N H, N Hy) + (—1)"’101;'1_1). This goes on recursively. By collect-
ing those formulas together, we get (6.8) and this finishes the proof of
Theorem 6.2.4. ]

Comments on the local setting. We have seen that our formula (6.8), proved via
(6.9), belongs to the family of Lefschetz type formulas. We may use the slicing
by local Lefschetz pencils in a similar manner as in the global setting, and, by
repeatedly applying the (completely similar) local version of the formula (6.9)
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to the Euler obstruction of the complex link of X at xg, we obtain Lé-Teissier’s
formula for the local Euler obstruction [LéTe, Cor. 5.1.4]:

Eux (x0) = > _(=1)'my, (1), (6.10)

i=0

where my (I';) denotes the multiplicity of the (n — i)-dimensional general polar
curve germ I'; at xg.

6.3 Affine polar varieties and MacPherson cycles

MacPherson [MP] has defined analogues of Chern classes* for singular alge-
braic or analytic spaces X, starting from the Chern—Mather classes on the Nash
blow-up and the local Euler obstruction Euy. We have discussed in the pre-
ceding section the Euler obstruction and its global counterpart, from the point
of view of its original definition [MP].

In the local analytic setting, L& and Teissier [LéTe] showed that the Chern—
MacPherson classes can be expressed in terms of the generic local polar
varieties. Moreover, it was shown by Massey [Mas] that the polar vari-
eties are also the key ingredients of ‘geometric’ representative cycles for the
Chern—MacPherson homology classes.”

We shall deal here with the global affine algebraic setting, following [ScTi].
Let, therefore, ¥ be a complex algebraic proper subset of CV. It is well known
that the Chern—-MacPherson classes of ¥ may be represented by algebraic
cycles. We show here how to produce a global geometric MacPherson cycle.

We refer to Appendix A 1.2 for supplementary discussions on the notions we
will use below and in particular on some ingredients of the stratified Morse
theory. Let o be a constructible function with respect to some stratification &
of a complex algebraic affine space ¥  CV. The kth MacPherson cycle of a
is defined as follows:

Ar(@) = Y (=DU™n(S,)Pr(S), (6.11)
SeS

for0 < k < n, where P¢(S) is the kth affine global polar variety of the algebraic
closure S C CV of the stratum S, which will be explained below. The integer

* For the theory of Chern classes of complex analytic manifolds, one may consult Hirzebruch’s
book [Hirz].
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n(S,a) denotes the normal Morse index, i.e. the Euler characteristic of the
normal Morse data NMD(S) of S weighted by « (see Definition A1.2.4).

The following result explains the role of the global affine polar varieties in
the expression of the dual MacPherson classes:

Theorem 6.3.1 [ScTi] For any S-constructible function o, the fundamental
class (or the cycle class) [ Ay («)] represents the kth dual MacPherson class
Zz’l (a0) in the Borel-Moore homology group HszM (Y), or in the Chow group
CH(Y), respectively.

We shall actually discuss a slightly more general result, Theorem 6.3.6. The
proof relies on a reformulation of the dual MacPherson—Chern class transfor-
mation in terms of characteristic cycles of constructible functions. The former
is defined as follows:

M= Mo Byl F(Y) — Ho(Y), (6.12)

*

where F(Y) denotes the group of constructible functions. The dual Euler trans-
formation Eu associates to an irreducible subset Z C Y the constructible
function Euy := (—1)4m@ . Euy, and extends to the group of cycles by
linearity. Then Eu is an isomorphism of groups, since Euzz,, = 1. The trans-
formation ¢ is similarly defined by associating to an irreducible Z the total
dual Chern—Mather class Z’i”“ (Z) in H,(Y). We send to (6.14) for the definition

of ¢Ma(Z).

Affine polar varieties and cycles. In the projective setting, the polar variety
P;(Z) of a complex projective variety Z C P(CV) has been studied by Todd
[To] for a nonsingular Z, and more recently by Piene [Pil, Pi2] for singular
Z. Teissier [Te3] studied the generic local polar varieties in the local analytic
setting.

In all the singular versions, the definition of generic polar varieties is based
on Kleiman’s ‘generic transversality’ theorem [KI]. This also holds in the global
affine algebraic context, as we explain in the following. Unlike the results [L&Te,
Pil, Pi2, Te3], which are in terms of the Nash blow-up, we shall follow [Sch,
ScTi] and use the language of conormal spaces, which relates most naturally to
characteristic cycles.*

Kleiman’s transversality theorem. Assume that M is a complex alge-
braic manifold of pure dimension N, with a trivial cotangent bundle 7*M

* For the relations between these two different viewpoints we send the reader to [HM, Me, Te3].
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(e.g. M :=CN), and let:
p:P(T*M) =M x P(CY) — P(CV)

be the projection to the last factor.

Let X C M be a closed complex algebraic subset of pure din dimensionn < N,
endowed with a Whitney stratification S, let TyM = T* M C T*M be its
conormal space. Let P(Ty M) C P(T*M) be its prOJect1V1zat1on and note that
P(TgM) is pure (N — 1)-dimensional. Let Z C X be some closed algebraic
subset containing Xj;ne, such that U := X\Z is dense in X .

Let G (CN ) and G (]P’((CN )) denote the Grassmannian of linear subspaces
H < CV (respectively, projective linear subspaces H' c PCN)) of
codimension i, where 0 <i < N — 1.

In our setting, Kleiman’s generic transversality result can be stated as
follows:

Theorem 6.3.2 (Kleiman [KI]) For any 0 < i < N — 1, there is a Zariski-

open dense set Q1 (X) C Gi(((VZN) such that the following properties hold for all

Hie Q(X):

(a) The intersection ]P’(T;gM) ﬂp_l (IP’(I:Ii)) is of pure dimension N — 1 — i, or
empty.

(b) p_1 (P(ﬁli)) intersects ]P’(T;M) transversely and ]P’(Tl’jM) ﬂp‘l (IP(I:Ii))
is dense in P(TEM) N p~ (P(H")).

() The dimension of P(TM) NP(TxM) N p~Y(P(HY)) is strictly less than
N — 1 — i, for any stratum S" € S such that S’ C Z.

Corollary 6.3.3 The following intersection class in the Chow group:

[P(T% M)INIM xP(HN]=[P(T;M) N p~' (P(H')))] € CHy—1-i(P(T*M x))

equals clOM)in [P(TgM)] and is therefore independent of the choice of
H' e QI(X).

Proof The notation O(1) stays for the dual of the tautological line sub-bundle
O(—1) on the projectivization

7 :P(T*M|x) — X.

We have ¢*(T*M|x) = 1 since T*"M =M x CN is trivial by hypothesis. We
then get, for H' € Q(X):

O NPTEM)] = [P(TEM)IN[M x P(HY). O
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By using this corollary, the push-forward:
7 ((P(TEM)I N [M x P(HY]) € CHy_1—i(X) (6.13)

enters in the definition of the Segre class of the sub-cone T;’;M Cc T*M, as
follows:

s« (TxM) = (S (O(=1) ' NPTZM)]) = Y m(c (O NPT M))).
i>0

We refer to [Schl, ScTi] for more details of this definition, as well as for the
following interpretation of the dual Chern—Mather class:

MaX) = H(T*Mix) N s (TEM) = 5,(TEM), (6.14)

since ¢*(T*M|x) = 1 in our setting.

Let us come back to the push-forward (6.13). If N — 1 —i > n, then this push-
forward is equal to zero, by Theorem 6.3.2(a). Let k := N — 1 — i and assume
0 < k < n. Choose a basis v = (w1,...,wg+1) of I:Ii, where we identify w;
with the corresponding section of 7*M via the projection p. We have:

7 (P(TEM) Np~ (PH))) = {x € Ul rank (w1, ..., o D)irv < k),

which is by definition the critical locus Crit (w1, . . ., @k+1)|U-
Then by Theorem 6.3.2(b), we get:

7 (P(TEM)Np~ (P(H'))) = Crit (1, . ., 04 Djv = Crit (@1, - . ., Ok 1) Xoee-
Since this is independent on the choice of the basis w of Hi we get the following
definition.

Definition 6.3.4 We call the affine global polar variety of X relative to H' the
algebraic subset of X:

Py_1-i(X,H") := Crit(wr, . .. s ON =) [Xpeq -
In case M = CV, we may use generic global affine coordinates x; and
trivialize T*CN by (w1, ..., wy) := (dx1,...,dxy).

Proposition 6.3.5 [ScTi] For any H' € Qi(X), the global polar variety
PN_1_,~(X,I:Ii) is of pure dimension N — 1 — i or it is empty, and represents
the dual Chern—Mather class, i.e.:

EN i (X) = [Py—1-i(X,H")] € CHy__i(X). (6.15)
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Proof By Theorem 6.3.2(a), dim Py_1—;(X, Hi) <N-—1—i.Incasei=N—1
we have the equality Py (X, H )y = Crit (w 1)ju since the later is at most a finite
set of points, hence of dimension < 0. Let us recall that U := X \Z is dense in
X, where Z C X is some closed algebraic subset containing Xgin, .

Incase i < N — 1 the map = : P(TEM) N p~'(PH)) —
Crit (w1, . ..,wn—i)|u 1s generically one-to-one, hence PN_l_l-(X,I:Ii) is also
purely (N — 1 — i)-dimensional or empty, by Theorem 6.3.2(a). From this we
get:

T ((P(TEM)IN M x P(HD]) = [Py_1-:(X,H)] € CHy_1-:(X). (6.16)
O

One may extend this result to constructible functions, as follows. Let us
first recall the definition of the characteristic cycle map (see Appendix Al.2,
Definition A1.2.5):

ce(a) = Z(—l)dimsn(s,a) . T§*M
SeS

and the commutativity of diagram (1.8) in Appendix A 1.2, from which we need
the following piece:

L(X, M)

where Z(X) denotes the group of cycles and cn is the projection Z +— T;M.
By definition L(X,M) is the group of all cycles generated by the conormal
spaces T;M ; these are conic Lagrangian cycles. We recall that F (X) denotes
the group of constructible functions on X . We then deduce:

I:]u_l(a) =cn o ce(a) =

en”! (Z(—l)dimsn(S,a) . T§M> =) (=DIMSy(s,)S.
SeS SeS
By applying the definition (6.12) and the identification (6.15) we get:

Theorem 6.3.6 Let M be a complex algebraic manifold of pure dimension
N with trivial cotangent bundle T*M = M x CN. Let Y C M be a closed
algebraic subset of dimension n < N, endowed with a complex algebraic



102 6 Polar invariants and topology of affine varieties

Whitney stratification S. Then for any HN-1-k ¢ Nses 2V 17%(S),0 <k <n,
and for all S-constructible functions «, one has the equality:

&l @)=Y (=)0, a) - [Pe(S, HY 7)) € CH(Y).
SeS

The definition of the Zariski-open set 2V ~17%(S) is given in Theorem 6.3.2,
where we have to take X = S', Z:=S5 \ Sand U := S. Let us point out that
Theorem 6.3.6 is slightly more general than Theorem 6.3.1*. Indeed, this is a
consequence of the fact that the polar classes [Px (S, HY ~1%)] are independent
of the choice of HV 1% € Ngcs 2V ~17k(8) (cf. Proposition 6.3.5). Therefore
the MacPherson cycle class [Ag («)] is independent too.

Degrees of affine polar varieties. As before, let X C CV be a closed complex
algebraic subset of pure dimension n < N. Then let X be the closure of X in
PV > CV, and let H® := P(C") c PV denote the hyperplane at infinity. We
may endow X with an algebralc Whitney stratification S such that X NH™ i

a union of strata and that its restriction to X is the fixed Whitney stratlﬁcatlon
SonX.LetkerH' C CN denote the dual of the linear subspace H C CVN . The
former has dimension i since the later has codimension i. We then denote by
P(ker H') the projectivization viewed as a subset of the hyperplane at infinity
H®. Kleiman’s transversality result implies the following:

Corollary 6.3.7 For any fixed i with 0 < i < N — 1, there is a Zariski-open
dense set /(X) C GI(CN) such that, for any H' € I(X), the following
transversality property holds:

P(kerH') hye S, VS € 8, S ¢ H®. 6.17)

The definition of the degrees of affine polar varieties relies on the following
result, which we prove below, still following [SCTi]:3

Proposition 6.3.8 [ScTi] Let ™! ¢ H' such that H*! e Q*!(X) and
H' e Qi(X). Let (w1, ..., w;) be some basis of H'+!. Then the projection:

@11 on-1-0) Py (X AT — €V

is a proper and finite map.

* The notation Py, () used in Theorem 6.3.1 is a shorter notation for the polar variety
Pr(S,AN=17F),
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Proof Py(X ,I:I N _1) is algebraic and zero-dimensional, hence a finite set of
points. We may then assume i < N — 1 in the rest of the proof. If the above
map was not proper, then there is a sequence of points x; € Xpeg N H' which
tends to some point y € H*, with w;(x;) bounded forall 1 <j <N —1 —i.
Let S, C H* be the stratum which contains y.

Let us denote by T, the affine n-plane in CN tangent to Xreg at x; (which is
obtained by translating the vector space T, Xreg such that its origin becomes the
point xi ). Let then (T, ) denote the projective closure of T, inside PV, ie. (Ty,)
is the projective tangent space of X at x; (this is a simple notion, which can be
found for example in [Har, p.181]).

The assumed boundedness of w;(x;) implies that y € P(kerf] 1y, Taking
eventually a sub-sequence, we may assume without loss of generality that w; (xy)
converges to some point b; € C, forany 1 <j < N — 1 —i, and that the limit of
projective n-planes () := limy (T, ) exists in the Grassmannian GV ~"(PV) of
projective linear subspaces of codimension N — n. Let b := (by,...,by_1-;).
Similarly, we denote by (T Sa) the projective plane in H° which coincides
with the tangent plane 7, Sa aty,i.e. the pI‘O]eCtIVG tangent space of Sa aty. We
claim that the assumed transversality lP(kerH i+l My Sa in H® implies that
o = (w1,...,wN_1—;)1s asubmersion on T, Xreg» for all x close enough to y.
If this were not true, then we would have the following nontransversality in PV :

o' (x)) iy, (Tx,), and, by passing to the limit, this implies:

(@~1(b) NH™) iy (T)) N H®). (6.18)

Wehave '~ 1(b))NH>® = IP’(kerI:Ii“'l) and (Ty) D (TyS‘a) due to the Whitney
(a)-regularity. Therefore (6.19) contradicts the transversality S'a M ]P’(kerljl i+,

Let now w := (wi,...,wy_;) be a basis of H' which extends the basis
o = (w1,...,on_1—;) of H*! Viewed as a linear map, w is not surjective
on the tangent spaces Ty, Xreg, by our hypothesis. Due to the transversality
of the intersection w'~!('(xx)) N (Ty,) proved above, this nonsurjectivity is
equivalent to the following nontransversality in PV :

wy_ l(wN i) Hiy (T) N’ =1 (),
which amounts to the inclusion:

oy (y—i() D (Ty,) N/~ 1@ (%))
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since the left-hand side is a hyperplane in PV. Slicing both sides by H>, we
get the following inclusion in H°:

P(kerwy_;) D ((Ty,) N H®) NP(ker H' 1),

Finally we pass to the limit and, observing that only the space (7, ) varies,
we get:
P(kerwy—_;) D ((Ty) N H®) NP(ker H).

This 1mphes y € P(kera)N i) sothaty € IP’(kerH ") and contradicts the
transversality Sa 0 ]P’(kerH ) in H™, since (Ty) D (T),Sa) by the Whitney
(a)-regularity.

The properness of the map (w1,...,on—1-i) : PN_l_,-(X,ﬁI") — CN-1-
is now proved. This map has also finite fibres, because Py_1—;(X ,I:I ) is an
affine algebraic variety (or it is empty). |

Let HS € QX)NPX) fors =N —1—k,N —k, where | < k < n.
Then P (X, HY ~1%) is purely k-dimensional or empty. The degree of the polar
variety Py (X, HN-! —k), denoted by v (X, I:IN_I_k), is the degree of the proper
finite map:

(w1,...,0p) : Pk(X,HN_l_k) — (Ck,

i.e. the number of points in a generic fibre. We set yp(X JHN -1
#Po(X, HV~1), which makes sense since Po(X, HV~!) is a finite set of points.

Here is the sketch of a direct argument that the number y; (X ,PVI N—l-ky ig
independent of the choice of HV~!=* in some Zariski-open dense subset of
QV=1-k(x) N QN -1k (x), By repeated slicing, it is sufficient® to prove this
for the degree yy.

There exists a Zariski-open subset Q of GN~! (((VIN ) such that all the pen-
cils Iy with H € € have homeomorphic general fibres. This was proved in
§6.1, the proof involves conormals and discriminants and uses the algebricity
of the discriminants. Then one applies the Lefschetz principle at the level of
Euler characteristics, more precisely one uses the relation (6.2) proved in §6.1,
and gets:

X Xreg) = X (11;1 (€) N Xreg) + (—1)"#Morse points of the pencil Iy on Xieg,

for some generic value c of the pencil /y. Since the two Euler characteristics
of this formula are independent of H € 2, it follows that the number of Morse
points is independent too, and this number is just (X, H) (see also the next

* One may check [ScTi] for the details of this reduction.
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paragraph). Let us remark that y(X JH) is precisely ax g = a}((" ), the polar
number defined in §6.1.

Definition 6.3.9 We say that the number y;(X) = (X,I:IN 1=Ky is the
degree of the polar variety Pr(X,H"~17%). It is independent on HN 1%
varying in some Zariski-open subset of G¥ ~1=K(CN).

All the Zariski-open subsets which occurred up to now depend on the
chosen Whitney stratification S of X. However the generic polar cycle classes
Xy = [Py (X, HN~17%)] and the degrees y; (X) do not.

The degree y; (X) can also be described as follows:

X)) = (@1,...,00)([Pr(X,»)]) € CHy(C) = Z.

The geometric interpretation of the degrees. y; (X) is the number a)(("_k) of
Morse points of a Lefschetz pencil on a generic k-times repeated hyperplane
slice of Xyeg, which was defined in §6.1. Degrees of global affine polar varieties
appear implicitly in the definition of the asymptotical equisingularity of families
of hypersurfaces (cf. [Ti6], see §7.2) and in the proof of the Lefschetz type
formula for the global Euler obstruction, Theorem 6.2.4.

An index formula. We go on with some fixed algebraic Whitney stratification
S of X  CV and some extension of it to a stratification S of X. For instance,
we may choose as S the canonical (roughest) Whitney stratification provided
by Teissier’s theorem on the Whitney equisigularity [Te3]. Here we only need
n=dimX < N, but X need not to be pure dimensional.

As it has been discussed before, the polar classes [Py (S )] and their degrees
Vi (S‘ ) are well defined, for any stratum S € S. In particular, we have Pgip, s (S’ ) =
S and ygim 5 (S) = deg S. By definition Py (S) = ¥and y;(S) = Ofork > dim S.

We may define the generalized degree yi(a) of a S-constructible function
«, as follows:

(@ = (=D (S, )y ().

SeS

Let us recall that the Euler characteristic weighted by o is:

XX, a) =Y alS) - x(HE(S)),
SeS

where the compact support cohomology H(S) is finite-dimensional since the
strata are locally closed algebraic sets. We have the following index theorem:
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Theorem 6.3.10 [ScTi] For generic coordinates {)c,-}fv= , and for all S-
constructible functions a and 0 < k < n we have:

D) = xX N {x1 =11, ..o = B}, @)

6.19
—xX N =0, X1 = lep1),0). ©6.19)

It follows that y () is independent of the choice of the coordinates {x;} and
values {#;}, provided all these are generic enough, since this is the case for the
weighted Euler characteristic of the slices occurring in formula (6.20).

Proof of Theorem 6.3.10 We consider the generic Lefschetz pencil defined
by the generic linear function x| on the stratified transversal slice X N {x; =
t1,...,xr = t;} and we apply the Euler characteristic x (-, «). By the geometric
interpretation of the degree, the number of singular points of the pencil x;4 on
every stratum S’ := SN {x; = 11,...,x; = f} is equal to yk(S‘), fordim S > k.
We get by the Lefschetz slicing principle: x (X N {x; = #1,...,x = {}, @) —
XXN{xr =1, X1 = ter1 ), @) = Y ges Ve (S) X (LMD (xg 41,57, @)). The
notation LMD (x4 I /) stands for the local Morse datum of x4 at some critical
points on the stratum S’ of the transversal slice X N {x; =71, ...,x; = } and
is independent on the choice of such a critical point. Notice that the terms of
the sum corresponding to strata S of dimension < k are zero since y (S‘ )=20
in this case.

We may use the decomposition of the local Morse datum LMD (x| |57) as
a product of normal and tangential Morse data [GM2, Theorem 3.7]. Then, by
applying the Euler characteristic, we get:

X (LMD (415, @) = (—DU™S" . (NMD(S', ).

where dim$S’ = dimS — k. Normal Morse data do not change by taking
generic slices so one has the equality x (NMD(S’,a)) = x(NMD(S),a)).
Since x (NMD(S), o)) is by definition the normal index 7 (S, ), formula (6.20)
follows. U

Animmediate consequence is that a closed complex algebraic subset X ¢ CV
of pure dimension n < N satisfies the equality:

XX,a) =) (=D (). (6.20)

k=0

For o = 1y, this calculates the global Euler characteristic x (X ).4
It is well known that the local Euler obstruction is a constructible function
with respect to any Whitney stratification [Dubl, BrSc, LiTi, Sch]; in case
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a = Euy, formula (6.21) specializes to the formula (6.8) for the global Euler
obstruction, since one has:

1, dimS =dimX

0, dim$S <dimX. 6.21)

n(S, Euy) ={

As afinal remark, the above study of the global affine algebraic setting applies
to the local analytic setting too. One may recover in this way some of Massey’s
results [Mas], see [ScTi] for a few more details.

Exercises

6.1 Isolated hypersurface singularities. Let Y C C"*! be a hypersurface with
isolated singularities. Show that the Milnor number of the complex link
CLy ({g}) at some isolated singularity g is equal to the sectional Milnor—
Teissier number ,uflnfl) (Y), see §7.3 for the definition. Prove the following

formula:

n

) =Y (=Diey) + (=" Y plVw). (6.22)

i=0 qeSingY

Note that the sum Z?:_ol (— l)iag) is precisely the Euler characteristic x (YN
'H) of the intersection with a generic hyperplane.

6.2 We recall that Euy (A;) denotes the local Euler obstruction of some point
of a stratum .4;. In the above notations, prove the formulas:

Eu(Y) = Y [x(H N A) - Buy (A)] + (= 1)"a”. (6.23)
AiEA
Eu(Y) =) x(A) Euy(A). (6.24)
ieA
X(Y) = Eu(A;) x (NMD(A)). (6.25)

ieA
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Relative polar curves and families of
affine hypersurfaces

7.1 Local and global relative polar curves

Local polar curves stand as a key device, relating algebro-geometric properties
to topological properties. They have been systematically used in the study of
complex analytic spaces and of holomorphic functions in the 1970s by Kleiman,
L&, Hamm, Teissier, Merle, e.g. in [KI, HmL1, L.é5, LéTe, Te2, Te3, Me]. Many
other authors developed this study and found more and more applications of
polar curves. !

In the preceding section we have discussed higher-dimensional polar loci of
varieties. Polar curves appeared in §2 and §3. Here we focus on relative polar
curves with respect to a given function on the space.

In the local setting, the local polar curve theorem, proved by Hamm and L& in
[HmL1, §2], states that, given a holomorphic function germ f : "1 0) - C,
there exists a Zariski-open subset of linear forms [ : (C"*!,0) — C such that
the singular locus of the map germ (/,f) is a curve or it is empty. L& D.T.
also proved the following equisingularity result [LE1]: if Singf is of dimension
one, then the transversal singularity is p-constant if and only if the generic
local polar curve is empty. If this is the case, then Singf is a nonsingular curve
germ. By a theorem due to L& and Saito [LéSa], the absence of polar curve is
equivalent to the Thom (as)-condition along the line Singf".

The global affine setting. We have already defined in §2.1 the polar locus of
a polynomial function. Here we give a more general definition, in the setting of
singular underlying spaces, which involves the singular locus of a K-analytic
map on a singular space (Definition 2.2.1). As before, K stays for R or C.

Definition 7.1.1 (Polar locus) Let X C K" be a K-analytic set endowed with
a K-analytic, locally finite stratification S = {S;};c;, which satisfies Whitney
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(a) property. Given two K-analytic functions /, g : X — C, we say that the set:

I's(h, g) := closure{Sing g(h, g) \ (Sing gh U Sing 5g)}

is the polar locus of (h, g) with respect to S.

If the function / is the restriction of a linear form [ : KV — K, we say that
I's(l,g) is the polar locus of g relative to . As before, we denote by Iy the
linear form associated to the hyperplane H € pV-1,

We state a Bertini—Sard type result in our global setting, which reminds us
of the spirit of Kleiman’s transversality theorem 6.3.2. It extends to the global
setting the above recalled local polar curve theorem [HmL1]. This will be the
departure point for several streams of research, which we shall present hereafter.

Theorem 7.1.2 (Polar curve theorem) Letf : X — K be an algebraic
function on an algebraic subset X C KN. There is a Zariski-open subset Qr
of the dual projective space PN such that, forany H € Qf, the polar locus
I's(ly.f) is a curve or it is empty.

Proof We referto the notationsin §1.2. Since X may be singular, letS = {S;}ics
be a locally finite family which stratifies X with the Whitney (a) condi-
tion. By classical results due to Lojasiewicz [Lojl] and Hironaka [Hiro] (see
also [GWPL] and [GM2]), a stratification with complex algebraic, resp. real
algebraic, strata exists and has finitely many strata.

We prove that the restriction of the polar locus I's(ly,f) to any positive-
dimensional stratum &; is either a curve or empty. For some stratum S; of
dimension > 1, we consider the projectivised relative conormal:

PTfjs, = closure{(x.£) € §; x PV~ | §(T:(r ™' (F () N'5)

=0} S x PV,

where S; denotes the closure of S; in X ; it is an algebraic set by our assumptions
on the stratification S. We may then remark that IP’T;.‘l s, 1s a K-algebraic set of

dimension N. Let us denote by C; its closure in PV x PN~ For any i € 1, let
7 : C; — PV be the projection to the first factor and y : C; — P¥~! the one
to the second factor. Then, for any H € PN -1 , the polar locus 's (I, f) N S; is
included in 77 (y ' (Iy)).

Since C; is compact algebraic, the algebraic map y is proper and we may
apply Verdier’s [Ve, Théoréme 3.3]. The argument runs, briefly, as follows: the
image of the algebraic subset of the points of C;, where y is not a stratified
submersion (for some fixed algebraic stratification of C;), is a strict algebraic
subset of PN =1 Its complement is then a Zariski-open subset ; ¢ PN=1. It
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has the property that, for any H € ;, H is a regular value of the restriction

V(Ciree @nd, since dim(C)reg = N, that dim y ~'(H) = 1 or y "' (H) = 0.
The restriction 7|, -1 is obviously one-to-one, by the definition of ]P’T]i“| 5

We may then define Q2 1= Nier ;. O

Since we need more ‘good’ properties of the polar curve, there is the following
supplement to Theorem 7.1.2:

Corollary 7.1.3

(a) There exists a Zariski-open subset Q} C S such that, for any H € QF,
the polar curve I's (I, f) is reduced or it is empty.

(b) Let ¢ € K be a fixed value. There exists a Zariski-open subset Q}’C C QJQ
such that, if H € Q}’C, then no component of I's(ly,f) is included into
X, :=f~!(c) and the restriction g : X — Cis alocally trivial stratified
fibration in the neighbourhood of X, N H*.

Proof The first claim follows from the fact that the property of being reduced
is an open property. For the second claim, we just take ¥ =X, in Propo-
sition 6.1.1 ([l

Polar curves and topology of families of affine hypersurfaces. We stick from
now on to the complex setting. Let {X;}ses be a family of affine hypersurfaces
X, € C"™1, where § is a small disk at the origin of C. We assume (compare
to §5.1) that the family {X}ses is polynomial, i.e. there is a polynomial F :
C"™! x C — C such that X, = {x € C"' | Fy(x) = F(x,s) = 0}. Let
X = UsesX; be the total space of the family, which is itself a hypersurface in
C"! x 8. Leto : X — 8 C C denote the projection of X to the second factor
of C"1 x C.

We endow the affine hypersurface X with the canonical (minimal) Whitney
stratification S, cf. [Te3]. We recall that there exist finite Whitney stratifications
of any algebraic set such that the closure of each stratum is algebraic, see
[GWPL], and such that X \ SingX is a stratum. The roughest, in the sense of
Teissier, is the ‘canonical’ one. For instance, if X has no singularities and X
has at most isolated ones, then S consists of X \ SingXy and the point-strata
Sing Xo. For some linear form [y : C"t! — C corresponding to H € P, we
shall use the same notation /7 for the application CtlxC - C, (x, s) = 1(x),
as well as for its restriction to X. Let 's(/y, o) denote the polar locus of the
map (I,0) : X — C? with respect to S.

We have the following version of the polar curve theorem for a family of
hypersurfaces. Let us point out that Lemma 2.1.4 becomes a particular case
of it, when the family X is given by the fibres Xy := f ! (s) of a polynomial
f.Ctl = C.
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Corollary 7.1.4 Let X C C"+! x C be the total space of a polynomial family
of affine hypersurfaces as above. There is a Zariski-open set 2, C P” such
that, for any H € 2, the polar locus I's (I, o) is a curve or it is empty.

Notation 7.1.5 Similarly to the notation in Corollary 7.1.3(b), let Q250 C Q4
denote the Zariski-open subset of hyperplanes which are also transversal to
the canonical Whitney stratification of the projective hypersurface X c P**+1.
This supplementary condition insures that dim(I's(/g, o) N Xp) < 0, for any
H € Q4.

Global polar numbers. One may define global generic polar intersection
multiplicities a)((? for a family of hypersurfaces2 as in the particular case (6.3).
We consider the germ of the family X at C**! x {0} and the Zariski-open subset
Qs 0. We get that for all H € Q4 o, dim(I's(lg,0) N Xp) < 0 and that for any
s € § and small enough disk §, the intersection multiplicity:

ot)((’z) =mult(TCs(lg,0), (Xy)reg) (7.1)

is well defined as the sum of local intersection multiplicities at the points of
intersection of the polar curve with the regular part (X;)eg of the hypersurface
X, and moreover does not depend on the choice of H € Q4 .

The Whitney stratification S on X induces a Whitney stratification Sy on X,
for all s within a small enough pointed disk. The strata of S, are precisely the
intersections of X, with the strata of S, since X, is transversal to S for small
enough [s| # 0. It then follows that, for H € o, the affine pencil /g is
general, not only for Xy, but also for all hypersurfaces X; with small enough
Is| # 0.

As we have seen in §6.1, the geometric interpretation of a;? is the number of
Morse points of a generic linear function on (Xy)eg. This depénds of course on
the embedding of X, into C"*!. If X, is a general hypersurface (cf. Definition
4.1.1) of degree d, then, by Bezout’s theorem, oc)((':) =d(d - 1"

We define the global polar intersection multiplicities a)((? of lower order, as in
§6.1. The ideais to consider successively general hyperplane slices of our family
and apply to them the definition (7.1). It is similar to Teissier’s construction of
local polar multiplicities [Tel, Te2].

Namely, we take a general hyperplane H € Q4 o and denote by a)(('z Y the
global generic polar intersection multiplicity at s € & of the family of affine
hypersurfaces X’ = X N H. In the last step we get a)(g) = deg X;.

By the standard connectivity argument, the polar intersection multiplicities
o )((’S) do not depend on the choices of generic hyperplanes. They are also invariant
up to linear changes of coordinates but not invariant up to nonlinear changes
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of coordinates (e.g. deg X; is not invariant). The numbers ot)((? are constant on
8 \ {0}, provided that § is small enough. We shall use the shorter notation a‘gi)
whenewer the family is fixed.

We have seen that the global polar intersection multiplicities enter in the
description of the CW-complex structure (in particular, in the Euler character-
istic) and that of the global Euler obstruction and of the MacPherson cycle of an
affine space Y. We will show next that the global polar intersection multiplic-
ities are key ingredients in an equisingularity condition at infinity for families
of affine hypersurfaces and in a Pliicker formula for affine hypersurfaces. As
a by-product, we show how to study the evolution of the integral of curva-
ture in families of affine hypersurfaces. In all those problems, the cornerstone
is the defect of intersection multiplicity of a germ at 0 of a family {X}ses,
in other words the asymptotic loss of intersection multiplicity towards the
‘ends’ of Xj.

7.2 Asymptotic equisingularity

We define an equisingularity notion for a family {X;}ses of affine hypersur-
faces Xy C C"*! with at most isolated singularities, such that to be controlled
by numerical invariants and to imply the C*-triviality of this family in the
neighbourhood of infinity. It turns out that this asymptotical equisingularity is
different from the Whitney equisingularity. The following presentation is based
on [Ti6, Ti4].

Equisingularity and topological triviality. As in the preceding section §7.1,
let F : C"*! x C — C be the polynomial defining the family of hypersurfaces
X, = {x € C"1 | Fy(x) = F(x,s) = 0}. Let X = Ujes5X; be the total space
of the family, which is itself a hypersurface in C"*! x &, where & is a small
disk centred at 0 € C. Let o : X — § C C denote the projection of X to the
second factor. We consider the total space of the projective compactification of
the hypersurfaces:

X = {Fs(x0,x) =0} c P" x 8

and the restriction to X of the projection & : P"*! x 8§ — 8, which is the proper
extension of 0. As usual, Fy denotes the polynomial obtained by homogenizing
F by the new variable x(, and X*° denotes the divisor at infinity X N {xg = 0}.
We have introduced in Definition 1.2.9 the subspace of characteristic covectors
at infinity C*°, which is an analytic subspace of the restriction over X*° of the
cotangent bundle 7*(P"t! x §). Since C* is conical, we may consider its
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projectivization PC*, and also denote by 7 the projection PT*(P"*! x §) —
P+1 % §. For some subset § C X, we denote PC*°(S) := PC® N7 71(S).

Definition 7.2.1 (equisingularity at infinity)
We say that the germ at 0 € § of the family of hypersurfaces {X}ses is
equisingular at infinity if (p,d6) ¢ PC* for all p € Xg°.

This is a slight generalization of the ‘z-regularity’ introduced in §1.2. The
condition (p,dd) ¢ PC™ is equivalent to the fact that the limit of the tangent
spaces T X, (y) as x — p, whenever it exists in the appropriate Grassmannian,
is not in the dual C*° (p) of C*®°(p).

Definition 7.2.2 We say that the family {X},cc is C*°-trivial at infinity at
so € C if there is a (large) ball By C C"*! centered at 0 and a disk § ¢ C
centered at so such that, for any ball B O By centered at 0, the restriction
o1 (X \ (BxC)No~1(8) — §isa C®-trivial fibration.

We have seen in § 1.2, where we have investigated the fibres of a polynomial,
that a family of hypersurfaces may fail to be topologically trivial because of the
behaviour at infinity. We show in this more general setting that the triviality at
infinity is insured by the equisingularity.

Theorem 7.2.3 Ifthe germ at 0 of the family {Xs}scc is equisingular at infinity,
then it is C*°-trivial at infinity at 0.

Proof The proof can be extracted from §1.2 We give just a brief account. We
construct a C* real nonnegative function ¢ on a neighbourhood of Xg° by
patching together the local equations of X°°, such that the map o is transversal
to the positive levels of ¢ within some open neighbourhood V of the compact
set X{°. Consequently, there exists a bounded C* vector field v which lifts the
vector field % over a small enough disk 8, to the open set V N X No~1(8) and
is tangent to the positive levels of ¢.

Since the restriction oy : (3B x 8) N X — C is a proper submersion, for
big balls B and small enough disk §, we may take a C*° vector field w on
((B'\ B) x 8) N X, which lifts ;’—t and is tangent to (3B x 8) N X. Then we
glue it by a C* partition of unity to the above defined vector field v and by
integrating this new vector field, we get the desired C°°-trivialization. (]

Corollary 7.2.4 If a family {X;};cc of nonsingular affine hypersurfaces is
equisingular at infinity at 0 € C, then ¢ : X — C is a C* locally trivial
fibration at 0.

Proof Using the notations of the above proof and the same argument as for
constructing the vector field w above, we construct this time a C* vector field



114 7 Relative polar curves and families of affine hypersurfaces

w’ on (B x §) N X, which lifts % and is tangent to (3B x 8) N X, then glue it
by a C* partition of unity to the previously defined vector field v. (]

Equisingularity and global polar invariants. We have defined in §7.1 the
global generic polar intersection multiplicities oes(l) = a)((’g for a family of

hypersurfaces of dimension n, where the highest order one is:
a§n) =mult(T's (g, 0), (Xs)reg), (7.2)

and I's (/g , o) denotes the polar curve relative to H € 2, (, with respect to the
stratification S of X .

Definition 7.2.5 For i € {0,...,n}, we call i-defect at infinity, at 0 € C the
following number:

A(()i) = oc‘gi) — (x(()i),
where s # 0 is close enough to 0.

From the CW-complex model explained in §6.1, p. 89, we get precise
information on the evolution of the Euler characteristic of the hypersurfaces in
the family, see also Exercise 7.2. But the central result that we want to prove
here is that equisingularity at infinity is controlled by the constancy of the
numbers ¥,

Theorem 7.2.6 Let F : C't! x C — C be a polynomial function defining
a family of hypersurfaces X; C C'*1. Assume that there is a compact set
K C C" such that SingX; C K for all s € 8, where § C C is some disk
centered at 0.

Then the family {X}scc is equisingular at infinity at 0 if and only if the

. . . N ) B . .

generic polar intersection multiplicities oy ”, i = 0, n, are independent of s in
some small disk 8' C 8 centred at 0.

This reminds us of the well-known local equisingularity result due to
Teissier, which characterizes the Whitney equisingularity by the constancy of
the sectional Milnor-Teissier numbers u*. We refer to Teissier [Tel], [Te3],
and Briancon—Speder [BrSp2], see also (1.14) and (1.15) in §1.2. The differ-
ence between the local setting and our affine global setting appears again to
be essentially due to the genericity failure: general slices in the affine space
are not general any more in the neighbourhood of infinity. If we try to use
Whitney equisingularity along some stratum on the part at infinity X°°, then
the generic local polar invariants might not be global invariants of our family
of affine hypersurfaces. We send the reader to §1.2 for the comparison to the
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Whitney equisingularity in terms of integral closures, which holds in the current
setting too.

Remark 7.2.7 The constancy of « S(") does not imply that « §i) is constant for i <
n. This can be compared with the similar assertion in the local case, which has
been proved by Briangon and Speder [BrSpl]: a p-constant family of isolated
hypersurface germs is not necessarily p*-constant. A simple example which we
may use in the global affine setting is the following: {X},cc is the family of
fibres of the polynomial in three variables f (x,y,z) = x 4+ x>y. We can easily

see that a.ﬁz) is constant, whereas a§l) is not, since k(()l) =1.

Remark 7.2.8 Let {X;};cs be a family of smooth hypersurfaces, where § C
C is some disk. By using Theorem 7.2.6, the a*-constancy implies that
this family is C* trivial over 8, provided this disk is small enough (see
also Exercise 7.5). In particular, all the hypersurfaces have the same Euler
characteristic.

It is, however, not true that the invariance of the Euler characteristic implies
the invariance of *. We can show this fact by the example f (x, y, z) = x+x2yz.
Up to homotopy type, the fibre Xo = f~!(0) is the disjoint union of C? and a
torus C* x C*, whereas the fibre X; = f -1 (s), for s # 0, is the disjoint union
of (C* \ {s}) x C* and of the two coordinate axes in the plane {x = s}. The
Euler characteristic of all fibres is therefore equal to one. On the other hand, by
an easy computation, the defects at infinity )»%0) and A 20) are both positive (see
Example 7.2.10).

Proof of Theorem 7.2.6. ‘<. We assume that the generic polar intersection
multiplicities ocs(i) are constant, for all s in some small disk centred at 0. This
means in particular that deg Fs := as(o) is independent of s.

Extending Definition 1.2.10, we call the singular locus at infinity of o the
set Sing™o = {p € X*° | (p,d6) € PC*®(p)}. Then the family {X;}; is
equisingular at infinity at 0 if and only if the compact analytic set Sing°o :=
Sing®o N 671(0) is empty.

Suppose that the family {X,}, is not equisingular at infinity. We will prove
that the constancy of the numbers o implies Singi°c = , which gives a
contradiction. The proof is in two steps: in the first one we show that, after a
number k£ < n — 1 of times of slicing the family {X;}; by general hyperplanes,
the singular locus at infinity at O reduces to dimension zero. The second step

will then show that this contradicts our hypothesis A(()"_k) =0.

Step 1: reduction to dim Sing*°o = 0.

Let us assume that dim Sing®¢ > 0. For any hyperplane H C C"t!, we
have dim Singg°o > dim(Singg°c N H) > dim Sing(°c — 1, where H is
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the closure of H in P"*!. The hyperplane slice Sing o N H is contained in
the singular locus at infinity Singg”c" of the restriction o’ := oy ), where
XM .= X N (H x C). It follows that, by hyperplane slicing, the dimension
of the singular locus at infinity Sing{°c cannot diminish by more than one.
We may identify H with P" and continue the slicing process. Let us show
that, after slicing, the family of hypersurfaces Xs(l) =X, NH C C" satisfies
the hypothesis of our theorem, i.e. that Sing X; N H consists of isolated points
which do not tend to infinity as s — 0. Let X be endowed with an algebraic
Whitney stratification, which is moreover a Thom (a;z ) stratification such that
both X and Xo N H > are unions of strata. Then we may choose a hyperplane
H e P such that it is transversal within H> = P" to all the strata in XoNH®™.
The strata of X N H are finitely many since this space is compact and the
stratification is algebraic. By a Bertini type argument, the hyperplanes having
this property are generic, i.e. varying in some Zariski-open subset Q' of P,
Then such a generic hyperplane will cut the spaces X; transversely in some
fixed neighbourhood of infinity, for all s in some small enough disk. This proves
our claim.

Let us now observe that, after repeating a finite number of times the slicing
with generic hyperplanes, the singular locus at infinity has to become zero
dimensional. Indeed, after slicing n— 1 times, we obtain a family of plane curves
{XS("_U}SG(C. If we consider generic slicing, then these curves are reduced.
Moreover, they are of degree « 50) , which is constant, as we have seen above. We
then show that we have dim Sing o *~1 = 0. Indeed, there exists a Whitney
stratification W of XD which has X ®—1 \ Sing X (=1 a9 a stratum and has
a finite number of point-strata on (X"~ 1)°°_ Since deg Fy is constant and since
the divisor at infinity (X"~1D)* is of dimension one, there is a finite number
of points where =D . (Xn=Dy%° _, C is not a stratified submersion. The
singular locus at infinity Sing®o "1 is included in this finite set. Indeed, at
the other points at infinity p € (X""~1D)> we have (p, d6) & PC*(p), since our
Whitney stratification WV is Thom (ay,)-regular, where xo = 0 is an equation
of (X"~1)™ at p, by Theorem A1.1.7, cf. [BMM, Théoréeme 4.2.1] or [Ti4,
Theorem 2.9]. Our argument is now complete.

Step 2: the case dim Sing(°o = 0.
Let us fix generic coordinates x; on C"*!,i.e. such that the hyperplanes defined
by x; belong to the Zariski-open subset €2, ¢. We have the following result:

Lemma 7.2.9 Letp € X be an isolated point of the singular locus at infinity
Sing(°o. Then the family {X;}, is equisingular in the neighbourhood p if and
only if the polar curve I' (xg, cr),(,’) = () for all i.
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This is Theorem 2.1.7 stated in our slightly more general setting and the same
proof applies, by just adapting the notations.

In our situation, since dim Sing°o = 0, any point p € Sing o is anisolated
singularity, and by Lemma 7.2.9 we conclude that the polar curve I (xo, a),(,i) at
p is not empty. Now, we may apply Proposition 2.1.3 to our setting and deduce
the following equality of germs of polar curves:

I‘(xo,a)l(f) = I_‘(xi,a)p. (7.3)

The later is used in the definition (7.2) of the intersection multiplicity a‘S") and
since it is not empty, this implies that there is loss of intersection multiplicity
a™ ass — 0. Therefore we get that ™ is not constant, in other words X(()") #£0,
which gives the desired contradiction and ends our proof.

Proof of ‘=". We prove that A(()"_j ) = 0,Vj € {0, ...,n}. Letus then start with
Jj = 0, and suppose that a§") is not constant. This implies that for any [ € Q4 o,
the closure of I'(/, o) in P"t! x C contains some point p € X8° . Then, by the
above equality of germs of polar curves (7.3), the local polar locus I"(xo, O’)I(,i)
at p is not empty. This contradicts the assumption (p,dd) & PC™(p).

To continue with the case j = 1, we shall slice by a generic hyperplane H
such that to preserve the equisingularity hypothesis. We endow X with a finite
complex Whitney stratification such that X** and X§° are unions of strata. There
exists a Zariski-open set Q' C P such that, if H € Q’, then H is transversal to
all strata of X3°. Slicing by H will preserve the hypothesis d6" ¢ PC*(p), Vp €
XSO , since our Whitney stratification at infinity is Thom (a,,)-regular, by the
results mentioned in Step 1. We have also shown in Step 1 that the singularities
of the family X; N H do not intersect some neighbourhood of infinity. O

In this way we prove step-by-step descent that )L(()"_" ) = 0for Viel{0,...,n—
1}. It remains to show that A(()O) = 0. Suppose that deg Fy is not constant at s = 0.
Then X3° = H* = P", since the homogenized F of the polynomial F defining
X, is of the form sizs + x0Z; for some polynomial functions A, g : C**! —
C such that deghy > deggo. Let F = I:"S(xo;xl;...;x,,; 1) = sizs + x0&s-
Without loss of generality, we assume that our point p € X§° is such that
p & XFN {izs = 0} and its coordinate x;4 is not zero. These conditions are
satisfied by a Zariski-open subset Z of H°.

The equisingularity at infinity at p is characterized by the criterion (1.9) of
the proof of Proposition 1.3.2, replacing the parameter ¢ by s, namely:

oF

oF aF
as
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x| Xy,

, (7.4)
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for some § > 0, in some neighbourhood /\/p C X of p. In our notations, this
inequality amounts to:

dhy | 08
s 0x + %0 0x

dhy 385
: —Hmﬁ

8 |hy +5—
S+S8s as

<

But this inequality is false for sequences of points in AV, such that s — 0 and
xo — 0, since the derivatives of fzs and g, are bounded near p. It follows that
the singular locus at infinity Sing*o contains the Zariski-open set Z C X°,
which is a contradiction to the assumed equisingularity at infinity. (]

Example 7.2.10 f : C3 — C, f(x,y,2) = x + x%yz.

We shall compute the generic polar intersection multiplicities and the defects
at infinity in the neighbourhood of the value 0. As general linear form we may
take | = x + y + z. Then I'(L,f) = {x’y — 2xy> — 1 = 0,y = z} and this
polar curve intersects transversely the fibre Xo = f ~!(0) in three points, hence
oc(()z) = 3. The Euler characteristic of any fibre of f is 1 (see Remark 7.2.8).
Since we have a(()o) = degf = 4 andsince a(()o) — a(()l) +a(()2) =x(f10) =1,
by Exercise 7.2, it follows that ot(()l) =6.

Now let  # 0. We have o’ = degf = 4 and we want to find . The
function f restricted to the hyperplane H = {x +y + z = 0} becomes fijz =
x — x3y — x%y?. This is a polynomial in two variables of degree 4 and of degree
2 iny. One can easily compute that the homotopy type of a general fibre f@,l (s)

is a bouquet of five circles, therefore x (f“,:,1 (s)) = —4. By using Exercise 7.2,
we get a‘gl) =4 4 4 =8, for general s and a§2) =5.
The defects at infinity are therefore A(()l) = )\82) = 2. Referring to

Exercise 7.3, we may also deduce that the polynomial f has nonisolated
W-singularities at infinity.

7.3 Pliicker formula for affine hypersurfaces

The classical projective setting. In case of a projective hypersurface V. C
P"*1 of degree d, Pliicker’s class formula expresses the degree (or the ‘class’)
d*(V) = deg(f/) of the dual V in terms of d and of certain invariants of the
singularities of V. The one proved by Pliicker himself in 1834 considers plane
curves S with nodes and cusps:

d*(S) =d(d — 1) — 2(#nodes) — 3(#cusps).



7.3 Pliicker formula for affine hypersurfaces 119

Teissier generalized it in 1975 to the case of projective hypersurfaces with
isolated singularities (see e.g. [Te4]). He found the following formula in terms
of the sectional Milnor-Teissier numbers of isolated singularities (i.e. Milnor
numbers ,uém of the singular points g of V and Milnor numbers ,ué"fl) of generic

hyperplane sections at ¢ € SingV):
d*(V)=d@d =" =Y g+ pf (7.5)

and Laumon [Lau] proved it by a different method. Later Langevin [Lan2]
showed the connection with the complex Gauss map (see §7.4) and provided
the integral-geometric interpretation of it. Further generalizations, for projective
varieties with isolated singularities, and then without conditions on singulari-
ties, were found notably by Kleiman, Pohl and Thorup. The reader may consult
e.g. [Tho] for the references.

The affine setting. Let Y C C"*! be an affine hypersurface of degree d. The
degree of Y is by definition the intersection multiplicity mult(Y, L) of ¥ with
a general affine line L. The affine dual of Y is by definition:

Y = closure{H € i | H = T Yeg for some x € Yieg}

The degree deg(f/ ) of the affine dual Y is then equal to the number of tangent
hyperplanes to Yy, in a generic affine pencil of hyperplanes in C"*1. We call
it the affine class of Y in analogy to the projective case and we denote it by
d*f (V). The affine pencils of hyperplanes (see §6) differ from the projective
pencils especially in a neighbourhood of infinity, since, after projectivizing, the
hyperplane at infinity H °° becomes a member of the pencil. Our hypersurface ¥
may be asymptotically tangent to H°® and so the pencil might be asymptotically
nongeneric.

We prove a Pliicker type formula for the affine class of Y, following [ST8].
The result expresses the asymptotic loss of intersection multiplicity in a family
of constant degree general hypersurfaces tending to Y, cf. Definition 4.1.1. It
was shown in §4.1 that any affine hypersurface ¥ may be deformed in such a
family. As usual, X denotes the total space of the family.

Theorem 7.3.1 Let Y C C'*! be a hypersurface of degree d. Let {X;}ses be
a family of affine hypersurfaces of constant degree such that Y = Xo and that
X; is general for all s # 0. Then the affine class of Y satisfies the following
equality:
dU () =d(d —1)" — pX) + 15°X), (7.6)
where:
yo(X) := multsing x, (I's (!H, 0), Xo) (1.7)
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is the polar intersection number at the points of Sing X through which the polar
curve I's(ly, o) passes, and where:

y$o(X) = lim lim mult(Cs (I, o), X N CBg) (7.8)
R—005—0

is the loss of intersection multiplicity towards infinity.
Moreover, yo(X) and y§°(X) do not depend on H varying in some Zariski-
open subset of Q4 0.

Proof Let us first observe that the singular locus of the total space X is
included into Sing Xy and therefore the lower-dimensional strata of the Whitney
stratification of X are included in Sing Xj.

Let us take H € Q40 as in Notation 7.1.5. We have the following
decomposition of the global intersection multiplicity aﬁ") (cf. (7.1)):

a™ = a” + 11 + Ao (1.9)
The term oz(()") is by definition mult(I's (I5, ), (Xo)reg) and we have seen before
that this does not depend on the choice of H € 2, o. According to the geometric
interpretation of a(()”) (see the remark after (7.1)), this is precisely the affine class
d4r (Y).

We define the term A of the sum (7.9) as the number of those intersection
points of I's (I, o) with X; that tend to singular points of Xy. This is precisely
the multiplicity multsing x,(I's (I, o), Xo) that we have denoted by yp(X) in
the statement of our theorem. This multiplicity does not depend on the choice
of H within some Zariski-open subset of (2, o, by the standard arguments (local
constancy and connectivity).

The term A; from (7.9) counts the rest of the intersection points (with mul-
tiplicities), i.e. those that tend to infinity as s — 0. This is the asymptotic loss
of intersection points of the polar curve I's (/g, o) with X;. In other words, we
have 1, = y5°(X).

For the general hypersurfaces X; we have ocs(") = d(d — 1)", as remarked
after (7.1). It then follows from (7.9) and from the preceding discussion that
Yo© (X) is independent of H € Q4 . This ends our proof. ]

Case of isolated singularities. If Xy = ¥ < C"*! is a hypersurface with
isolated singularities, then we may express the intersection multiplicity yo(X)
in terms of Milnor numbers as follows:

multsingx, Cs (. 0).X0) = Y [l (Xo) + 1l Xo)l.  (7.10)
geSing Xo
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This is a consequence of the following equality for the generic local polar
multiplicity:

multy (s (I, 0). Xo) = g (Xo) + g~ (Xo) (7.11)
proved by Teissier [Te2, Te3] for a germ (Xp,q) of a complex analytic
hypersurface. It is actually well known that the local equality (7.11) is valid
for any smoothing of Xy, see Exercise 7.6. In our case the local smoothing is
embedded in the global smoothing o : X — C of Theorem 7.3.1.

Let us show how the affine class d*/ (Y) can be expressed in terms of sin-
gularities at infinity of the projective closure ¥ C P"*!. We assume that ¥ has
isolated singularities only; nevertheless the part at infinity ¥ N H° may have
nonisolated singularities, of dimension not higher than one.

Proposition 7.3.2 Let Y be a hypersurface such that ¥ has at most isolated
singularities. Then:

dTyy=dd -1 Y [l +plVmI-y2w), (112
qeSingY

where:

YY) =2 e(sing Tynme Hp(Y)+ )
Zpgsing()?nﬂmyoc) up(¥Y N HNH™) + (_1)n+1 [Xn’d —x(Y NH*)],
(7.13)
and where H is a general affine hyperplane and x"™¢ denotes the Euler
characteristic of the general projective hypersurface of degree d in P".

Proof We have by (6.22):

dUY) = ()" (V) = (=)'x(YnH) = Y plh).
qeSingY

We consider a constant degree family of hypersurfaces such that X is general for
s # O0and suchthat Y = X(. We observe that both X,NH and X;NHNH> have
at most isolated singularities for any s (see §2.2). We compute the difference
of Euler characteristics:

x(Xo) — x(Xy) = x(Xo) — xXy) = xXo NH®) + x X, NH®) =

DT dPXo+EDT YT Ko+ —x (XonH™)
q€eSing Xy pe(Sing Xo)NH >
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and
XXNH) = xXoNH) =

XX NH) — xXo NHO+ [-x X NHNH®) + xXo NHNH®)] =

DY Ko F) (=D Yo mpXenHNHY).
geSing (XoNH) peSing (XoNHNH ™)
We take the sum of these two last formulas. To finish our proof, we also use
the genericity of the affine hypersurfaces X and X; N A , which implies:

XX) = x X NH) = (=1)"(d =) = (="' d = 1) = (=1)"d(d - 1)".

]

As a particular case of (7.12), the following formula holds for a hypersurface
Y such that both ¥ and ¥ N H® have isolated singularities:

AU () =dd — 1" = csiner ity V) + uy V()]

= = 7.14
— 2 _pesing (P [p(¥) + 1p(Y NH)]. 719

The contribution from the affine singularities is contained in the first of the two
sums and one recognizes the sectional Milnor—Teissier numbers from (7.5); see
also Langevin’s formula [Lan1] cited at (7.15).

The second sum is due to the ‘singularities at infinity’: the number 1, ( Y)+
,up(l_/ N H®) is precisely the local polar number 4, = mult, (T (xo, o), Xo) of
the polar curve of the family {X};cs with respect to the local coordinate at
infinity xo.

The difference among (i, (Y NH ) and the sectional Milnor—Teissier number
Ml(,n_l) (Y), for some p € Sing (Y NH®), is the following: the later is the Milnor
number of the generic hyperplane section Y N H, whereas in the former the
hyperplane H * is not generic at p relative to Y . The reader should then compare
with (7.11).3

Affine plane curves and the correction term at infinity. We get the following
formula in the case of curves:

Corollary 7.3.3 Let C C C? be a nonsingular complex affine curve of degree
d. Then:

dTyy=d*-2d+r— Y 1,(0),
peSing (CNH>)

where r is the number of points in the set C N H>®



7.3 Pliicker formula for affine hypersurfaces 123

Proof We may apply formula (7.14) since C N H consists of finitely many
points, also called ‘asymptotic directions of C’. Then the sum of Milnor numbers

Y pesing (@ney Hp(C N H™) is precisely d — r. O

In other words, the above formula tells that the affine class of a smooth plane
curve C is equal to that of a general curve (which is d(d — 1)) diminished by
the number of tangencies (with multiplicities) between C and the line at infinity
(which is equal to d — r), and by the sum of the Milnor numbers of C.

Example 7.3.4 Letf : C? — C,f(x,y,z) = x+x%yz, and consider the family
X; = {f = s}. The generic polar intersection multiplicities and the defects at
infinity in the neighbourhood of the value 0 are given in Example 7.2.10; from
those results we may extract the folowing data: aé(z) =5, a§l) =8, oz§0) =4
for s # 0, and Ol(()2) =3, a(()l) =6, a(()o) = 4. We get: d“ﬁ(Xs) =5ifs #0and
d (Xo) = 3.

Therefore the affine class of X is not constant in the family, even if Xj is
nonsingular and x(X;) = 1 for all s € C (see [Ti6]). Note that in our case
the variation of the affine class is equal to the vanishing polar multiplicity at
infinity y5°(X), as interpreted in (7.13). The family is clearly not topologically
trivial since the number of connected components of X change at s = 0.

Example 7.3.5 [ST8] Consider the double parameter family of surfaces in C3,
Xer = {fs = st 4 zzy + z = t}. Then, for all s, f; has a generic fibre
that is homotopy equivalent to a bouquet of three 2-spheres. There are no affine
critical points and ¢ = 0 is the only atypical value of f;.

In order to compute the affine class of X, we use the formulas (7.12) for
s = 0 and (7.14) for s # 0. We have the following information and notations,
also collected in Tables 7.1 and 7.2 as input data for the formulas:
(a). )_(M has isolated singularities at infinity in p := ([0 : 1 : 0], 0) for all s and
ing:= ([1:0:0],0) for s = 0. The us are listed in Table 7.1.
(b). The singularities of )_(s,, NH® cP?area single smooth line {x4 = 0} for
s = 0 and the isolated point p with E7 singularity for s # 0.

Table 7.1.

(5:8)  ppXyp) + ugXs) 1 (Xsy NHNH®)

(0,0) 1843 3
0,1 15+3 3
(s,0) 1840 -

(s, 1) 1540 —
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Table 7.2.

(s.0) (=D)"™Ax off X (Xe)

0,00 442 36-30=6 6-6=0
©,1) 442  36-27=9 9-6=3
(s,0) 9 36-27=9 9-9=0
(s, 1) 9 36-24=12 12-9=3

(c). The space X;; N H N H has a single singularity of type A3 for s = 0 and
is smooth if s £ 0.

We use the notation Ay = x>* — x (X;;, N H®), where x>* = —4 by the
definition of X"’d given in Proposition 7.3.2. By the notations (0, ¢), (s,0) and
(s,#) we mean s,t # 0.

We observe that, for each fixed ¢, the family X, has constant degree and
Euler characteristic, but nonconstant affine class. Actually, by using a coordinate
change in the variable y, it turns out that this family is topologically trivial.

7.4 Curvature loss at infinity and the
Gauss—-Bonnet defect

We now study the influence of the position of Y at infinity upon the roral
curvature of the affine hypersurface Y ¢ C"*! following [STS].

The curvature denoted by K means the Lipschitz—Killing curvature of the
real analytic 2-codimensional space Y, with respect to the metric induced by
the flat Euclidean metric of C"*!. Let dv denote the associated volume form.
The integral of the curvature || y Kdv will be called ‘total curvature’ of Y.

We shall take two standpoints for computing the total curvature of Y:
comparing it with the Euler characteristic x (¥), and comparing it to the total
curvature of a general hypersurface, after embedding Y into a family. Let us
observe that computing the total curvature of the projective closure ¥ would
not help, since the metrics on P"*! and C"*! are different.

The first approach goes back to extrinsic proofs of the Gauss—Bonnet
theorem. The failure of this celebrated theorem in case of open surfaces is
a theme which has been under constant attention ever since Cohn—Vossen’s
pioneering work [Co] in 1935.

The second approach recalls the work by Langevin [Lan1, Lan2] and Griffiths
[Gri] in the late 1970s on the influence of an isolated singularity upon the total
curvature of the local Milnor fibre in case of analytic hypersurface germs.
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Langevin studied the total curvature of the local Milnor fibre at an isolated
hypersurface singularity defined by the germ of a holomorphic function g :
(C"*1,0) — (C, 0).4 The next local formula due to Langevin [LLan1, Théoréme
1] shows that the ‘loss of total curvature’ at an isolated singularity is measured
by the sum of the first two sectional Milnor—Teissier numbers (compare with
the results and comments in §7.3)

lim lim/ K|dv = o, (ud” + ™). (7.15)
g 1 ()NB;

e—>01t—>0

In our global affine setting, it turns out that there is an identification, up to a
constant, of the total curvature to the affine class of Y (defined before in §7.3).
Let us first give some background on the total curvature.

Real submanifolds. For a real oriented hypersurface of RN we have a well-
defined Gauss map. One defines the Gauss—Kronecker curvature K (x) as the
Jacobian of the Gauss map atx € RN . For a submanifold V in RV, Fenchel [Fen]
computes the curvature as follows. For a given point x on V we consider a unit
normal vector n, projects V orthogonally to the affine subspace W generated by
the affine tangent space to V and this normal vector. The projection of V to W is
a hypersurface, which has a well-defined Gauss—Kronecker curvature K (x, n).
The Lipschitz—Killing curvature K(x) of V in x is defined (see e.g.[ChL, pp.
246-247]) as the integral of these curvatures over all normal directions, up to
a universal constant u, namely: K (x) = u f NV K(x,n)dn.

The classical Gauss—Bonnet theorem says that, if V is compact and of even
dimension 2n, then the total curvature is equal, modulo an universal constant,
to the Euler characteristic

w,; ! / Kdv = x(V),
\%4

where dv denotes the restriction of the canonical volume form and where w,, =
2m)"

% is half the volume of the sphere S
Complex hypersurfaces. Langevin[Lanl, Lan2]studied the integral of curva-
ture of the Milnor fibre of a complex hypersurface germ with isolated singularity
X C C"!. He uses Milnor’s approach [Mi1] as follows: compute the total cur-
vature from the number of critical points of an orthogonal projection on a
generic line. We recall below some results and fix the notations.

The curvature K(x) of a smooth complex hypersurface is the Lipschitz—
Killing curvature of Yyeg as a 2-codimensional submanifold of R22 where
Yieg denotes the regular part of Y. A computation due to Milnor allows us to
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express the Lipschitz—Killing curvature of Y in terms of the complex Gauss
map ve : Yreg — PG which sends a point x € Yreg to the complex tangent
space of Yieg at x, cf. [Lanl, p. 11]:

2-4..-2n
1-3---2n—-1)
In the complex case the curvature K is well known to have the constant sign
(=™ Using (7.16), we can prove an exchange formula, as follows.” Let H
be a hyperplane in P, defined by a linear form Iy : C"*! — C. For almost all
H € P the restriction of lg 10 Yreg has only complex Morse critical points.

Let ay (I7) be the number of those critical points (which is finite, since Y
is algebraic). On the complement of the zero set of its Jacobian, the complex
Gauss map is a local diffeomorphism with locally constant degree «y (/7). This
is precisely the number a;") defined in §6.1, (6.3), and does not depend on /g
running in some Zariski-open set of the dual projective space P". From the
above discussion and from Langevin’s [Lan2, Theorem A.IIL.3], we may draw
the following result:

(=D"K(x) = |Kx)| = lJac ve . (7.16)

Lemma 7.4.1 (Théoreéme d’échange) Let Y C C"t! be any affine hypersur-
face. Then

/|K|dv (2n—1)/ ay () dH = waal”.

By definition, the integral fY |K|dv is taken over Yieg; the notation makes
sense since Y differs from Yre; by a set of measure zero.

The vanishing curvature. The above lemma establishes an equality, up to the
constant w,, among the total curvature and the affine class of Y. We therefore
get the following interpretation of Theorem 7.3.1:

Corollary 7.4.2 [ST8] Let ¥ C C"*! be any hypersurface. Let {X;}ses be a
one-parameter deformation of Xy := Y such that X; is nonsingular for all s # 0.
Let X denote the total space of this family. Then the following limit exists

s—0

lim w;‘/ |K|dv =w;1/ IK|dv + yo(X) + y§°(X). (7.17)
X5 Xo

We may identify y7°(X) as the ‘loss of total curvature’ at infinity, or the
vanishing curvature at infinity:

¥ X) = w, " lim lim IK|dv. (7.18)
R—00 5—0 XﬁCBR
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We may therefore translate into the curvature language all the results in §7.3,
replacing the affine class d9 () by (—1)”a)n—1 fY Kadv.

Gauss—-Bonnet defect. In order to measure the failure of the Gauss—Bonnet
theorem in case of arbitrary singular affine hypersurfaces, we compute the
Gauss—Bonnet defect of Y:

GB(Y) = o, f Kdv — x(Y).
Y

This integer may be interpreted as the correction term due to the ‘boundary
at infinity’ of Y. Indeed, let us assume that Y has isolated singularities. Let
Br C C"*! be a ball centred at the origin and denote Yz := Y N By and
9Yg := YN3Bg. Since Y has isolated singularities and is affine, the intersection
Y N 3B is transversal and Y is diffeomorphic to Y, for large enough radius R.
By applying Griffith’s Gauss—Bonnet formula for the manifold with boundary
Y, see [Gri, p. 479], we get: , ! [, Kdv—c faYR kds = x (Yg), where k is the
generalized geodesic curvature of dYg and c is a universal constant which we
do not specify here. It then follows:

GB(Y) = lim c/ kds.
JdYR

R—o0

Nevertheless, it is the interpretation of the total curvature in terms of the
affine class which allows us to compute the Gauss—Bonnet defect too, at least
in certain cases, as follows:

Proposition 7.4.3 Let Y be a hypersurface of degree d with isolated sin-
gularities such that ¥ N H* has at most one-dimensional singularities.
Then:

GB(Y) = (=1)'(d = )" = 1+ (=1y™*" Y7 wf= P+ (119
geSingY

(— 1+l Yo ugY NH)+ > (Y NH N H®)

qeSing (YNH) peSing (YNHNH ™)

Proof We have by Lemma 7.4.1 and by (6.22):

GB(Y) = (=)'} V() —x(¥ nH).
qeSingY
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Consider a constant degree family of hypersurfaces such that X is general for
s # 0 and that Y = Xj. We observe that both X; N'H and X; N'H N H* have
at most isolated singularities, for any s. Then we may compute the difference
xXs NH) — x(Xo N'H) as in the proof of Proposition 7.3.2. Combining this
with the equality x (X;NH) = 14 (—1)"~'(d — 1)" for general hypersurfaces,
we get our formula. (]

Plane affine curves. In case of a nonsingular complex affine plane curve C of
degree d, we get the following Gauss—Bonnet defect:

GB(C) = —d.

We therefore have a precise evaluation in this particular case of a well-known
more general result due to Cohn—Vossen [Co], which tells that GB(M ) < 0if M
is a complete, finitely connected Riemann surface, having absolutely integrable
Gauss curvature.

An expression of the total curvature of such a curve C can also be extracted
from Corollary 7.3.3.

Exercises

7.1 LetX = C"™landletf : C"*! — C beapolynomial function. Let X, have
an isolated singularity at p € X, and let H € Q}c Show thatp € I'(Iy,f).
In case X, is singular and p is an isolated stratified singularity, do we have
p € I'(lg,f) for generic H?

7.2 Let {X;}scc be the germ at 0 € C of a polynomial family of hypersurfaces
in C"*!. Suppose that, for all s in some disk § C C centered at 0, the
hypersurfaces Xs := {Fs(x) = 0} have at most isolated singularities, and
they do not tend to infinity as s tends to zero. Let u(Xo) denote the sum of
the Milnor numbers of the isolated singularities of X.

Show that X is homotopy equivalent to a generic hyperplane section

Xo N 'H to which one attaches a(()") — n(Xo) cells of dimension n. Next
prove that X( is homotopy equivalent to the CW-complex obtained by
successively attaching to deg Xo points a number of ot(()l) cells of dimension

1, then oz(()z) cells of dimension 2, ..., a"~" cells of dimension n — 1

and finally aﬁ") — u(Xo) cells of dimension n. In particular, x (Xo) =

(=" (Xo) + Yo (=i
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Supposing in addition that X; is nonsingular, Vs € & \ {0}, show the
equality:

KX = xXo) = (1" u(Xo) + Y (=12,
=0

Let {X;},ec be the family of fibres of a polynomial f : Cmtl — C. Assume
that f is a W-type polynomial, according to Definition 2.2.2. We have
defined in §3.3, (3.23) the number A, > 0, which measures a certain local
defect at infinity, at some point p € X°°. (We have actually given several
interpretations of A, in §3.3.) Then show that k(()") = ZpemeXoo Ap and
A(()i) =0fori<n-—1.

In Theorem 7.2.6, assume that n = 1 and that deg X; = constant, for any
s € 8. Then show that the constancy of a‘gl) at 0 € C is equivalent to the
topological triviality at infinity of the family {X;}cc in the neighbourhood
of 0.

Show that this also holds in higher dimensions for the following more gen-
eral situation: 6 has isolated stratified singularities at infinity with respect
to some stratification of X, which is a partial Thom stratification at infinity
(cf. Appendix A1.1).

In Theorem 7.2.6, assume that the family {X;}cs is nonsingular. Show that
the a*-constancy at s = 0 implies that this family is C®° trivial over some
small enough disk §.

Let X, be a smoothing of a germ of a hypersurface Xo € C"+! with isolated
singularity atg,i.e. X := {F (x,s) = 0} for all s in some small disk § centred
at 0 and X, N Be is nonsingular for all s # 0 and for a small enough ball
Be centred at q.

Show that, if ¥ < C"! is a nonsingular affine hypersurface of
degree d such that ¥ N H™ has at most isolated singularities, then
the Gauss—Bonnet defect depends only on n and d. More precisely
GBY)=(-1D)"d-D"—-1.
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Monodromy of polynomials

A global geometric monodromy is a representation
p i (C\ Atypf) — Diff (G),

where Diff (G) is the group of C*°-diffeomorphisms of the typical fibre G of
the polynomial function f : C" — C.

Some of the methods employed in the study of the monodromy, usually under
certain restrictions on f, are: Newton polyhedra [LS], Hodge theory of families
of algebraic hypersurfaces [GN, Di2], Fourier transform of D-modules [Sab],
resolution of singularities [MW], [ACD], [GLM3], relative monodromy in case
of two variables [Ha].

We discuss here our viewpoint of studying the monodromy of a polyno-
mial function f via the relative monodromy. Knowing the relative monodromy
reduces the problem to less variables. We shall first construct a model of the
typical fibre, by using the tomographic method (see §6.1), and next geometric
monodromies along loops in C\ Atypf acting on this model.! The presentation
is based on [Til, ST3, ST4, ST5].

8.1 Models of fibres and a global geometric monodromy

Letf : C" — Cbe apolynomial function of degree d. We recall some notations
used before, e.g. in §1.1, and set some more. We consider the closure of the
graph of £, this time in P* x P!, namely:

X:{[xo:xl:---xn]eIE”",[s:t]eIE’>l |sf—tx61=0}CIP’"xIP’],

where f is the homogenized of the polynomial f, xyo denotes the variable at
infinity and X*° := X N {x¢9 = 0} is the hyperplane at infinity of X. Denote

130
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by 7 : X — P! the second projection. The map f is then the composition

b xS C, where i is the natural embedding i : C" ~ Graph (f) — X.
The study of f is therefore equivalent to the study of the restriction of t to the
graph of f.

There is a finite set A C P, A D Atypf, such that the restrictions 7 :
X\ 771(A) - PL\ A, resp. 7 : X'\ (71 (A)UX>®) — PL\ A, are CY and
C®° locally trivial fibrations, respectively. The point at infinity [0 : 1] of the
embedding C C P! belongs to A by definition.

We consider, as in § 2.1, the polar locus I' (I, f) := closure[Sing (Ig,f) \
Singf] C C" of f withrespect to alinear form /7 : C* — C associated to a pro-
jective hyperplane H € P! Letus also denote here by A := (lg.f)T Uu.f))
the polar image in C>. We prove the following key lemma, which is another
supplement to Corollary 7.1.3 of the polar curve theorem 7.1.2:

Lemma 8.1.1 There is a Zariski-open set Q}’Z C P! such that, for any H €
Q}’ , the global polar locus I'(lg,f) is a reduced curve or it is empty and the
map (lg,f) : C" — C x Cis a C*-trivial fibration above (C x (C\ Ag)) \ A,
for some finite set Ay C C.

Proof The first assertion is Corollary 7.1.3(a), so we only prove the claim
about the map (g, f). We fix a complex algebraic Whitney stratification W :=
Witier of X' := XN (P" x C) with finitely many strata such that C" C X’ is a
stratum. The embedding of C into P! is via the chart s # 0 and the embedding
of C" into X' is the graph embedding i.

We take two copies of C, denoted C, and C;, of variables r, respectively ¢.
Let H := {(r,[x0 : x],1) € C, x P" x C, | Ig(x) — rxop = 0} (notice that 7 is
free). Consider X' as subset of P x C,. Note that H is nonsingular, whereas X’
can have singularities on X°°. Define the space:

Y:=(C,xX)NHCC, xP"xC, (8.1

and consider the projection (r,7) : Y — C, x C;. This is a proper extension of
the map (I, f). It follows that Y \ Y*° is nonsingular (since it can be identified
with C"), where Y := YN (C, x {xg = 0} x C;), and that the critical locus of
the restriction (7, 1) y\ye is Sing (/7 f). It remains to understand the situation
at infinity.

We first return to the space X’ and the map T : X’ — C. Denote by
Sing )yt = Upw,eySing 1))y, the singular locus of 7 with respect to the
stratification W. It is a closed analytic subset of X'.

Forafixed stratum W; ¢ X'NX*® ¢ P*~! xC,, we consider the projectivized
relative conormal PT7,, C Pl x C, x Pl
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We remark that, if T is not constant on WV;, then dim ]P’T:‘W‘ =n—1. By
using a Bertini type argument for the projection }P’T:‘lw — P! it follows

that there exists a Zariski-open set " C P"~! such that, for any H € Q”, the
map Ty, restricted to W; N (H x C;) is a submersion at all points except of
the singular locus Sing 4,7 and except of at most a finite set Ay, forany i € I.
We may and shall assume, after eventually intersecting with some Zariski-open
set, that the set ” also verifies the first claim of our lemma.

Now let us construct a Whitney stratification of Y. We take Y \ Y*° =~ C" as
a stratum and start to stratify Y°°. Consider the product stratification C, x W’
of C; x X/, where W C X’ N X, This is a Whitney stratification too. The
intersection of C, x W; with H is transverse within C, x P" x C; if and only if
the intersection (C, x W;) N (C, x H x C;) is transverse within C, x P~ x C;.
The latter is indeed transverse for any i, at all points except of the set C, x Ay,
for H € Q". Leaving aside the exceptional set C, x Ap, the transverse slices
become Whitney strata of Y at infinity, since Whitney property is preserved by
slicing transversely.

Next we have to see whether the fibres of the map (r, ) are transverse to
the above defined Whitney strata of Y. Namely, the map (C, x W;) N (C; x
H x C)) (ii) C, x C; is a submersion whenever the second projection W; N
(H x Cy) A C, is a submersion. This situation was treated before, since the
map ¢ coincides with the map 7. The result is that, if H € Q”, then the fibres
of (r,t) are transverse to the Whitney stratification of Y except at the points of
the following set:

g :=TUg.f) U (C, x (Singyy,t UAg)).

Note that #(C, x Singyy,7) is a finite set. Moreover, for H € Q”, I'(l,f) U
(C, x Ap) is a curve (or empty). Denote by Ag (r,t) C C, x C; the image of
Xy by (r,t). We have thus proved that the map:

r, 0 Y\ (07 (Am (r,0) > (Cr x C) \ Ag (r,1) (8.2)

is a locally trivial, stratified fibration. Its restriction to the stratum C”", is what
we were looking for. We may therefore set Q}.’ := Q" and define Ay as t(C, x
(Singyy T U Ap)), noting that this contains the set of atypical values Atypf.

O

Remark 8.1.2 Corollary 7.1.3(b) and Lemma 8.1.1 show that, for any ¢ € C,
there exists a Zariski-open subset Q}.’ . C Q}.’ such that, if H € Q;.’ .» then the
restriction g g1 : f~Y(t) — C is alocally trivial stratified fibration in the
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neighbourhood of f~1(r) N X* and has only stratified Morse critical points
outside the point-strata of the stratification WV, and that these properties hold
for any # within a small enough neighbourhood of ¢ in C. For the special infinity
point ¢ = [0 : 1] € P!, this is not well defined, but we may set by definition

QL = SZJQ’

Tomographic model of the fibre. We recall from § 6.1 and § 7.1 the descrip-
tion of the ‘tomographic’ model of a fibre F := f~!(c). For H € Q] _ the
singularities of the linear function /gy : F, — C are the intersection I;oints
C'(y,.f)NF, ={c1,...,cr}. As we have already seen in § 1, by the Lefschetz—
Morse—Smale theory and its generalization by Milnor to holomorphic functions
with isolated singularities, the nonsingular hypersurface F, is built from a gen-
eral slice F. N/ ;1 (s) by attaching a number of cells of dimension n — 1. In case
F. is singular, this result is still true by Lé’s theorem [L&5] for holomorphic
functions with isolated singularities on singular hypersurfaces.*

To each singular point c¢;, there corresponds an attaching of a number of
(n — 1)-cells equal to the (n — 2)th Betti number of the local Milnor fibre My ,
of the germ Iy : (F¢,c;) — C.

Let us be more explicit in case when F_ is nonsingular or it has only isolated
singularities. By Milnor’s theorem, the Milnor fibre My ., is homotopically a
bouquet of spheres and by Lé&’s theorem [L.é5], their number is equal to the
intersection multiplicity mult.,(I'(/g,f), {In = lu (c;)}). If the hyperplane H
is generic (i.e. not in the conormal of F, at c;), then this is in turn equal to
the multiplicity mult., I"(/y,f) of the polar curve at ¢;. We deduce, see also
Exercise 7.2, that if F. has at most an isolated singularity at ¢;, then:

ranan—Z(MH,c,-; 7) = mUItci(F(lH’f), Fe) — Mc; (Fe), (8.3)

and the following model, up to homotopy type: F_ is built from some generic
hyperplane section F, N lgl (s), s € Ay, to which one attaches oeé"_l) — ILF,
cells of dimension n — 1, where ur, is the sum of the Milnor numbers of
the singularities of the hypersurface F, and 045"71) is the generic global polar
intersection multiplicity mult(I"(/y,f), F.). We have defined for example in

§7.2 the set of generic global polar intersection multiplicities:

gD 0D o) O

The generic skeleton Sk . (f') of F, is the CW-complex obtained in the above pro-
cess: starting with ozg()) points, one successively attaches ozgl) cells of dimension

* For more general spaces, see the proof of Theorem 6.1.6.
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1, then 0(52) cells of dimension 2, . . ., af."_z) cells of dimension n — 2 and finally

ac(."_l) — ur, cells of dimension n—1. Up to homotopy type, the generic skeleton
does not depend on the choices of generic hyperplanes.

A global geometric monodromy. We pursue and construct now a geomet-
ric monodromy of a polynomial function f : C* — C by using the key
Lemma 8.1.1 and the generic skeleton Sk .(f) of a typical fibre of F.

LetH € Q]/Z and Ay C C, in the notations of Lemma 8.1.1. For any simple
loop within C\ Ax, we may define a ‘rough’ geometric monodromy as follows.
By the proof of Lemma 8.1.1, the map 7 : X\ 77! (Ay) — C\ Ay is alocally
trivial stratified fibration. In particular, the restriction of t to the open stratum
C™is a C* locally trivial fibration. We may produce a trivializing vector field
tangent to the strata at infinity, as in the proof of the Thom—Mather isotopy
lemma (cf. e.g. [Ve]). We therefore get a geometric monodromy representation
p i (P'\ Ay U {oo},¢) — Diff(G). This induces an algebraic monodromy
representation pqlg : 71(P'\ Ay U {oo}) = H.(G, 7).

We would like to refine the construction of the trivializing vector field, hence
of the geometric monodromy, so as to get more information on the algebraic
monodromy. We therefore focus on defining a geometric monodromy of a gen-
eral fibre of f along a small circle included in P! \ Atypf U {o0}. We refer to
Lemma 8.1.1 and to the notations in its proof.

Let us take a small closed disk D, ata € Atypf U {oo} such that Ay ND, =
{a}, for some H € Q’.”a. Then take a lift of the unitary vector field u on the

circle 9D, to a vector field w in the tube f’l (0Dg) such that w is tangent to
~1(D,) N Y™ in a stratified sense and tangent to I'(Iy,f) ﬂf’l (0D,), for
some general H € Q}”a. Note that the set I'(Iy,f) Nf 1 (dD,) is a finite union
of (knotted) circles.

We may produce a more refined construction of a vector field w by lifting u
in two steps, as follows:

r1@py Y ¢ x ap, 23 ap,. (8.4)

In the local setting, this leads to the carrousel monodromy introduced by Lé D.T.
[Le2, Lé4].2 In the global setting, we may decompose the monodromy flow
in regions where the local carrousel construction holds. There is a ‘carrousel’
associated to each point g € I'(ly,f) Nt~ (a).

Moreover, we may construct a similar ‘carrousel’ at some point at infinity
g € X° NT(ly,f), where T'(ly,f) denotes the closure of I'(lg,f) in X, as
follows. We have defined at (8.1) the space Y C C, x P" x C; with projection
(r,t) : Y — C, x C,. We now consider the closure ¥ of Y in Pi x P" x C;
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and denote by 7 : Y — ]P’} the projection. Let §; be a small open disk centered
at d;, where {d\, .. .,d;} € P! is the image by 7 of the set T(lyy,f) Nt~ (a).

We first lift the vector field u by pr, to a vector field v on C, x dD,, such that,
for any i = l,_k, v is the carrousel vector field on §; x dD,, for small enough
disks D, and §;. This means that the lift v of u to C, x dD, is tangent to the
discriminant A(/g,f) and that v is by definition the identical lift of u by the
projection pry : {b} x dD, — 3D, for any point b € IP’} \ Ué‘:]&-.

This carrousel vector field v is now lifted to f ’I(BDa) via the stratified
fibration (8.2) and yields, by integration, a geometric monodromy, denoted by
h,. By its definition, for any point b € P! \ Uf?zl&, h, acts on the slice lgl(b)
as the monodromy of the slice fibration:

F7' @D, NI (b) — 8D,

For some fixed ¢ € dD,, the action of the monodromy A, on the pair (F,, F. N
ll;l(b)), will be called relative geometric monodromy and will be denoted
by Al

Localization of the monodromy. After [Ti4, §4], we say that the variation
of topology of the fibres of f at a € C is localizable if there is a finite set
{ay,...,ar} € Xg, such that for any system of small enough balls B; C X
centered at a;, there exist a disk D, such that the restriction f| : (C"\ UleBi) N
f ~1(D,) — D, is a trivial fibration.

In this case, the geometric monodromy #,, is trivial on the complement F \
Uf.‘: | Bi of the balls, for some ¢ € dD,. We also say that the monodromy A, is
localizable at the points a;.

In principle, the change of topology from a typical fibre to an atypical one
cannot be localized for any polynomial f : C" — C, since its singularities at
infinity may be nonisolated in the meaning of Definition 2.2.2. Assuming that
our polynomial has isolated 7-singularities, we get the following direct conse-
quence of the proof of the bouquet theorem, 3.2.1, and of the above definition.
We use the notations in Definition 2.2.2.

Proposition 8.1.3 (localization of the monodromy) If f is of 7 -type, or more
generally, if f has #-singularities at the fibre F,, then the variation of topology
of the fibres of f at a is localizable at the 7-singularities of the fibre F,, i.e. at the
finite set F, N (Singf USing °°f). In particular, the monodromy #, is localizable
at the 7-singularities.

‘We next show that certain localization results hold without any assumption
on f in case of the relative monodromy /™. For more details on the case of
isolated z-singularities, we refer to Proposition 8.2.3.
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Figure 8.1. Disks and truncated disks in P!

First localization of the relative monodromy. As before, di,ds,...,d; are
the points where the closure Ay, f) C IP’} x C; of the discriminant A(lg,f)
cuts the projective line {t = a} C }P’} x C;. We fix points s; € 34;, for i €
{1,...k} at the boundaries of the small disks §;. We denote Sv,- = §;ifd; € C,
and (Svi :=6; \ p; if dj = oo, where p; is a radius segment from d; to some point
on d4; different from s; (see Figure 8.1).

By construction, Si X {c} contains all the points of Ai(lH,f) N P} x {c},
where ¢ € 9D, and A;(ly ,f) denotes the germ ofA(lH,f) at (dj,a) € IP’} x Cq.
The structure of the generic skeleton Sk .(f') implies that the relative homology
H.(F.,F:N l,;l (b)) is concentrated in dimension n — 1, where b € P} \ Ué‘:léi.

We get the following localization result:
Lemma 8.1.4 Let f : C" — C be a polynomial function and a € IP’}. The
relative homology splits into a direct sum:
Hy1(Fe, Fe N1 (8) = @ Hut (Fe N1 (50), Fe N1 1 (1),

Suppose in addition that a € C, and that T'(Iy7,f) N X% = ¢J. Then the relative
monodromy splits accordingly:

(H)e = @1y (B )i
where (hzel)*,,- denotes the monodromy acting on H,_1(F. N l,;l(Si),Fc N
Iy (si).

Proof We get the claimed homology splitting by applying an excision, using

the fact that the projection Iy : F. — C is locally trivial over IP’} \ Uf?zlgi.
Letusfixnowa € C; and remark that in general the carrousel vector field does

not preserve the truncated disk 5,- around infinity. Actually, by construction, the
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geometric monodromy hgel acts on the pair of spaces (F.N l;l (5 ), FeN lgl (si)
if and only if d; € C. The supplementary hypothesis implies that all the points
d; are different from oo, see also Exercise 8.2, and so we get the splitting of our
relative monodromy since in the direct sum splitting there is no disk §; around
infinity. (]

Second localization of relative monodromy. We further localize the relative
monodromy in the source space. Let a € C. By Remark 8.1.2, if H € Q}/’a,
then there exists a small enough disk D, such that, for any t € D,, the map
Iy : Fy — Cis alocally trivial stratified fibration in the neighbourhood of X3°
and has only stratified Morse critical points at I'(Ig,f) N F,.

Letc € 0D, and let {p; j}jcr; denote the set of points I'(Iy,f) N F.N l;l (Si).
Take Milnor disks and balls for the germs Iy : (F¢,p;j) — C, which means
small enough disks D;; C Si centered at [y (p;j) and small balls B;; C F¢ N
11;1(55) centered at p; ;. We assume that D;;, = D;j, if lg(pij,) = Iu(Pij,)-
Note again that these are germs of complex Morse singularities. With these
notations, we have the following result:

Proposition 8.1.5 Let a € P! and let i be fixed. The homology Milnor datum
H, ((F.N l,;l (Si), F.N l,;l (s;)) splits into the following direct sum

Dje Hp—1(Fc N lﬁl(Dz;/) NB;j, FcN lﬁl(sig) N B;;),

where 5;; € 0D;; are some fixed points. The restriction of the relative mon-
odromy hffl acts on the set of all pairs (F. N ZI;I Dij))NB;j, F.N ZI;I (sij) NB;j)
by permutations, more precisely hﬁfl is a diffeomorphism from one pair to
another one.

Proof We get by excision the following splitting:
Hyo1(Fe N1y (0, Fe N1y (50) = @Hyo1 (Fe N1 (Dig), Fe N (sig)),

where the direct sum is taken over the distinct disks D;;j, with fixed i. It also
follows by the above arguments that, for any fixed jo € R;, the map:

I : Fe 0y (Dij,) \ UBij — Dijy,

where the union is over all j € R; such that D;; = D; j,, is a trivial fibration.
Indeed, this map has no singularities at infinity and its fibres are transverse to the
spheres 0B, ;. The splitting of the homology follows. The second statement is a
consequence of the construction of the carrousel monodromy, more specifically
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of the fact that the lift of the carrousel vector field is tangent to the polar
curve. ]

The relative monodromy hfl does not act in general on each term of the
direct sum of Proposition 8.1.5. The interactions among the relative cycles are
prescribed by the global geometric carrousel monodromy. It may happen, for
instance, that one or more branches of the discriminant locus at d; are multiple,
being the images of more than one branch of the polar curve.

Remark 8.1.6 Let H € Q]’,”a as in Remark 8.1.2. Let p € F, N T'(ly,f)
such that p ¢ SingF,. Since p is a Morse point of the restriction of Iy to
F,, the polar curve is nonsingular at p and it cuts the nearby fibre F, at a
single point p; 1 within a small neighbourhood of p. The construction of the
carrousel monodromy then tells that the relative monodromy hif’l acts on the
pair (F. N 1;' (Di1) N Bi1, Fe N 1 (si.1) N Bip) as the identity.

Proposition 8.1.7 Let ¢ € C, d; € C, for some fixed i € {1,...,k} and
H e Q}’ o+ Then there is the following splitting:

(" = &L (),

where {b1,...,bg,} == Ty, f)NF, N l,;](é,-) and (h;‘;l)* denotes the local
relative monodromy of f with respect to /g, at the space germ (C", b;).

Proof By Remark 8.1.2, the map Iy : F.N l; (8;) — 4; is topologically trivial
at infinity, for all ¢ close enough to a. The carrousel monodromy shows that it
is also trivial away from some small enough polydisks P; := §; x B; centered
at b, forj € {1,..., g;}. We obtain the splitting:

Hyo1 (FeNly ' 80), FeNly ' (50)) = &L Hyo1 (PyNFNI ! (8:), PiNFNL (50))

and the monodromy acts on each term of the direct sum. These are just local
relative homology groups of f* with respect to /7, at the space germ (C", b;).
O

Proposition 8.1.8 Let H € Qj’! o+ I f has isolated ¢-singularities at a, then the
carrousel monodromy can be defined such that its restriction /4y, to a general
hyperplane H; := {lg = t} is the identity.

Proof As in the proof of Theorem 7.2.6, the t-singularities at infinity of f will
be denoted by Sing °°f. By the proof of Lemma 8.1.1 (see also [Ti4, §5.]), for
H e SZJ/Z , and for some general value of 7 we have:

dim Sing *°’fjz, N X, < dim Sing®f N X, — 1. (8.5)
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Since in our case f has isolated z-singularities, we get that the hyperplane H,
avoids the singular set (Singf U Sing*°f) N X, and is stratified transverse to
X,. It follows that the restriction fjy, has no z-singularities on the fibre X,
hence this fibre is typical for fg, . Therefore the monodromy of fg, around a is
isotopic to the identity. (]

8.2 Relative monodromy and zeta function

Zeta function formulae have been proved for special classes of polynomials:
in terms of Newton polyhedra (under nondegeneracy conditions, cf. [LS]), in
terms of the projective compactification of f (when this is nonsingular, cf.
[GN]), or using resolution of singularities and the fact that the zeta function is
a constructible function (see e.g. [GLM3]).

We show here how to deduce the zeta function of the monodromy of f around
an atypical value a € P! from the zeta function of the relative monodromy.

Definition 8.2.1 Let &, be the algebraic monodromy associated to a fibration
F — E — S! with bounded and finitely dimensional homology of the fibre
H,(F,C). Let H; denote the jth homology group. The zeta function of h, is the
following rational function:

&n, () = ]—[ det[(id — thy) : H; — H;]V"
j=0

With this sign convention, the degree of the zeta-function is equal to —x (M ).
The Lefschetz number of the monodromy h, is the following integer:

L(hy) =Y _(—1Ytracelh, : H; — Hj).
Jj=0

We refer to [Mi2, A’C2, L.e2, Til, ST1, GLM?2] for some aspects of the local
zeta function. We shall currently use the multiplicativity of the zeta function of
the monodromy acting on exact sequences, and the fact that the derivative at
t = 0 of the zeta function is equal to the Lefschetz number of the monodromy
L(hy).

We use the same notations as in the previous section. Let F’ be a general fibre
of the map (Iy,f), see Lemma 8.1.1, and let {irel(t) denote the zeta-function of
the relative monodromy (hffl)*,,-, in the notations of Lemma 8.1.4. As a conse-
quence of the localization of the relative monodromy, we have the following
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general zeta function formula for the monodromy (%,)4, with no restrictions

onf:

Theorem 8.2.2 Let f : C" — C be any polynomial function, a € C and
H C Qf . Let {d1,da,....dx} = Aly.f) NP, x {t = a} and assume that
dy = oo. Then the zeta function of the monodromy h, decomposes into a product

as follows:
k—1

S (©) = Gy © - L2 ® - [ [ 650,

i=1
where 8} is the pointed disk and Csr is the zeta function of the monodromyﬁ

acting on the space F. N l;l (85)-

Proof We decompose C = P! \ oo as the union D U 8; of a big closed disk
D and the pointed disk around infinity &, their intersection A := D N §;
being a thickened circle. The carrousel monodromy acts on these subspaces
and the zeta function of the monodromy on F, N[ I;1 (A) is equal to 1 by gen-
eral reasons (see e.g. [A’C2, Til]). A Mayer—Vietoris argument then yields the
equality:

Ch (O = Ep (V) - L5x (D),

where ¢p is the zeta function of the monodromy acting on the space
Fenlig' (D).

Next, D retracts to the union U;(8; U ;) of the disks §; C C and a collection
of simple nonintersecting paths y; connecting each §; to some exterior point
p € dD. Excising now lI;] (U;y4) in the relative homology H, (F ﬁlI;] (D),F.N
lf;] (»)), where F. N ZI;I (p) is a general fibre F’ of the map (Iy,f), and using
the proof of the second part of Lemma 8.1.4, we get the formula:

Ep(t) = Engyp (1) - l_[ e,
d[C(C

We obtain the claimed relation by comparing this with the previous formula
for ¢y, O

Isolated r-singularities. Proposition 8.1.3 tells that, if f has isolated
t-singularities at the fibre F;, then the variation of topology is localizable. Let
{a; | s =1,...,v} C X, be the r-singularities of f at the fibre F,, where some
of them may be at infinity. By definition, at each point a, there is a complete
system of ball neighbourhoods B, . within the space X, and of disks Ds centered
at a € C, such that the map

fi 1 (C"\ UsBy ) Nf ' (Ds) — Ds
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is a trivial fibration, for small enough ¢ > 0, 0 < § < ¢. Moreover, for any s,
the restriction

fi:C'N By Nf (D5 \ {a}) — Ds \ {a} (8.6)

is locally trivial, by Milnor’s fibration theorem 3.1.1, and L&’s fibration
theorem A1.1.2, respectively. The carrousel monodromy acts on the fibres of
these fibrations and on their boundaries. See also §3.2 for related facts. Let us
denote by ¢y, s(t) the zeta function of the monodromy induced by the local
fibration (8.6) on the pair (Fp; N By, Fe N B ), where ¢ € 0Ds. Under these
notations we have:

Proposition 8.2.3 If f has isolated ¢-singularities at F,, then:

%
G, (0 = (1= *FD T . (8.7)
s=1
Proof The carrousel monodromy acts on the homology exact sequence of the
pair (Fp,, F¢); we get that &, (t) = $Fp, ®) - g“(;ll) F )(t). Since by excision we
5 c
have the direct sum decomposition:

H*(FD,S’FC) i @sH*(FDg N Bs,s,Fc N Bs,a),
we get:

%
8y ) ®) = [ Chas(®)- (8.8)
s=1

Since the monodromy acts on Fp, as the identity and since x (Fp;) = x (Fy4).
(Note also that the relative homology H. (Fp;, F.) is concentrated in dimension

n — 1, by Theorem 3.2.1.)
Finally, for the affine isolated singularity a; € F,, the space Fp,; N By, is
contractible and therefore in the formula (8.8) we may replace the factor gj, ¢(t)

by (1 =671, (. O

Lefschetz number of the monodromy. A’Campo’s local result [A’C1] says that
the Lefschetz number of the monodromy of the germ of a singular holomorphic
function is zero.* In the global affine setting we have the following result:

Proposition8.2.4 Letf : C" — Cbeapolynomial withisolated -singularities
at the fibre F,. Then the Lefschetz number of the monodromy L(h,) satisfies
the relation:

L(ha) = x (Fa \ Singf) + Y L(ha|r.n5,,):

ageX®

where hq|F,np,, is the monodromy acting on the local nearby fibre F. N By ;.
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Proof We apply the Lefschetz number to the exact sequence of the pair (F¢, F\
UsBs.¢). By its definition the monodromy /4, acts as the identity on F, \ UgB; ¢
and so the Lefschetz number on this subspace is equal to its Euler characteristic.
We get:

L(ha) = x (Fc \ UsBse) + L(ha|(F. . F,\U;Bs.))-

We also have the diffeomorphism F, \ UgBs, =~ F, \ UsB, and we deduce
X (Fe \ UgBse) = x (Fg \ Singf). By excision, we get the direct sum splitting:
H,(F¢,Fe \ UgBs ) >~ @sH.(Fc N Bs ¢, F. N 0B ¢) on which the monodromy
acts. Moreover, the monodromy £, is trivial on all links F. N 0B, and these
have zero Euler characteristics since they are odd real algebraic manifolds. It
then follows that:

L(ha\(F.nB, . F.noB,,)) = L(ha|F,nB,,)-

Finally, A’Campo’s theorem [A’C1] tells that the Lefschetz number of the mon-
odromy at the affine points a, € F, is zero. Collecting all these formulas we
get the claimed formula. (]

Let us point out that unlike the local case where A’Campo’s theorem holds,
the Lefschetz number L(hqF.np,,) may be nonzero at 7-singularities at infinity
(see also some examples below).

Computing the relative monodromy at infinity. We consider the case of an
isolated singularity at infinity with A = 1. Then the local relative monodromy
action on the single relative cycle can be either +id or —id. When the dimension
is fixed, it appears that both cases are possible. This has to be contrasted to
the affine local setting, where the monodromy of a (n — 1)-cycle of a Morse
singularity is equivalent to (—1)"id, hence depends only on the dimension. We
illustrate by the following examples what is the relative monodromy in the
neighbourhood of infinity and present the two possible cases for the relative
monodromy of a A = 1 singularity.

Example 8.2.5 f : C> — C,f(x,y) = x +x?y, as in Example 1.1.2, cf. [Br2],
is the simplest polynomial with a noncritical atypical fibre, no critical fibres
and a single B-type singularity at infinity ¢ = ([0 : 1],0) € X§°, with &, = 1.

We may take / = x+y as a general function. The polar curve I'(Z, f) intersects
transversely a general fibre F; at 3 points and the atypical fibre Fy at 2 points, a;
and a>. We get cxt(l) =3, a(()l) = 2 and ocl(o) = oc(()o) = 3. Therefore x (F.) =0,
X (Fo) = 1. By Theorem 8.2.2, &, (t) = ¢ (t) - £+ () - [ 17 ¢ (t), where F’
is 3 points. By Remark 8.1.6, {fel(t) = {2“31(0 =(1-1).

We use the setting and notations of Proposition 8.1.5. The carrousel §*
centered at co € P! contains a small disk D centered at the unique point
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p = IT(f)NF,NI71(5%)). Let B be a small enough Milnor ball centered
at T'(L,f) N F. N 171(8*), and let s € dD. Then s+ (t) is equal to {p(t), the
zeta function of the carrousel monodromy acting on Hy (F. N1 “D)yNB,F.N
I=Y(s)NB) ~ H (I, 3I). The carrousel monodromy of the space F.N I=Y(s)NB
is isotopic to the monodromy of this space along a loop around both the center
of §* and the center of D. We decompose it into a simple loop around co € §
followed by a small loop around p. Since p is an A;-singularity of / restricted
to F,, the /l-monodromy of Hi (I, d1) around it is —id. The monodromy around
the point oo is also —id, by the following reason: the compactified curve F,
has an A, singularity at [0 : 1], if ¢ # 0 (and an A3 singularity if ¢ = 0). The
loop in F. around this point is the complex link monodromy of the germ of
F. (i.e. the monodromy of a general linear function on F,) and this is —id by
Exercise 8.3. It follows that s« (t) = (1 — t). Since Cho“w ®=0-1t)3, we
finally get ¢y, (t) = 1. Actually the monodromy £, is isotopic to the identity.

Example 8.2.6 [SiSm, ST5]f : C* — C, f(x,y) = x*y> 4+ xy + x.
There is a Morse singularity at (0, —1), on the fibre F(p and a singularity atinfinity
at[0: 1] € P! for the fibre F_ 1. Hence u = 1 and A = 1. The bouquet theorem

tells that the general fibre is homotopy equivalent to S v S'. We may take
I = x+y as a general linear form. Then I' (I, f) = {2xy> +y+1—2x%y —x = 0}
and its intersection with F; is 4 points, if t = 0 or t = —% and 5 points
for the other values of ¢. The fibre F' = F. N {x +y = s} is 4 points, for

generic s. We get ozgl) =5, oz(gl) = 3 and oe(_]i = 4. We now compute the

zeta-function of the monodromy 7 _ 1. In the carr40usel disk §* centered at g; =
I'(l,f) N F_1, the situation is similar to that in the first example. The only
difference is 4that the complex link monodromy in cause is this time the one
of an A3 curve singularity. Using Exercise 8.3, this shows that our carrousel
monodromy around 9§ is the composition (—id) o (4id), so Zs«(t) = (1 + t).
Finally, by Theorem 8.2.2, we get:

G, O=01-1 -0+t =1+t
iy

We may deduce from this that the monodromy 7 _ 1 acts on a certain basis of
absolute cycles by switching them.

The zeta function ¢, is easier to compute since it is localizable at the Morse
singularity (0, —1) and its local monodromy is the identity (acting on the local
cycle S1). Therefore, by Proposition 8.2.3 we get:

() = (1 = ) ¥ — g4 o, (O = 1,

ht
since Fp ~ S! and Shoo,-1) (t) = 1, in the notations of Proposition 8.2.3.
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8.3 The s-monodromy and boundary singularities

We consider a family P(x, s) of polynomials f; := P(:,s) : C" — C depending
polynomially on the parameter s. We show here, following [ST5], how to study
the topology of fy, up to a certain extent, by a certain type of monodromy in the
parameter space.

We have seen in §4.2 and §4.3 the phenomenon of i = A exchange, which
takes place whenever singularities of f; tend to some point at infinity of a com-
pactified fibre of fj (see for instance Theorem 4.2.5). In the F-class, this amounts
to the interplay between the affine singularities of the polynomial and the sin-
gularities of its compactified fibres on the hyperplane at infinity H°°. There are
finitely many one-parameter families of boundary singularities attached to sin-
gularities at infinity of the compactified fibres of a F-type polynomial. Arnold
has already remarked in [Ar2] that there is a close relation between the classifi-
cation of meromorphic germs of type H/Z? and the one of germs of boundary
singularities [Ar1]. As in §4.2, let us consider the total space associated to the
deformation P(x,s) = fs(x), which we assume of constant degree d:

Y = {([x: x0l,5.7) € P" x C x C | P(x,x0,5) — txg =0},

where P denotes the homogenized of P in the variables x. Let 7 : Y — C be
the projection to the ¢-coordinate and let o : Y — C denote the projection to
the s-coordinates. We use the notations in §4.2, Y, := Y N o), Yis =
YNt ') and Ysr =Y N ) = YirN o1 (s). Then Yy is the closure
in P" of the affine hypersurface fs’1 (1) c C*". Asusual, Y*° :=YN{xg =0} =
{P;(x,s) = 0} x Cis the hyperplane at infinity of Y. We have seen that Y \ Y*°
is nonsingular.

Definition 8.3.1 Let ¥ := (0,7) : Y\ Y* — C x C be the map induced by
the couple of projections. The affine critical locus I'p is the germ at P" x {0} x P
of the closure in P x C x P of the set of points where W is not a submersion.
Let us call affine discriminant and denote by Ap the germ at {0} x P of the
closure in C x P of the image W (I'p N (C* x C x C)).

It follows that I'p is a closed analytic set and that its affine part I'p N (C" x C x
C) is just the union, over s € C, of the affine critical loci of the polynomials f;.
We assume from now that P is a one-parameter deformation inside the F-class.
If T'p is not empty, then it is a curve. An irreducible component I'; of the germ
I"p can be of one of the following three types:

(1) : TyNn{oc = 0} € C" x {0} x C, which means that I'; is not in the
neighbourhood of Y*°.
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(2) :T;N{o =0} € Y is a point with finite #-coordinate.
(3) : T'; N {o = 0} is a point with infinite #-coordinate.

Let us decompose I'p = F}J U F%, U Ff, according to these types, see also
Figure 8.2.

Generic-at-infinity deformations of a polynomial. Let P be a one-parameter
deformation of constant degree d of a polynomial fy such that, for all s # 0,
f is generic-at-infinity (or G-type), according to Definition 4.1.4. We say that
these are generic-at-infinity deformations, for short G-deformations. There is an
equivalent way to define generic deformations of fj, within the class of degree
d polynomials, by asking that, for all s # 0, the total Milnor number () of f;
is maximum, equal to (d — 1)" (see Proposition 4.1.5).

Let D be a small disk centered at the origin in the s-coordinate space C and
let # € C such that D x {t} N Ap = @. There is a geometric monodromy of
the fibre Fy; over the circle 3D x {t}, which extends to a diffeomorphism of
Fp;, — Fp, isotopic to the identity.* We call it s-monodromy. The induced
monodromy on H, (F;,Z) is also called s-monodromy.

The s-monodromy clearly depends on the position of ¢, i.e. depends over
which branch of Ap the small circle dD x {t} is looping around. Figure 8.2
shows that there are three types of s-monodromies, corresponding to the three
types of loops: hgen for a generic value 1 ¢ Atypfo, hay for an atypical value
of ¢ and in both cases Ap N D* x {t} = @, and hj,s for f near to infinity such
that D* x {t} intersects the image of I" ?3.

Assuming that fj is F-type and that the deformation P is generic-at-infinity,
the fibres of the restriction to D x {t} of the map ¥ := (¢,7) : Y - C x C

L
A

Figure 8.2. The three types of monodromy

* We have denoted by Fp the space (C" x C) N o1 (D)N 71 ).
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have no singular points at the hyperplane at infinity H°°, except for the fibre
Yo,. Then let p; € Yg?t be such a singularity and let B; C Y be a Milnor ball at
pi- We assume that D is small enough such that (B;, D) is Milnor data for any
i. Then, by excision, we have the following direct sum decomposition of the
relative homology:

H,(Fpy, Fs;) = ®iH.(B;i N Fpy, Bi N Fy). (8.9)

Applying to our situation Theorem 3.2.1 and its proof, especially (3.19) and the
part following it, we may conclude that the relative homology H.(B;NFp;, BiN
Fj,) is concentrated in dimension 7.

To the pair of function germs (z, 7jy~) with isolated singularities at p;
(since we are in the F-class), one associates the pair of Milnor fibres (B; N
Y, Bi N Y$7). This is an example of boundary singularities, as defined by
Arnold who classified, among others, the simple germs, see [Arl, AGV2].Ina
subsequent work, Szpirglas [Sz] studied vanishing cycles of boundary singu-
larities, from the point of view of a certain duality between the pair of Milnor
fibres and their difference. As we have already mentioned, in his more recent
paper [Ar2], Arnold shows that the classification of meromorphic germs of type
H /Z% is closely related to the classification of boundary singularities (see also
Example 8.3.4).

Zeta-function of the s-monodromy. Let o, denote the zeta-function of
the generic s-monodromy hgen on Hy(Fy,). Since Fy, is a general fibre of a
F-type polynomial, its homology H, (F. 5.t) 1s concentrated in dimension n — 1
(cf. Theorem 3.2.1).

Proposition 8.3.2 Let P be a deformation of a F-type polynomial f within the
F-class and such that Yp; and Yl")‘ft are nonsingular. Then:

Caen () = (1= 700 Tlgg v, (0 - g5 e (D],

Proof The s-monodromy acts on the pair (Fp, Fs;) and is trivial on Hy(Fp ).
Moreover, x (Fps) = x (Foz)-

Since B; N Fp; = BiNYp,\ BiN Ylo)‘ft, from our hypothesis we get that
¢BinFp,(t) = 1. From the direct sum (8.9) on which s-monodromy acts, we
then get {(rp,.r, (V) =1; {gf%Fw t).

By using the Lefschetz duality or, alternatively, the multiplicativity of the
zeta-function, we get {p;nF,, in terms of the zeta-functions of the boundary
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singularity (Yo, YS‘;) at the point (p;, 0, 1):

é‘B,‘ﬂFSJ (t) = é‘BiﬂY;,, (t) : ;.B_IQYS,OI (t)

Then we apply the zeta-function to exact sequence of the pair (Fp, Fs ) and
get the claimed result by collecting the above formulas. U

Note that ¢p,ny,, and Cpnyss are the zeta-functions of its corresponding
boundary singularity (B; N Yy, B; N Y(7).

Note that in case ¢ is an atypical value of f, the proof of the above statement
works and yields the same formula for £,y (provided that the hypotheses of
Proposition 8.3.2 are fulfilled).

More developments about the s-monodromy can be found in [ST5] and [GS].
We end this section by two examples.

Example 8.3.3 Letf = x”y+ x, the Broughton example [Br2] of a polynomial
with no affine singularities and one singularity at infinity: £ = O and A = 1.
The A corresponds to a jump of the local type of F; at infinity from A to As.

Consider the deformation f; = x?y + x + sy>. This is a G-deformation of a
JF-type polynomial. The topological bifurcation set Bif f,fp consists of the axis
{o = 0} and the affine discriminant Ap, which has equation s = at*. We have
that Ap = Im F%, and that Ap is tangent to {o = 0}. This tangency implies that
the inequality in Theorem 4.2.5 is strict, and this forces A(0) > 0. For s # 0,
we have: u(s) = 4 and A(s) = 0. See also Figure 8.3, left-hand side.

Remark that the boundary singularity is of type (A2,A;) atthe point [0 : 1] €
Y(‘f’l, for t # 0, and of type (A3,A1) when ¢ = 0. For the zeta-function of the
s-monodromy, Proposition 8.3.2 can be applied since Sing Y and Sing Y°° are

A
A2 0 A2 Al A
/ A
A, c Aj c
Ay A,
Ay Ay

Figure 8.3. y3-deformation and y-deformation of Broughton’s example
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empty. This gives the following formulas:

11— 1-¢
1—t 1-—¢t’

11—t 1—¢
1—t 1-—¢t°

Caen(t) = Ly® =1 -7

In order to see the intermediate steps in the exchange p(s) +A(s) =440 —
0+ 1 = u(0) + A(0), we consider the following deformation from [SiSm]:

P(x,y;51,82,83) = X2y + x + 51y + $29° + 537°.

We get the following specializations:

s3#0 nw+r=4+4+0
s3=0, 520 #0 mu+r=3+0
s3=85 =0, 51 #0 mu+r=2+0
s3=s5y =5 =0 nw+Ar=0+1.

The discriminant of the particular deformation f; = x*y + x + sy is shown in
Figure 8.3, right-hand side.

Example 8.3.4 [ST5] According to Arnold’s study [Ar2], right-equivalence
of fractions is very near to right-equivalence of boundary singularities (with
respect to the hyperplane Z = 0). After [Ar2], the list of simple fractions of
type A (ZY,,’Z) is given in Table 8.1 (where Q> and Q3 denote quadratic forms in
the rest of the Y-coordinates).

We may observe that all the germs in Arnold’s listhave A = 0 and that they are
topologically trivial at infinity. However, deforming these singularities yields
an interesting behaviour, for instance one may get nontrivial s-monodromy.

Let us consider for instance the polynomial f = y**! 4 xX. By homogenizing
and localizing in the chart x = 1, this corresponds to the fraction A in Arnold’s
list (Table 8.1). The hypersurface F; is nonsingular and k-fold tangent to the
hyperplane at infinity H°°. Let us consider the following Yomdin deformation
(in particular, a G-deformation):

fs :yk+l —I—xk +sxk+l.

Then Y, intersects transversely H° for all # and all s # 0. Moreover, Yy, has
no singularity at H°® and is tangent to H* at the point [1 : 0] € H°.

We get that Im F}, is the s-axis {t = 0}, ['2 = @ (and therefore A(0) = 0)
and that Ff, has equation s5t = a (see Figure 8.4). A slice t = 1y will cut F?) at
k points, each of them being a singularity of Yy, ; of type A, for some s;.



8.3 The s-monodromy and boundary singularities 149

Table 8.1. Arnold’s list of fractions of type H | Z¢

Type Function Boundary type Conditions
Ay Y/zZ¢ (Ao, Ao)
Ar (Y4 Z 4 0y)/2¢ (A0, Ar) k>1,d>1
By (Y?+ZF+Qn)/z¢ (Ak—1,A1) k>2,d>k
Ce (Yr+YZ4+00)/7¢ (A1, Ar-1) k>3,d>1
Dy (Y];Yz + Y5 Z+03)/Z4 (Ao, Dy) k>4, d>1
Eg (Y% + Y3 +2Z+03)/2¢ (Ao, Ee) d>1
E; (Y% + YY) +Z+03)/27 (Ao, Ey) d>1
By (Y + Y%S +Z403)/2¢ (Ao, E3) d>1
Fy (Y’ +Z2+0y/2¢ (A2,A2) d>2
T Im T}
Im rpl
(e}

Figure 8.4. Yomdin deformation of the A; singularity

Since at H* we have a boundary singularity of type (Ag,Ay), the zeta-
function of the generic s-monodromy is, according to Proposition 8.3.2 (since
Sing Y and Sing Y*° are empty):

1— ’tk_H

— (1 _ - lktk
Lgen(t) = (1 — 1) e

Exercises

8.1 LetH € Q}’L If Ty, f)NF. =9, then Hj(F.,Z) =0, forj > n— 1.

82 Leta € C and ¢ € X N T'(lg,f). Then #(q) = oo. (Hint: use the
transversality condition of H € Q}”a.)

8.3 Show that the complex link monodromy of the germ of a Ag-type curve
singularity is (—1)*~lid.

8.4 Let P be any deformation of a F-type polynomial fy and let ¢, := %—f (x,0).
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In the notations of §4.2, prove that:
(1) Y is nonsingular if and only if ¥¢ N {¢py; = 0} = @. In this case the
critical set of themap o : Y — Cis X9 x C C Yy .
(i1) Y is nonsingular if and only if Wy N {¢; = 0} = @. In this case the
critical set of the map o) : Y — Cis Wo x C C Y.

8.5 Let P be a deformation within the F-class. Then I' 12, N{xp =0} C g X
{0} x C and F;; N {xo = 0} C Wy x {0} x {oc}.

8.6 Let P be a G-deformation of a F-type polynomial fy. If for some ¢ € C,
Yo, is nonsingular and tangent to H°°, then F?, # 0.

8.7 Let P be a deformation within the F-class and assume that the total space
Y is nonsingular. If for some ¢ € C, Yo, has singularities on H>°, then
all branches of Ap which are images of branches of Fl% are tangent to the
T-axis.
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Vanishing cycles of nongeneric pencils
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Topology of meromorphic functions

In this chapter we show how to extend the topological study of holomorphic
functions to the class of meromorphic functions, in the local or global settings.
At the same time, polynomial functions f : C" — C can be viewed as a
special case of global meromorphic functions, as we explain next. Since a
meromorphic function defines a pencil of hypersurfaces, our approach contains
and generalizes the theory of Lefschetz pencils.

9.1 Singularities of meromorphic functions

Let us introduce some terminology. A meromorphic function, or pencil of hyper-
surfaces, on a compact complex analytic space Y, is a function F: ¥ --» P!
defined as the ratio of two sections P and Q of a holomorphic line bundle over
Y. Let us note here that if Y is projective, then the Kodaira embedding theo-
rem ensures the existence of global holomorphic line bundles, hence of global
meromorphic functions.

Our meromorphic function F = P/Q is then a holomorphic function on
Y \ A, where A := {P = Q = 0} is the base locus of the pencil (also called
axis, or indeterminacy locus). A germ of meromorphic function f: (),y) --+
P! on a space germ (), y) is the ratio f = p/q of two holomorphic germs
p.q: (V,y) --» Cl. By definition, f is equal to f = p'/q/, as germs at y, if
and only if there exists a holomorphic germ u such that u(y) # 0 and such
that p = up’, ¢ = uq’. Note that f is holomorphic on the germ at y of the
complement ) \ A of the axis A = {p = g = 0}.

We focus on a special type of singularities of the meromorphic functions,
those occurring along the indeterminacy locus. We shall see that the following
definitions naturally extend those for polynomial functions that we have used

153
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in Parts I and II, and those for certain classes of regular functions on affine
varieties used in [Ti4]. Our exposition relies on [ST6,Till, Ti8, Til2].

From another viewpoint, Arnold [Ar2] studied germs of fractions P/Q, where
P and Q are polynomials, with respect to several equivalence relations such as
the right-equivalence, see also Example 8.3.4.

Nongeneric pencils. We define a new space by blowing-up along the base locus
A. The idea of this construction is due to Thom and was used by Andreotti and
Frankel [AF] in case of generic pencils on projective manifolds.

Definition 9.1.1 Let G := {(x,[s : f]) € (Y \A) x P! | F(x) = [s : 1]} be
the graph of F, where the value oo is identified with [0 : 1]. Let Y denote the
analytic closure of G in Y x P!, namely:

Y = {(x,[s:¢]) € Y x P! | sP(x) — tQ(x) = 0}.

In case of the germ of a meromorphic function at (), y), we similarly define
the corresponding space germs, which we denote by (G, (y,[s : t])), resp.

(Y, (v, [s = 21).

This is a hypersurface in ¥ x P! obtained as a Nash blowing-up of ¥ along
A. Tt follows that A x P! C Y. Since G is the graph of the restriction Fir\a,
one has the analytic isomorphisms G ~ ¥ \ A ~ Y \ (A x P!). The projection
7:Y > Plisa proper extension of the function Fjy\4. We may also say
that the projection Y S Yisa blow-up of Y along the axis A, such that the
meromorphic function F: ¥ --» P! pulls back to a well-defined holomorphic
function 7 : Y — Pl

Y

l\\’l ©.1)
F

Yy ——> pl

We shall also consider the restriction of F (respectively that of a germ f) to
X =Y \ V, where V is some compact analytic subspace of Y. Let us denote
X :=YN (X xP). The case V = {Q = 0} is of particular interest, as we shall
see in the following.

Specializations. In the general setting, a meromorphic function (as a global
object or as a germ) defines a pencil of hypersurfaces on each of the spaces
defined above: Y, X, Y, Y \ A, or X = Y \ V. The total space Y contains
all these pencils. The members of the pencil are the fibres of the projection
7 to Pl
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meromorphic meromorphic
global functions germs
l \ polynomial

functions hol i
Lefschetz pencils olomorphic
germs

complex Morse
theory

Figure 9.1. Specialization of topics

v

ll

This approach covers alarge field, as described in Figure 9.1. For instance, the
class of holomorphic functions (respectively germs) represents the case when
A = (. The class of polynomial functions, studied in the preceding sections,
is embedded in the general context as follows: if f: C* — C is a polynomial
of degree d, let f denote the homogenized of f by the new variable xy and
let H* = {xo = 0} be the hyperplane at infinity. Then f—d: P --» Plisa
meromorphic function on Y := P, which coincides with f 0on P*\ H*. Here
we have V = H* and the axis A := {f; = 0} C H°°. We point out, however,
that this meromorphic extension of a polynomial f is far from being unique.
We refer to page 158 where we explain the extension into a weighted projective
space, and also to [Ti4] for more general extensions.

Finiteness of atypical locus. As in the case of polynomials (see Corollar-
ies 1.2.13, 1.2.14), we may show that any pencil F' (on Y or on Y \ V) has
finitely many atypical members in either local or global settings. This finite-
ness result originates in Thom’s work [Th2] and the arguments run as follows.
We endow the space Y with a Whitney stratification VV such that A and V \ A
are unions of strata. Then we restrictitto ¥ \ A ~ Y \ (A x P!) and finally we
extend it to some Whitney stratification S of Y, by the usual arguments (see
e.g. [GWPL]).*

In case of a germ at (), y) of a meromorphic function, we consider the germ
of such a Whitney stratification at {y} x P! c V.

As in §2.2, let us consider the singular locus of 7 with respect to S, i.e.:
Sing g := Usﬁes Sing7s,. This is a closed analytic subset of Y, due to the
finiteness of the strata of S and to the Whitney conditions.

* A similar strategy has been used for the simpler version of polynomial functions in §2.2.
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Proposition 9.1.2 There exists a finite set A C P! such that the map 7 :
Y\ 7~ '(A) — P!\ A is a stratified locally trivial topological fibration (and it
is C*° along the strata).

In particular, the restrictions 7| : X'\ 7' (A) - P'\ A and F:Y\ (AU
771 (A)) — P!\ A are stratified locally trivial fibrations.

Proof Since 7 is proper and since Sing g is closed analytic, the image set
A = m(Sing gm) is analytic and strictly included into P!, hence finite. By
using the Thom—Mather isotopy lemma [Th2], see §A 1.1, we get the stratified
topological triviality of = over the complement P! \ A. (]

Singularities at the indeterminacy locus. In this approach, the singularities of
the meromorphic function F' along the indeterminacy locus A are the stratified
singularities of 77 at (A x P')NY. In order to define the type of singularities which
are general enough, and can be reasonably handled, we shall use a partial Thom
stratification as defined in Appendix Al.1, instead of a Whitney stratification.
The former is a more general type of stratification since it does not require the
Whitney (b)-regularity condition. Nevertheless, it allows us to study topological
aspects, including the homotopy type, at least for isolated singularities, in both
local or global contexts.

Let G = {Gylaes be a locally finite stratification of Y. Let & := (y,a) €
A x P! be a point on a stratum G,. We assume, without loss of generality,
that a # [0 : 1]. Let f = p/gq be our meromorphic germ at ()/,y), a local
representative of the germ of F at (Y,y). Then ¢ = 0 is a local equation
for A x P! at &. The Thom regularity condition (a,) at § € G, is satisfied
(cf. Definition A1.1.1) if for any stratum Gg such that G, C g_ﬂ the relative
conormal space of g on g'ﬂ is included into the conormal of G,, locally at &,
ie., (Téa )e D (Tt;kl@)s' We have shown in Lemma 1.2.7 that this condition is

independent on ¢, up to multiplication by a unit.

Definition 9.1.3 Let G be a locally finite stratification on Y. Assume that Y \
A and V \ A are unions of strata and that they coincide with the strata of
some Whitney stratification W on Y \ A. We say that G is a partial Thom
stratification (dt-stratification) if Thom’s condition (a,) is satisfied at any point
EcAxP CY.

Inparticular, the subsets X, Y\ X, A xP! and (ANX ) x P! are unions of strata of
G. This stratification is suitable for the fibration statements, Propositions 9.1.2
and 9.1.5, and will also be used in the definition of the geometric
monodromy §9.4.

We may extend a Whitney stratification on Y \ A to a locally finite dt-
stratification of Y, by usual stratification theory arguments (see e.g. [GWPL]).
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For instance, the Whitney stratification S of Y that we have considered in

Proposition 9.1.2 is an example of d7-stratification, see Theorem A1.1.7 for the
2

reason.

Definition 9.1.4 Let G be some d7-stratification on Y. We say that the following
closed subset of Y:

Sing g F := Ug, cgclosure(Sing g, )

is the singular locus of F with respect to G. We say that F' has isolated G-
singularities if dim Sing gF <0.

For the singular locus of a germ f, one modifies this definition accordingly.
There is an inclusion Sing g7 C Sing gF by the above definitions and remarks.

We shall focus in the following on the new type of singularities, those along
the blown-up indeterminacy locus A x P!,

Local fibrations. Let us define the local fibration of a meromorphic germ. This
generalizes the fibration of a holomorphic germ on a singular space (introduced
by Lé D.T. [Lé3]). We shall see that it appeared in the particular cases of
the localization at the singularities at infinity of a polynomial function, see
e.g. §3.2.

Letf : (Y,y) --» P! be a meromorphic function germ. In the notations of
Definition 9.1.1, to every a € P!, we associate the germ iy g - (Y, (v,a)) —
P!. Considering the subset X = ¥ \ V C Y, this map restricts to X C Y and
we have a germ f : (X, (y,a)) — C, where the point (y, a) belongs to X or to
the closure of X in Y.

When the point y does not belong to the axis A, then we have the classical
situation of aholomorphic germ. Actually the point (y, a) is uniquely determined
by y.

In case y € A, we get a different germ for each a € P'. Let us see what is
the local fibration at (y,a) in this case. Let S be a Whitney stratification of Y
such that Y \ X is a union of strata. For all small enough radii ¢, the sphere
S, = 0B, (v,a) centered at (y, a) intersects transversally all the finitely many
strata of Y at (y, a). We use the notations: Yy := 7Y W), Xw = XN Yy,
for any subset W C P!. We then have the following general result:

Proposition 9.1.5 For any (y,a) € A x P! the restriction:

7 : Xp N Bs(y,a) — D*. (9.2)
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is a locally trivial fibration. The restriction:
7 :XpNB:(y,a) > D 9.3)

is a stratified trivial fibration, for all € P! \ A.

Proof Lé D.T. [LE3] showed that, if ¢ and the radius of D are small enough,
then the projection 7 : Yp N B.(y,a) — D restricts over D* to a stratified
locally trivial fibration. The restriction to Xp= is also locally trivial, since Xp
is a union of strata.

For the second claim, let us remark that, if y is fixed, then a priori the
fibration (9.2) varies with the parameter a, including the fact that the radius ¢
of B;(y,a) may depend on the point a. To conclude, we use Proposition 9.1.2,
which shows that 7 is a stratified locally trivial fibration over P! \ A, within
some neighbourhood of {a} x P! C Y, and that A is a finiteset. O

This yields the following natural definition:

Definition 9.1.6 We say that the locally trivial fibration (9.2) is the Milnor-Lé
fibration® of the meromorphic function germ f at the point (y,a) € X.

Fibres of polynomial functions, revisited. A polynomial functionf : C" — C
may be extended to a meromorphic function on a compact space, but neither
the space nor the meromorphic function are unique. Let us introduce a more
general extension.

The weighted projective compactification. We shall consider here the embed-
ding of C" C P(w) into a weighted projective space P(w) := P(wy, ..., wp, 1).
We associate to each coordinate x; a positive integer weight w;, fori € {1,...,n}
and take a new variable z of weight 1. Then P(w) is the space of orbits under
the C*-action on C"*1 \ {0} given by A - x = (A" xq, - - - A" x,,, Az). When the
weights w; are equal to 1, we get the usual projective space P".

Letus write f = fy +fa—x +fa—k—1+-- -, where f; is the degree i weighted-
homogeneous partoff andf;_ # 0.Let f be the homogenization of f of degree
d, by the variable z. We get a meromorphic function f /2% onP(w) and the Nash
blown up space Y := {sf — 19 = 0} ¢ P(w) x P!, Since P(w) is an orbit
space of the C*-action on C"*1 \ {0}, it has a canonical Whitney stratification
by the orbit type (see e.g. [Fer] or [GWPL, p. 21]), which is moreover the
coarsest Whitney stratification. We have the identification C" = P(w) \ {z = 0}
and so the singularities of P(w) are contained in the part at infinity {z = 0}.
We take the product stratification on P(w) x C. This restricts to a stratification

* One may lookup Theorem A1.1.2.
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on the subspace X C P(w) x C and we then consider the coarsest Whitney
stratification S on X which refines it. Then Y \ {z = 0} >~ C”" is a stratum
of S. Let

Y(w) = {gradfy =0,f;_r =0} C P(w) N {z =0}. 9.4)

The set of singularities of the pencil defined by f onY' := Y is by definition
Sing gp N'Y’. We have the following generalization of the inclusion B-class C
W-class. See Exercise 9.1 for an extension of this result.

Proposition 9.1.7 [LiTi] If dimSingf < 0 and if dimX(w) < 0, then
dim Sing gp N Y <.

Proof Let Y™ := {z = 0} C Y. Since the singularities of p on C" = Y\ Y'*®
are of dimension < 0 by hypothesis, we only have to control the singularities
of pat Y = {f; = 0} x C Cc (P(w) N {z = 0}) x C. We shall prove that
Y'*® NSinggp C Z(w) x C.

Consider the hypersurface Y’ defined by the same equation sf — 1z = 0 but
this time in (C"*1\ {0}) x C. Notice first that the subset Y Nn{z=0}n {fa =
0} \ {gradf; = 0}) is contained in the regular part of Y’. Since the C*-action
on the factor C of P(w) x C is trivial, the strata within Y’ N {z = 0} N ({fy =
0} \ {gradf; = 0} x C) are products by C. It then follows that p, which is the
projection to C, is transversal to these strata.

Next, at some point £ = (gq,0,1%)) € Y N {z=0}N({gradfy = 0} \ {fa—k =
0}), we claim that there exists, locally at £, a Whitney stratification of Y’ with
the property that its strata are product-spaces by the ¢-coordinate (i.e., if (p, t)
belongs to a stratum, then (p,t’) belongs to the same stratum for all t € C).
Indeed, the local equation of Y is f (x,2) — = 0 and this can be written as
fu1(x)+2z5g = 0, where g(x,z,1) = fy_i (x) +zh(x, z,t). Since fy_;(q) # 0, we
can define, locally at &, a new coordinate z’ = z.}/g, by choosing a kth root of
g. It follows that, locally, our hypersurface is equivalent, via an analytic change
of coordinates at &, to the product of {f;(x) + (z’ ¥ = 0) by the #-coordinate.
Consequently, there exists a local Whitney stratification at & which is a product
by the 7-coordinate. Notice that {z’ = 0} corresponds to {z = 0} at £, hence the
complement of {z" = 0} is nonsingular too. Taking the C* quotient, we obtain
a Whitney stratification which is also a product by C. It is, locally, a refinement
of our coarsest stratification S on Y’. Again p is transversal to such strata.

This proves that Singgp N'Y' C X(w) x C. Since dim (w) < 0, the set
¥ (w) x C is a finite union of complex lines. The map p is transversal to such
a line, so singularities of p on X (w) x C can occur only if X (w) x C contains
point-strata of S. But there can only be finitely many such point-strata. This
ends our proof. O
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9.2 Vanishing homology and singularities

Generalities on the vanishing homology. We define the vanishing homology
attached to a global meromorphic function and relate it to the singularities along
the indeterminacy locus. The vanishing homology turns out to detect the change
of topology of the fibres.

Notations. Let a; € A be an atypical value of 7 and take a small enough disk
D; at a; such that D; N A = {a;}. Let us fix some point s; € dD;. As before, for
any subset W C P!, we use the notations Yy and Xy but also the following
(recall (9.1)): Yy 1= o (@~ L (W), Xw := X N Yy, A" := AN X. We have by
definition X; = X for any s € P! and, in case A’ = ¢, we have Xy = Xy for
any W. We may also prove the following:

Lemma 9.2.1 For any W C P!, the space Yy (resp. Xy ) is homotopy equiv-
alent to the space Yy (resp. Xy ) to which one attaches along A x W (resp.
A’ x W) the product of A x Cone(W) (resp. A’ x Cone(W)). In particular, if W

. . ht ht
is contractible, then Yy >~ Yy and Xy >~ Xy .

Proof The first statement follows directly from the definition of the spaces Y

h
and X. Whenever W is contractible, we have A x Cone(W) :t A x W, which

implies the homotopy equivalences:
ht ht
Yw >~ Yw Uaxw (A x Cone(W)) >~ Y.

ht
The same argument applies to Xy and we get Xy ~ Xy . (]

Definition 9.2.2 We call vanishing homology of F|x at a; the relative homology
H*(XD,’7XYI')'

Remark that H.(Xp,, X;;) >~ H+(Xp,,Xy,;), by Lemma 9.2.1. The vanishing
homology of meromorphic functions has of course its straightforward local
counterpart. It is a natural extension of the vanishing homology of local holo-
morphic functions. In the latter case, the total space of the Milnor fibration [Mi2]
is contractible, by the local conical structure of analytic sets [BV]. For local or
global meromorphic functions, the space Xp, may be not contractible and the
general fibre X inherits from its homology.

Let s € P!\ A be a general value, situated on the boundary of some larger
closed disk D C P!, such that D D D, Ya; € A. We identify X, to Xj,, in the
following explicit manner. For each i, take a path y; C D from s to s;, with the
usual conditions: the path y; has no self intersections and does not intersect any
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other path y;, except at the point 5. Then Proposition 9.1.2 allows identifying
X, to Xy;, by parallel transport along y;.

The following general result tells that vanishing homologies can be ‘patched’
together:3

Proposition 9.2.3 Let F : Y --» P! be a meromorphic function and let X :=
Y \ V. Then:

(a) H*(XD?XS) = eaa,'EAH*(XDi’XS,')'
(b) The long exact sequence of the triple (Xp, Xp,, Xs) decomposes into short
exact sequences which split:

0 - H.(Xp,,X;;) - H.(Xp,X;) - H.(Xp,Xp,) = 0. 9.5

(c) There is a natural direct sum splitting:
H.(Xp,Xp,;) = @ajen jziHs(Xp;, Xy).

Proof By Proposition 9.1.2, the fibration F| : Y\ ((V xPhur~1(A) — P\ A
is locally trivial. Its fibre over some b € P! \ A is, by definition, X;. We then
get a sequence of excisions:

BuenHy(Xp,, Xs) —> Hy(Xp N7~ (UgeaDi U 1), Xy) —> Ho(Xp, Xy).

This also shows that each inclusion (Xp,, X;;) C (Xp, X;) induces an injection
in homology H, (Xp,, X;;) < H.(Xp, X;). The claims (a), (b), (c) follow easily
from this and from the isomorphism H,(Xp,, X;;) ~ H.(Xp,, X,;) implied by
Lemma 9.2.1. [

One would like to say that vanishing homology is supported at the singular
points of F but the typical problem for a meromorphic function is that part of
its singularities are outside the ground space X. This explains why we need
a larger space like Y to define singularities: with this definition, the support
of vanishing cycles is clearly included into the singular locus of 7 on Y. This
recalls Deligne’s result [De] in cohomology: the sheaf of vanishing cycles of
a holomorphic function / on a nonsingular space is supported by the singular
locus of A.

Isolated singularities and their vanishing cycles.We shall further investigate
the relation between singularities and vanishing homology, in case of isolated
G-singularities (cf. Definition 9.1.4), following [Til 1, ST6].
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We show that if the singularities along the indeterminacy locus are isolated,
then we can localize the variation of topology of fibres. The same type of
phenomenon exists in the previously known cases: holomorphic germs [Mi2]
and of polynomial functions, cf. Proposition 8.1.3 (see also [Ti4, 4.3]). This has
consequences on the problem of detecting the variation of topology, especially
when the underlying space Y has maximal rectified homotopical depth (i.e.
rhd Y > dim Y, see the definition below).4

Definition 9.2.4 LetZ be acomplex space endowed with some Whitney stratifi-
cation W and let W' denote the union of strata of dimension < i. After [HmL1],
we say that rthd yZ > m if, for any i and any point x € Wi\ Wi~!, the homo-
topy groups of (Uy, U, \ W) are trivial up to the order m — 1 — i, where {Uy}
is some fundamental system of neighbourhoods of x.

It is shown in [HmL1] that this does not depend on the chosen Whitney
stratification, and therefore we only use the notation rhd Z. A similar definition
holds in homology instead of homotopy, yielding the notion of rectified homo-
logical depth, denoted by rHd, which is a weaker condition. Let us point out
that, according to [LM], if Y is a local complete intersection of dimension n
at all its points, then rhd Y > n (and therefore rHdY > n). Saying that the
‘variation of topology is localizable’, we mean that there exist small enough
balls in Y centered at the isolated singularities such that, outside these balls, the
projection 7 is a trivial fibration over a small enough disk centered at a € P'.
The proof of the following result, in the general case of meromorphic functions,
has the same structure as the proof of Proposition 8.1.3 and we may safely leave
it to the reader.

Proposition 9.2.5 (localization of topology)
Let F have isolated singularities with respect to some d7-stratification G at
a € P! (i.e. dim Y, NSing ¢F =< 0). Then the variation of topology of the fibres
of m at X, is localizable at those singularities.

As in the particular settings of holomorphic germs and of polynomial func-
tions, the localization result implies that the vanishing homology is concentrated
at the isolated singularities.

Corollary 9.2.6 Let F have isolated singularities with respect to G at a € P!
and let Y, N SinggF = {p1,...,pr}. For any small enough balls B; C Y
centered at p;, and, for small enough closed disk centered at a, s € D, we have:

H.(Xp,X;) ~ &*_ H,(Xp N B;, X, N B)). 9.6)
O
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Polar curves. We show that an isolated singularity with respect to the stratifi-
cation G, at some point of A x P! C Y, is detectable by a certain local polar
curve.

Definition 9.2.7 Let& = (y,a) € A x P! andletf = p/q alocal representative
of F at &. Then the germ at £ of the polar locus is the following space:

['s(, q) := closure{Sing 5 (7, q) \ (Singgm U (A x IP’I))} c Y.
An easy exercise yields the following isomorphisms:

Ce(m,q) = Te(f,q) ~Te(p,q).

Let us point out that the multiplication by a unit # may change the polar locus,
i.e. I'e (7, ug) is in general different from I'¢ (7, g). Nevertheless, if the space
Y is ‘nice enough’ (for instance if tHdY > dim Y), then the local vanishing
homology H, (Xp N B;, Xy N B;) is concentrated in one dimension only. We have
the following more precise statement:

Proposition 9.2.8 Let £ = (y,a) € A x P! be an isolated singularity of F
with respect to G and let f = p/q be a local representative of F. Then, for
any local multiplicative unit u, either the polar locus I'¢ (77, ug) is empty or
dim e (r,uq) = 1.

If moreover Y is of pure dimension m andrHd (Y \A) > min some neighbour-
hood of &, then the intersection multiplicity intg (I's (7, ug), Y,,) is independent
of the unit u.

Proof Let ]P’T[;k be the projectivized relative conormal of g. We use the
independence of IP’T,;“q from the multiplicative unit u, cf. Lemma 1.2.7.

The proof goes like the one of Theorem 2.1.7. Since dim IP’T; =m+ 1,
it follows that I'¢ (7, ¢) is either empty or of dimension at least one. On the
other hand, since & is an isolated G-singularity on A x P!, the intersection of
the polar locus with the divisor A x P! s, locally, included in {£}; therefore
"¢ (7, @) has dimension at most one. This proves that dim I'¢ (7, ¢) = 1 and the
same argument holds for ug instead of g. As in the proof of Theorem 2.1.7, the
polar loci I'¢ (7, ug) are simultaneously either empty or of dimension 1, for all
u, and this depends only on the space of characteristic covectors at A x P!, see
Definition 1.2.9.

To prove the second statement, we assume that we are in the nontrivial case
dim I'g (;r, ¢) = 1. Consider the Milnor-L& fibration of the function 7 at £ (see
Theorem A1.1.2):

7T Yp«NB — D*, 9.7)
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as explained at the end of §9.1, where B is a Milnor ball centered at & and D
is small enough. The restriction of ¢ to Y N B has a finite number of stratified
isolated singularities, which are precisely the points of intersection Yy N B N
['(7,q). Since cylindrical neighbourhoods are conical, cf. [GM2, p. 165], it
follows that Yy N B is homotopy equivalent to Yy, N B N ¢~ !(8), where § is a
small disk at 0 € C such that Y, N BN T (7r,q) = g ' NY,NBNT(m,q).
Let us now take a very small small disk § centered at 0 € C such that q’l (5) N
Y,NBNT (7, q) = ¥. By astratified retraction, it follows that g~ (8) NY;NBis
homotopy equivalent to the central fibre g~ ! (0) N Y, NB. Since the hypersurface
g~ (0) is the product A x P!, the central fibre g~ ! (0) N Y N B is contractible;
hence g~ !(8) N 'Y, N B is contractible too.

The total space Yy N B g g~ '(8) N Y, N B is built by attaching to the
space ¢! & NY,NB finitely many cells, due to the isolated singularities of
the function ¢ on ¢~ (8 \ 8)NY,NB. By assumption rHd (Y \ A) > m and
Hamm-Lé&’s [HmL1, Theorem 3.2.1] tells us that taking a hypersurface slice
lowers rHd by at most one, hence rHd (Y \ A) > m — 1. It follows that each
singularity of ¢~1(8 \ 8) N'Yy N B contributes with cells of dimension exactly
m— 1, and the number of cells is equal to the corresponding local Milnor number
of the function g. The sum of these numbers is, by definition, the intersection
multiplicity intg (I' (77, @), Yo).

We have shown that:

dim Hy, 1 (Yy N B) = int(C¢ (7, 9), Y,) 9.8)

and that fI,-(YS N B) = 0 for i # m — 1. This proves our claim since the proof
is the same when replacing g by ug. ]

The polar locus defines a numerical invariant which measures the number of
‘vanishing cycles at this point’.

Definition 9.2.9 We say that int(I's (7, g), Y,,) is the polar number at & of w
with respect to g.

We can get more precise results when lowering the generality; let us consider
the following condition:

(%) X :=7Y \ A has at most isolated singularities and rHd X > dim X .

This is more general than the setting of polynomial functions on C", which
we have considered in Parts I and II. Under the condition (x) we have
SinggF N (A x P') C SingY N (A x P'). In the notations of Corollary 9.2.6,
the Lefschetz duality for polyhedra, cf. [Dold, p. 296], see also [Br2, p. 238],
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implies the following duality:
H.(Xp N Bi,Xs N By) >~ H*™ *(Yp N B;, Y; N By,
where m = dim,, Y. Since Yp N B; is contractible, we get:
H.(Xp N B;, X, NB;) ~ H* '=*(Y, N By). 9.9)

Comparing (9.9) to Definition 9.2.2, Corollary 9.2.6 and (9.8) from the proof
of Proposition 9.2.8, we get:

Corollary 9.2.10 Let F' be a meromorphic function on Y such that the con-
dition (x) is satisfied. Let £ = (y,a) € A x P! be an isolated singularity of
F with respect to G. Then the number of vanishing cycles of Fiy\4 at & is
Ag =int(lg (, q), Y,), where m = dimg Y,,.

Milnor numbers. Let us assume that, in addition to the condition (x), the
hypersurface Y, has an isolated singularity at £ € A x {a}. Since (Y,,&)
is a hypersurface germ in Y, it has a well-defined Milnor—L¢& fibration (see
Theorem A1.1.2), and, in particular, a Milnor number, which we denote
by u(a).

It follows that the family of hypersurfaces Y, has isolated singularities at
A x P, for s close to a. There is a well-defined Milnor number w;(s) at each
hypersurface germ (Yy, &;(s)), where &;(s) — £ ass — a, 1 <i < k. In case
SingY is just the point &, we consider that u;(s) = 0, Vi.

It also follows that SingY is a curve at & and this curve intersects Y at the
points {&;(s) }fle for all s close enough to a. We have the following computation
of the number A¢ = int(I's (77, g), Y,,) of vanishing cycles at &:

Proposition 9.2.11 Let F' be a meromorphic function on Y satisfying the
condition (). Let dimg SingY, = 0. Then:

k
e = (@) — ) i),
i=1
Proof Consider the function:
G=p—sq: ¥ xCé&ls) — (C0).

For any fixed s, this function is a smoothing of the germ (G = 0,&;(s)) =
(Y, &i(s)). Since £ is an isolated singularity, the polar locus at & of the map
(G,7) : Y x C — C2, defined as I'e (G, ) = closure{Sing (G, ) \ Sing G},
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is at most a curve. By using polydisk neighbourhoods5 (Py X Dgy) at & in
Y x C, we may show that (G, )~ (n,s5) N (P4 x Dy), for s close enough to
a, is homotopy equivalent to the Milnor fibre (G, 7)™ (17,a) N (P, x Dy) of
the germ (Y,, £). To obtain from this the space 7~ (s) N (P, X Dg), we have
to attach a number of m cells, where m := dimg Y. Part of these cells come
from the singular points £;(s) € SingG N 7! (s) and, by definition, their total
number is Zle 1i(s). The other part of the cells come from the intersection
with I'¢ (G, r) and their number is r = int(I's (G, ), 771(0)). We claim that
ris equal to dim H,,_1 (Y N B), which is equal to the number A¢ of vanishing
cycles at &, by (9.8). This follows from the fact that 771(s) N (Py x Dy) is
contractible, since it is the Milnor fibre of a linear function # on a smooth space.
We therefore have the following equality: n(a) = r + Zle i (s). O

We refer to Corollary 9.3.3 for the counting of the total number of vanishing
cycles. Let us give an examples of meromorphic functions on P?; other examples
may be found in [Til1, ST6].

Example 9.2.12 [ST6] Let

F-Y=P_-_5P! sz

' ’ yPz4
wherea +b+1=p+qganda,b,p,q > 1. For some s € C, the space Y is
given by:

x(@TP 4 xyP) = syP 4 (9.10)

SingY N (Y x C) consists of three lines: {[1:0:0],[0:1:0],[0:0: 1]} xC.
We are under the assumptions of Proposition 9.2.11 and we inspect each of
these three families of germs with isolated singularity to see where the Milnor
number jumps.

Along [1 : 0 : 0] x C, in chart x = 1, there are no jumps, since the germs
have uniform Brieskorn type (b, a + b). Along [0 : O : 1], in chart z = 1, there
are no jumps, since the type is constant A, for all s. Along [0 : 1 : 0], in chart
y = 1, for s # 0, the Brieskorn type is (a + 1, g), with u(s) = a(g — 1). If
s = 0, then we have x4t 4 xz¢t? = 0 with 1 (0) = a® + ab + b.

There is only one jump, at & = ([0 : 1 : 0],0). By Proposition 9.2.11 we get
Ag =a>+ab+b—alg—1)=b+ap.
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9.3 Fibres and affine hypersurface complements

We still denote by A the axis of some meromorphic function F : ¥ --» P!
and X := Y \ V. We recall that for any subset W C P!, we use the notations
Yw, Xw and Yy := o (p~'(W)), Xw := X N Yw, A’ := AN X. In case of
isolated singularities with respect to the partial Thom stratification G (for short:
G-singularities), we have the following result on the relative homotopy type:

Theorem 9.3.1 [ST6,Till] Let D C P! be some open disk and let AN D =
{a,-}‘?:1 be the set of atypical values of F within D. Let s € D\ A be some typical
value of F. For all 1 <i < p, let F have isolated G-singularities at Y, let Y
be of pure dimension m and let THd (X \ A) > m. If either of the two following
conditions is fulfilled:

(a) X is a Stein space,
(b) V = A and X has at most isolated singularities,

then Xp is obtained from X by attaching cells of real dimension m. In particular,
the quotient space Xp /X5 is homotopy equivalent to a bouquet of spheres VVS™.

Proof We have the homotopy equivalence Xp/X; g Xp/Xs by Lemma 9.2.1.
We first prove that H,(Xp /X, Z) is concentrated in dimension m. By Proposi-
tion 9.2.5, the variation of topology of the fibres of F|x,, is localizable at the
points Sing g /' N Yp. We have to take into account all the possible positions of
such a singular point§ = (y, a); namely, on X, on V\A oron A x P! ¢ Y. Itwill
turn out that, in all the cases, the pair (Xp, N Bg, Xy N Bg) is (m — 1)-connected,
where B C Y is a small enough ball at &, D, is a small enough closed disk at
aand s € 0D,.

Incase & € X, this is just Milnor’s classical result for a holomorphic function
with isolated singularity [Mi2]. In the two remaining cases, the claim follows
from a result due to Hamm and Lé [HmL 1, Corollary 4.2.2], in the slightly more
general version for partial Thom stratifications instead of Whitney stratifications
(see also Corollary A1.1.5, for a special case). This result needs the condition
on the rectified homological depth.

By the above proved connectivity of the pair (Xp, N Bg, Xy N Bg) and the
splitting of vanishing homology into local contributions Corollary 9.2.6, we
get that the homology of (Xp, X;) is zero below dimension m. We also have
the annulation above m, due to the following reasons. Under the assumption
(a) the space Xp, respectively Xj, is Stein of dimension m, resp. m — 1, since
Hamm [Hm3] showed that the homology of an n-dimensional Stein space is
trivial above the level n.
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In case (b), we may apply the equivalences (9.8) and (9.9), using that the
cohomology H*(Y, N Bg) is concentrated in dimension m — 1, by the proof of
Proposition 9.2.8.

Let us remark that Xp/X; is a CW-complex (since it is analytic, therefore
triangulable). It is simply connected if m > 2, since the pairs (Xp, N Bg, X; N
Bg) are (m — 1)-connected. Then we can map a bouquet of m-spheres into
Xp/X; such that this map is an isomorphism in homology. This implies, by
Whitehead’s theorem (cf. [Sp, 7.5.9]), that the map induces an isomorphism of
homotopy groups. For CW-complexes, weak homotopy equivalence coincides
with homotopy equivalence. This proves our bouquet statement. ([l

Let us point out that, in case (b) of Theorem 9.3.1, we also have the local
bouquet result for a meromorphic function germ:

ht
(Xp, N B)/(X; N Bg) =~ VS™.

When assuming high connectivity of the space X, we get the following
immediate consequence, cf. [Till]:

Corollary 9.3.2 Under the hypotheses of Theorem 9.3.1, if in addition X is

h
Stein and Xp is (m — 1)-connected, then X :t \V sm=1,

Particular cases of this corollary appeared previously in several circum-
stances: Milnor’s bouquet result [Mi2] on holomorphic germs with isolated
singularity; bouquet results for generic fibres of polynomial maps with isolated
singularities in the affine [Brl, Br2] and with isolated singularities at infinity
[ST2], [Ti4]. Corollary 9.3.2 also relates to the bouquet theorem 3.2.1 for poly-
nomial function: it concerns a more general setting but the hypothesis about the
type of singularities is less general.

We can easily derive a formula for the total number of vanishing cycles
in case of isolated G-singularities. Let us denote by A, the sum of the polar
numbers at the singularities on (A x P) N'Y, and by . the sum of the Milnor
numbers of the singularities on Y, \ (A x {a}).

Corollary 9.3.3 Under the hypotheses of Theorem 9.3.1, we have:

dim H,, (XDa,Xs) = g + Aas

dim H,,—1(Xp, X;) = Z Ha + Z Aa- 0
aeD aeD
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Example 9.3.4 [ST6] Let Y C P3 be the nonsingular hypersurface given by
h = x*> 4+ z2 + yw = 0. Consider the meromorphic function F = y/x and
X := Y\ {x = 0}. The pencil defined by F has its axisA = {x = y = 0} tangent
toh=0at[0:0:0: 1]. The general fibre F is contractible, and the unique
special fibre F( is homotopy equivalent to C LI C. Moreover X is homotopy
equivalent to S>. We get 19 = 0 and A9 = 1, due to the jump Ay — A; at
t = 0 (see also Exercise 9.5). We remark that all the connected components of
the fibres are contractible, whereas the global vanishing homology is generated
by a relative 2-cycle.

Example 9.3.5 [ST6] In Example 9.2.12, we take X = P2\ {yz = 0}. Then
the fibre Xy is a disjoint union of ¢ 4 1 copies of C*, where ¢ = ged(a, b),
therefore x (Xo) = 0. For s # 0, by a branched covering argument, we show
that x (X;) = —(b+ap). The vanishing homology is concentrated in dimension
2, by Theorem 9.3.1. When taking D = C, we get the Betti number b> (X, X;) =
X (X,X5) = x(X) — x(X5) = (b + ap). We have seen at 9.2.12 that the sum
Y acC Aa consists of a single term Ag = b + ap. We can easily see that there
is no other singularity, hence ), it = 0. By applying Corollary 9.2.10, we
observe that the second equality in Corollary 9.3.3 is verified.

Complements of fibres. We may draw some applications of the above results
to the topology of complements of affine hypersurfaces V- C C". This is a topic
which goes back to Zariski and van Kampen [vK], who described a general
procedure to compute the fundamental group of the complement to an algebraic
curve in P? by slicing with linear pencils. Zariski showed that 7r; depends on
the type and position of the singularities of the curve. More recently, Libgober
[Li2] proved more general results on the first nontrivial higher homotopy group,
say m,—x—1. It follows by the classical Lefschetz Hyperplane Theorem that
Tp—j—1(C*"\ V) = w1 (Hy N C"\ V), for a general linear subspace Hy
of codimension k, so the problem of finding m,_;_ reduces to the case of the
complement of a hypersurface V with isolated singularities, in the appropriate
meaning of ‘isolated’ Sour presentation follows closely [LiTi]; we refer to the
forthcoming §9.4 and § 11 for further results on higher homotopy groups of the
complements.

The affine hypersurface V- C C”" may be a general fibre of some polynomial
f, or an atypical one. In case V is a general fibre of f, we have the following
general result on the homotopy type of the complement:

Proposition 9.3.6 [LiTi] Letf : C" — C be any polynomial and let V be a

hi
general fibre of f (i.e. above atypical value C\ Atypf). Then C"\V ~ stvsv),
where S (V) denotes the suspension over V.

h h
In particular, if V ~ \/, S"1 then C"\ V ~ sty \, ™
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Proof Let V = f~!(c), where ¢ ¢ Atypf, and take a small enough closed disk
D C C centered at c. Take a system of simple nonintersecting paths y; from
some point a € dD to small enough disks D; centered at each atypical value
b; € Atypf. Remark that U;(y; U D;) is a deformation retract of C, and, by

h
using the local triviality of f, we have C" ’;Ef_l Ui(yi U Dy)).
The polynomial function f is a trivial fibration over D, so in particular over

h
aD. Since C" \ V = £~1(U;(y U D;)) UF~1(@D), it follows that C" \ V is
h
obtained from f~1(3D) 29D x Vv by attaching the space f ! (U;(y; U D;))

h
over f " (a) ~ V. This is like the attaching of a cone to dD x V over {«} x V.
|

Proposition 9.3.6 holds in particular if f has isolated singularities in C" and
dim X (w) < 0, by Proposition 9.1.7 (cf. the notations in [LiTi]).

Example 9.3.7 V :=f~1(0), wheref : C* — C,f = x{xj + (x1 +x2)0 +x5 +
xi +x%. Note that V C P* fails to be transversal to H > along a two-dimensional
set. Nevertheless, we may observe that f = g(x1,x2) + h(x3,x4) is a sum of
two polynomials in separate variables. For g, we have that dim Singg < 0 and
that there are no singularities at infinity, since ¥ = ¢, by (9.4) and by Proposi-
tion 9.1.7 for all the weights = 1, d = 8, k = 2. We get by Corollary 9.3.2 that
the general fibre of g is, homotopically, a bouquet \VS'. On the other hand, the
polynomial /4 is weighted homogeneous with a unique singularity at the origin,
hence its general fibre is a bouquet VS>.

By a Thom—Sebastiani type result [Ne3], the general fibre of f = g + & has
the homotopy type of a bouquet \/ S 3. Now, by Proposition 9.3.6, for a general
fibre V of f, the complement C* \ V is homotopy equivalent to S! v \/ S4,

In case the hypersurface V is an atypical fibre of a polynomial f, we have
the following result:

Proposition 9.3.8 [LiTi] Let V = £ ~!(0). If the general fibre of the polynomial
function f : C" — Cis s-connected, s > 2, then;(C"\ V) =0,forl <i <,
and 71 (C*"\ V) = Z.

In particular, if f has isolated singularities at infinity in the sense of
Definition 9.1.4, then 7;(C"\ V) =0for 1 <i <n—2.

Proof We use the notations D;, y; as in the proof of Proposition 9.3.6 and take
by :=0,sothatV =f’] (b1). We claim that the space T ::ff1 (Uiz1yiUD;) is
homotopy equivalent to a general fibre F := f ~! () to which one attaches cells
of dimension > s+ 2, in other words that the pair (T, F') is (s + 1)-connected.
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Since F is s-connected by hypothesis, we have that (C",F) is (s + 1)-
connected. Then, by excision in homology, we have that H;(C",F) =
Hi(T\,F) EBHj(f’l(Dl),F),foranyj. Hence H;(Ty,F) =0forj < s+ 1. By
Blakers—Massey theorem [BM], the homotopy excision works within a certain
range. Namely, since F is s-connected, we get that the inclusion:

7 (T1, F) @ mi(f ~1(D1), F) — m;(C", F)

is an isomorphism for j < s — 1 and an epimorphism for j = 5. This shows
that (71, F) is (s — 1)-connected and in particular simply connected, since
s > 2. We may furthermore apply the relative Hurewicz isomorphism theorem
and get that ;(T7, F) is trivial for j < s + 1. (We also get the isomorphism
ws42(T1, F) =~ Hgyp(T1, F).) By Switzer’s result [Sw, Proposition 6.13], it
follows that 7 is homotopy equivalent to the space F to which one attaches
cells of dimension > s + 2. The claimed property is proved.

Next, we have thatyrj(f_1 (@Dy1)) = 0for 1 < j < sandthat my (f_1 (0D1) =
Z, due to the homotopy exact sequence of the fibration f] : f ~1(Dy) — 4D
and the s-connectivity of the fibre. (Note that this holds even for s = 1.)

Finally, C" \ V is obtained from f ~!(3D;) by attaching the space T over a
general fibre F, which, we have proved above, means attaching only cells of
dimension > s + 2. It follows that 77;(C" \ V) = O for 1 < j < s and that
7T (C"\ V) =Z.

The second statement follows from the first one. Indeed, if f has isolated
singularities at infinity, then the general fibre of f is (n — 2)-connected, by
Corollary 9.3.2. O

In case of higher-dimensional singular locus, we prove a connectivity result
for hypersurface complements, in the setting of the embedding C" C P(w). We
refer to page 158 for the natural Whitney stratification S that we use in this case.

Theorem 9.3.9 [LiTi] Letf : C" — C be a polynomial function. Suppose that
dim Singgp N Y¢ < k, where Y is the total space relative to the embedding
C" C P(w), for some system of weights w. Then:

(a) fora general fibre F of f, mi(C"\F) =0, for2 <i<n—k— 1.
(b) for an atypical fibre V of f, mi(C"\ V) =0, for2 <i<n—k — 2.

Proof If we prove that the general fibre F is (n — k — 2)-connected, then (a)
follows by Proposition 9.3.6 and (b) follows by Proposition 9.3.8. Let W :
C" — C" be the finite map given by (x1,...,x,) — (x]",...,x;"), where
m; = N/w; and N is a common multiple of all w;, 1 < i < n. This induces
U : P(wy,...,wy 1) = P" where z — z, and therefore a finite map X C
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Pw) x C % P x C, where X := Y \ {z = 0}. We shall prove our statement
by reduction to the space P", via the finite map 3

We denote by H; the affine hyperplane {{y = s} C C", where H € Pr—lisa
hyperplane defined by a linear form /7 : C" — C. We consider the restriction
of f to H, := W1 (Hy). We denote by S, the coarsest Whitney stratification
of the space H := XN (7:[5 x C), where ﬂs denotes the degree N weighted
projective hypersurface {/z7 o W(x) — sz = 0}.

By eventually refining the stratification S, we may assume without loss of
generality that the restriction of U to each stratum is an unramified covering. We
apply the classical method of slicing by generic hyperplanes to the images by ]
of the strata and to the projection to C. Then we may pull back the transversality
results by vl

By applying the proof of Theorem 7.2.6, see also [Ti2, Lemma 5.4], it follows
that there exists a Zariski-open set 2 C P! and a finite set R C C such that,
it H e Qands € C\ R and if dim Sing gp > 1, then dim SingSHj o) <
dim Sing gp — 1.

Slicing a general fibre F of f by a “generic" hypersurface H; gives a general
fibre of the restriction fj¢,. Moreover, by the classical Lefschetz Hyperplane
Theorem, the pair (F, F N 'Hy) is dim F — 1 connected.*

By using at each step the pull-back by U, we may pursue this slicing proce-
dure until the singularities of the restriction of f become zero-dimensional.
More precisely, there exist k generic hyperplanes H' e P! and generic
S1,...,8¢ € Csuchthat A := Hsll n---N Hls‘k is the global Milnor fibre of a
weighted homogeneous affine complete intersection with isolated singularity
at the origin and such that the restriction f; : A — C has isolated singularities
in the affine and at infinity, in the sense of Definition 9.1.4. It is well known
that the local and global Milnor fibres are diffeomorphic [AGV?2], and on the
other hand the local Milnor fibre of an isolated complete intersection singular-
ity is homotopy equivalent to a bouquet VS"~*, by Hamm’s result [Hm1], see
also [Ti2].

We may apply Theorem 9.3.1 to the pencil fj : A — C with isolated singular-
ities at infinity, and get that A is obtained from a general fibre of f|4 by attaching
a finite number of cells of dimension n — k = dim A. Since A is a Stein space
homotopy equivalent to a bouquet of spheres of dimension n — k, it follows by
Corollary 9.3.2 that the general fibre is homotopy equivalent to a bouquet of
n—k — 1 spheres. By tracing back the vanishing of the homotopy groups in the
slicing sequence, we get that the general fibre F is at least (n —k —2)-connected.

O

* See also the non-generic Lefschetz Hyperplane Theorem in §10.
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Remark 9.3.10 The proof of Theorem 9.3.9 also shows that the general fibre
of f is (n — k — 2)-connected and that any atypical fibre of f is at least (n —
k — 3)-connected.

For the later claim, we have to modify the arguments in the proofs of the
above results, as follows. We slice as in the proof of Theorem 9.3.9, but instead
of following a generic fibre F, we work with the atypical V. We get that the
restriction f; : A — C has isolated singularities in the affine and at infinity and
that V N A is an atypical fibre of fj4. Then take a big enough ball B such that
VNA=~BN(VNA). By apolar curve argument, for the general nearby fibre
F NA, we have that the pair (F NA,BN (FNA))is (n — k —2)-connected. On
the other hand, B N (V N A) is homotopy equivalent to B N (F N A) to which
one attaches (n — k)-cells corresponding to the isolated singularities of fj4 on
V N A. It then follows that V N A is at least (n — k — 2)-connected.

This bound for the connectivity of the atypical fibres appears to be sharp,
as for instance in Broughton’s example in two variables f = x + x*y, where
Vi=f ~1(0) is not zero-connected.

Let us point out that the assumption of Theorem 9.3.9 holds in particular if
dim(2(w) U Singf) < k, by Proposition 9.1.7.7

9.4 Monodromy of meromorphic functions

LetF:Y --» Pl bea meromorphic function, let A be its axis and let A C P!
denote the set of atypical values of F. Then A is included in the critical set
of the stratified map 7: Y — Pl cf. Proposition 9.1.2, where we consider
here a partial Thom stratification G as in Definition 9.1.3. If D is some closed
disk such that 0D N A # (J, then we have a locally trivial stratified fibration
p| : Ygp — 0D above the circle dD. Let ¢; € A N D. The geometric mon-
odromy A; at a; is induced by a counterclockwise loop around a small circle
aD; centered at a;. This is constructed by using a stratified vector field on
Ysp,;» which lifts the oriented unitary tangent vector field of the circle 9D;.
The monodromy £; restricts to a geometric monodromy on Xjp, and yields a
characteristic homeomorphism #; : X;, — X;,;, where s; € dD;. The action ;
on Xjp, is isotopic to the indentity and can be extended (and denoted also by
h;) to Xp, and to Xp such that the extensions are isotopic to the identity. The
geometric monodromy #4; is not uniquely defined but induces a well-defined
representation:

pi : 13Dy, ;) — Iso(Xp, Xyp,, X;),
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where Iso(., ., .) denotes the group of relative isotopy classes of stratified home-
omorphisms, which are C* along each stratum. Here we identify the fibres X,
to X for some fixed point s € dD by using a system of paths y; C D from
s € 0D to s; € aD;, as explained in §9.2. Then let 7; denote the action induced
by p; on the homology with integer coefficients.

The monodromy is not well defined on the spaces such as Xp, Xp,, Xsp,
(except for the fibres X, since X5, = X, by definition). However, the mon-
odromy has a well-defined action on the relative homology since we have the
following isomorphisms:

Ho(Xp,.Xy) = Hy(Xp,. X). H(Xp.Xy) = Hy(Xp.X,)

induced by the corresponding homotopy equivalences of pairs, which are easily
deduced from Lemma 9.2.1 (see also Definition 9.2.2 and Proposition 9.2.3).
We shall use these identifications of the relative homologies in the following.

Let us also identify H.(Xp,X;) to @4 epnaH«(Xp;,Xs;) as in Proposi-
tion 9.2.3. This identification depends on the chosen system of paths y; C D
from s € dD to s; € dD;, as explained in §9.2. Under this identification, we
may prove the following global Picard formula.8

Proposition 9.4.1 For every w € H,(Xp, X;), there is ¥;j(w) € H,(Xp,,X;,)
such that T;(w) = o + Vi (w).

Proof We may identify the map: 7; —id : Hyy1(Xp, Xs) — Hy11(Xp, Xy) to
the composed map:

a i
Hyi1(Xp.Xs) = Hy(Xy) = Hyp1(Xop,. Xs) = Hop1 (Xp.Xo),  (9.11)

where w denotes the Wang map, which is an isomorphism by the Kiinneth
formula. The last morphism in (9.11) factors as follows:

Hy1(Xop;, Xs;) BN Hy41(Xp, X;)

N /!
Hy11(Xp;, X;)

where all the three arrows are induced by inclusions. Using the above iden-
tifications of relative homology groups, it follows that the submodule of
“anti-invariant cycles” Im (7; — id : Hy(Xp, X;) — H.(Xp, X;)) is contained
in the direct summand H. (Xp,, X;;) of H«(Xp, X;). ([l

Note 9.4.2 Proposition 9.4.1 is a Picard type formula, since Picard showed it
at the end of the nineteenth century, for algebraic functions of two variables
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with simple singularities. Lefschetz proved later the well-known formula for a
loop around a quadratic singularity, in which case ¥;(w) is, up to sign, equal to
cA, where A is the quadratic vanishing cycle and c is the intersection number
(w, A). This became the basis of what we now call Picard-Lefschetz theory,
which is regarded as the counterpart of the Morse theory for complex spaces,
see e.g. [AGV2,Eb,Vasl,Vas2].

We have the following basic consequence, in full generality.9 Assume that
the considered paths in D, say y1, . . ., ¥, are counterclockwise ordered. Denote
by Typ the monodromy around the circle dD.

Corollary 9.4.3 Assume that the direct sum decomposition of H,(Xp, X;) is
fixed. Then Typ determines T;, Vi € {1,...,[}.
In particular, Tjp is trivial if and only if 77 is trivial, Vi € {1,...,1}.

Proof The monodromy Tjp is the Coxeter element, i.e. the composition Typ :=
Tjo---oT). We may then write Typ —id = (Tjo---oT1—Tj_jo0---0oT))+...+
(T1 — id). This determines each of the monodromies 7;, by using the Picard
formula (Proposition 9.4.1) together with the fixed direct sum decomposition
of H.(Xp, X;). O

Remarks 9.4.4 The statement and the proof of Proposition 9.4.1 may be
dualised in a standard way from homology to cohomology. Using dualization,
we obtain statements about invariant cocycles ker (T' —id: H*(Xp,X,) —
H*(Xp, X;)), instead of anti-invariant cycles. A special case is that of a poly-
nomial function F : C* — C, for which X = C”. In this setting, invariant
cocycles have been studied by Neumann and Norbury [NN1]. One may extend
their study to the general setting of meromorphic functions.

Zeta function of the monodromy. We have seen in Part II several formulas for
the zeta function in case of polynomials on C". We discuss here some issues in
case of meromorphic functions. We only consider global meromorphic func-
tions. Nevertheless, following our general remark, all results translate easily
to meromorphic germs. So let T5p be the monodromy around some disk D as
above. We call zeta function of Typ the following rational function in variable t:

. _1y+1
Sty (O = [ [ detlid — tTop : Hy(Xp, Xs) — Hj(Xp, X)1TV".
j=0

We consider here the case D = D, and the zeta function of the monodromy
around the value a € A. Let us first assume that the meromorphic func-
tion F has isolated G-singularities. By the direct sum splitting into local data
(Corollary 9.2.6) and since the monodromy acts on each local Milnor fibration,
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we get:
k

$xpy X0 (D) = H $(xp,nBiXsnB) (),
i=1
where {py,....px} = Y, N SinggF and B; is a small Milnor ball centered at
Di. We easily deduce the zeta function of the monodromy Tjp, acting on the
homology of the general fibre Xy, since the monodromy acts on Xp, as the
identity and since x (Xp,) = x (Xa):

k
o, () = (1= XX TPl (p g O
i=1

Another way of producing zeta function formulas is by following A’Campo’s
method [A’C2]. Namely, let us take any meromorphic function F on a nonsingu-
lar Y, and consider X = Y \ A. There exists a proper holomorphic modification
¢: Y — Y, whichis bi-holomorphic over X \ U,¢; X,. The pull-backi’ =Fo¢
has a general fibre X;, which is isomorphic to X;. The monodromy over 9D,
lifts to ¥ and its action on X; is also the same, therefore 53 (t) = ¢x, (t). Then
we can write down a formula for the zeta function around the value a € P! in
terms of the exceptional divisor and of the axis A. By expressing the result as
an integral with respect to the Euler characteristic (see Viro’s paper [Vi] for this
technique), we can get rid of the data from the resolution.

Proposition 9.4.5 [GLM]1] Let Y be nonsingular and let X = Y \ A. Then:

() = / & (0d .
Ax{a}UX,

where ¢, denotes the local zeta function at the point p € Y. |

Further formulae for the zeta function and some of their consequences may be
found in the papers by Gusein-Zade, Luengo and Melle [GLM 1,GLM2,GLM4].

Monodromy and Alexander polynomials of hypersurface complements.
Let us show, following [LiTi], how the monodromy of certain nonisolated
hypersurface singularities is related to the first nontrivial homotopy group of
the hypersurface complement. Let C" C Y be some compactification into
an n-dimensional complex variety Y (e.g. ¥ = P(w)). In the framework
of G-singularities (Definition 9.1.4), let us assume that dimSinggp < k
and that V = £~1(0) is an atypical fibre. Then the generic fibre F of f is
(n — k — 1)-connected, by Theorem 9.3.9.
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Let Ly = Hi1N---NH; denote the intersection of k generic affine hypersur-
faces. By applying the Zariski—Lefschetz theorem by Hamm and Lé [HmL1]
(alternatively, our Lefschetz hypersurface theorem 10.1.4 for a generic pencil,
without singularities in the axis, then using recursion as explained at page 190),
we get:

Ti(Le \ Ly NV) = 7;(C"\ V), 9.12)

for j < n—k — 1. By slicing with generic hyperplanes, the dimension of the
set of G-singularities drops by one at each step (easy exercise), until reaching
the dimension zero, so the polynomial fi;, has only isolated G-singularities at
infinity relative to the extension Ly C Y.

From Theorem 10.1.4 we then get w; (L \ Ly " V) =0,fori <n—k — 1.
We therefore say that m,_x_1(Ly \ Ly N V) is the first possible nontrivial
homotopy group. We may then identify m,_;_(C" \ V) with the homology
group of the universal cover Hy,_;_1 ((5”_\\/1/ ). Next, the fundamental group
Z >~ m(Lxy \ Ly N V) >~ 71(C"\ V) (by Proposition 9.3.8) acts on the
higher homotopy groups like the change of the base point (see e.g. Bredon
[Bre] forhigher homotopy groups). This is equivalent to the action of Z as
the group of deck transformations on H,,_;_ ((C/”\\/V ). This action induces on
Tp_k—1(C"\ V) the structure of a module over the group ring Z[¢, '] of the
fundamental group. This has the following structure as Q[#,7~!] module:

Tkt (C\V) @ Q = P Qlt, 17'1/0) & Qlr, 17T, (9.13)

where A; are polynomials in Q[z, £~ 1 ], defined up to units. Whenever x = 0, the
product [ |, A; is called the order of 1,1 (C"\ V) ® Q. We denote it by A(C"\
V)orby A(Lg\VNLy).Incase n—k = 2, this is nothing else than the Alexander
polynomial of the curve Ly NV in L. In case k # 0, we say that order is zero.

Lemma 9.4.6 [LiTi] Letf : C" — C be a polynomial with Singgp < k and
such that V = £ ~1(0) is the only atypical fibre.* Then

Tnk—1 L \ VN L) = Hy 1 (F,Z)
as Z[r, 1t~ ']-modules. In particular:
AL \ VN L) =detlhg —t-id : Hy_ 1 (F,Q) — Hyx—1(F,Q)],

where &g is the monodromy of the general fibre F' of f around the value 0.

* see Proposition 2.3.3 for a partial classification of polynomials in 2 variables with one atypical

value.
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P

Proof The infinite cyclic cover C" \ V is homotopy equivalent to the general
fibre F of f, since Atypf C {0}. Together with (9.12), this proves the first claim.
We next have the following identifications:

ALy \LyNV) =orderof w1 (Ly \ Ly NV) @ Q
= order of 7, ;1 (C"\ V) @ Q
= characteristic polynomial of the deck transform on H,,_;_1 (m )
= characteristic polynomial of the monodromy on H,,_;_(F, Q).

O

This lemma can be used to obtain results for the homology of Milnor fibres
of polynomials with one-dimensional G-singularities, as follows:

Corollary 9.4.7 [LiTi] Under the assumptions of Lemma 9.4.6, let k = 1 and
n > 3. Then the multiplicity of the factor + — 1 in the order A(L; \ Ly NV) is
equal to the dimension of H,_»(C" \ V,Q). In particular rank H,_»>(F,Q) >
rank H, »(C" \ V,Q) and the equality holds if and only if A(C" \ V) has
1 as unique root and k; = 1 for any i. If n = 3 and V is irreducible, then
rank H, > (F,Q) = 0 if and only if A(C"\ V) = 1.

Proof Let us consider the decomposition:

Hy-a(F.Q) =
H,2(C'\V,Q) = @i, Qlt,+~"1/¢t = D @&, Qlr, 1711/ (),

where A; does not have 1 as root. We have the Leray spectral sequence
Hy(Z.Hy(C"\ V),Q) = Hy,(C"\ V,Q) and H,_3(C"\ V,Q) = 0. We
derive that Hn_z(@_\\/V ,Q)" = H, »,(C"\ V,Q), where the invariant part
means taking the kernel of the multiplication by ¢t — 1 on H,,_» (m ,Q).The
result follows for n > 3. If n = 3, then the same spectral sequence shows that
the number of cyclic summands is equal to rank H; (C3\ V, Z) — 1 and the rank
of the latter homology group can be identified with the number of irreducible
components of V. (|

Example 9.4.8 (Libgober) Let P, and P, be homogeneous polynomials in 3
variables of degrees b, resp. a. Then let us consider the polynomial:

f=Pa(x,,2)" + Pp(x,y,2)". (9.14)

Since f is homogeneous, Atypf = {0}. If P, and P, are generic enough,
then the singular locus of f is the union of lines corresponding to the points
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(P, = P, = 0} C P?, and of course Sing gpix is just the closure of
Singf in X. The Milnor fibre of f at 0, denoted by M, identifies to the
cover of degree ab of the complement of the projective curve f = 0 C P2.
By [Lil], the computation of the Alexander polynomial of this curve yields
Hi(My,7) = 7@=D®=D Fyrthermore, by 9.4.6, the characteristic poly-
nomial of this singularity is the Alexander polynomial of the affine curve
with isolated singularities P,(x,y, 1)b + Pp(x,y, D® = 0, since the slice
{z = 1} is generic. This is ((t*T? — 1)(r — 1)/(* — 1)(t* — 1)). We may
observe that the monodromy on the first nonvanishing homology group H is not
trivial.

We consider now the embedding C" C P" and the proper extension p : X —
C. We still assume that V = f~1(0) is the single atypical fibre of f. We have
SingV C Singf C Sing gp, where S is the Whitney stratification considered at
§ 2. Let H be a generic hyperplane in C". Let S’ denote the Whitney stratification
induced by S on (H x C) NX. The extension p’ to (H x C) NX of the restriction
fir and its singular locus Sing gp are well defined. There exist generic enough
hyperplanes H such that V N Sing g:;p’ = H NV N Sing gp.

Suppose dim Sing V = 1. For each irreducible component %; of SingV, we
denote by A; the characteristic polynomial of the monodromy of the transver-
sal local hypersurface singularity V N H. This is known as the horizontal
monodromy corresponding to X;, ever since it was named so by Steenbrink
[Stb].

Let us assume that dim(X*NV NSing gp) = 1 and denote by ¥ 190 some one-
dimensional irreducible component of X*° N V N Sing sp- Then let A; denote
the characteristic polynomial of the monodromy of the isolated singularity at
infinity of the polynomial f|y corresponding to some singularity out of the
discrete set H N EJF’O.

Let us take alarge enough sphere Sﬁ"fl C C"and, after [Li2,4.5—4.7], denote
by A% the order of 7,2 (S NH \ (§°° NV N H)). With these notations, we
can prove the following result.*

Corollary 9.4.9 Let f : C" — C be a polynomial with Atypf = {0} and
dim Sing gp = 1. Let V = £ ~1(0) and let F denote a generic fibre of f. If none
of the roots of A;s and of Ajs distinct from 1 is a root of A® and k; = 1 for
the cyclic summands in H,_(F, Q) corresponding to 1 then H,_{(F,Q) =
H, 1 (C"1\V, Q).

* slightly extending [LiTi, Corollary 4.7].
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Proof Note that fijy does not have a single atypical value, in general, even if
f has only one. Due to the genericity of H, the polynomial fji has isolated S-
singularities at infinity. The divisibility theorem [Li2, 4.3] proved by Libgober
can be extended to the case of isolated S-singularities at infinity (and even to
G-singularities at infinity). The conclusion from [Li2, 4.3] holds, namely that
A(C™1\ V) = A(H \ V N H) divides the product of [[; A; - (1 — 1)¥, for
some nonnegative integer «.

To finish the proof, we have to apply (a slight extension of) [Li2, Theorem
4.5] to the restriction fjg, at its isolated S-singularities at infinity. It yields that
A(H\VNH) divides A* of fiz7. Now our claim follows from Corollary 9.4.7.

O

Example 9.4.10 [LiTi] Let f : C3 — C be homogeneous or obtained via an
automorphism applied to a homogeneous polynomial, and having transversal
A1-or Ay-singularities along each of the strata of its singular locus. If the degree
of f is not divisible by 6, then the rank of H|(F,C) is equal to the number of
irreducible components of the atypical fibre minus one. Indeed, the roots of
the characteristic polynomial of the monodromy for an A, singularity are roots
of unity of degree 6. Hence, if d is not divisible by 6, then the only root of
the characteristic polynomial is 1. Therefore, by Corollary 9.4.7, the rank of
H\(F,Z) is the equal to the rank of H; (5 \f ~1(0)) minus one and the rank
of the last homology group is equal to the number of irreducible components

of £~1(0).

Exercises

9.1 Letf : C" — C be a polynomial. If dim Singf < s and if dim X (w) < s,
then dim Singgp NY’ < s.

9.2 Ifdim X (w) < s, thendim SingspﬂY’ < s+ 1. Inparticular, dim Singf <
s+ 1.

9.3 Show that in §9.2 the G-singularities can be replaced by ¢-singularities,
which is a more general type of singularities.

94 Let V. = {Q = 0} and let us assume that X := Y \ V is homo-
logically contractible. Using Proposition 9.2.3(a), show the direct sum
decomposition:

H.(Xy) = ®genHir1(Xp;, Xs,)-

Deduce from this the particular case of a polynomial functionf : C" — C,
for which X = C".
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9.5 Show that the jump Ag — Ay, which occurs in Example 9.3.4, cannot occur
in case of polynomial functions at infinity.

9.6 Letf : C* — C be a polynomial function and let T, be the monodromy
around a large circle, which surrounds Atypf. Show that T is trivial if
and only if the monodromy group of f is trivial. (The monodromy group
of f is spanned by the algebraic monodromies around the atypical values
of f.)

9.7 Letf : C* — C be a polynomial with unique atypical fibre V = f~1(0),
such that dim Singf = 1 and such that dim X*° N Sing gp = 0.

If none of the roots of A;s and Ajs distinct from 1 is a root of unity of
degree d = degf, and k; = 1 for the cyclic summands corresponding to
the root 1, then show that H,_»(F,Q) = H,—»(C"\ V,Q).



10
Slicing by pencils of hypersurfaces

Our aim is to extend the method of slicing by pencils to certain classes of
nongeneric pencils. Nongeneric pencils may occur naturally in certain situa-
tions, for instance a distinguished class of nongeneric pencils is the class of
polynomial functions f : C" — C.*

The setting of this chapter is general: a complex analytic space X =Y \ V
with arbitrary singularities, where Y is some compact complex space and V
is a closed analytic subspace, and a meromorphic function on Y. Considering
pencils of hypersurfaces instead of pencils of hyperplanes, although not more
general in itself, has the advantage to enfold the local theory of hypersurface
singularities initiated by Milnor [Mi2], see Figure 9.1.

We have introduced in §9.1 the notion of singularity of a meromorphic func-
tion and we have seen that such singularities may occur in the axis. This means
that the axis A of the pencil might not be anymore in general position in Y, as it
is supposed to be in the classical Lefschetz theory. Pencils which allow isolated
singularities in the axis turn out to be a natural class of “admissible” pencils,
extending the class of generic Lefschetz pencils. Indeed, isolated singularities
of functions on singular spaces are manageable enough objects, as we have
already seen.

In the literature, examples of nongeneric pencils occurred sporadically; more
recently they got into light, e.g. [KPS, Oka3], precisely because we can use
nongeneric pencils towards more efficient computations. For instance, M. Oka
uses special pencils tangent to flex points of projective curves in order to
compute the fundamental group of the complement, see e.g. [Oka2, Oka3].
Nongenericity also proved to be a useful concept for treating the topology of
polynomial functions § 10.3 and of complements of the hypersurfaces §9.3, §9.4.

* As we have seen in the preceding chapter, the singularities at infinity Sing ®°f occur as
singularities in the axis of the meromorphic function defined by f.

182
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The central results in this chapter are the Lefschetz hyperplane theorems,
which we prove under weak assumptions and for nongeneric pencils. The
presentation is based on [Ti8,Ti9, Til12, LiTi].

10.1 Relative connectivity of pencils

Our base space X := Y \ V, where Y is a compact complex analytic space
and V is a closed complex subspace, can be for instance any quasi-projective
variety. Let also X be irreducible of dimension n > 2.

We recall that by pencil we mean a meromorphic function, i.e. the ratio of
two sections f and g of a holomorphic line bundle L — Y. This defines a
holomorphic function % := f /g on the complement Y \ A of the indeterminacy
locus A := {f = g = 0}, which we call axis of the pencil, cf. §9.1. A pencil
is called generic with respect to X when its axis A is general (i.e. stratified
transversal to some Whitney stratification of the pair (¥, V)) and when the
holomorphicmaph = f /g : Y \A — P! has only stratified Morse singularities.
These singularities are finitely many, by the compactness of Y, but part of
those might be outside X . Moreover, instead of only double points, we may
consider pencils with any kind of stratified singularities, provided they are
isolated (see [HmL1], [GM2]).

Pencils with singularities in the axis. By nongeneric pencil we mean a pen-
cil having singularities in the axis A. The meaning of “singularities” that we
consider here is singularities with respect to a Whitney stratification. Before
defining this more precisely, let us examine an example of a pencil on a
projective hypersurface where the axis is not in general position.

Example 10.1.1 Let f = x?y+xz% and § = 23, in coordinates x, y, z, w, define
a pencil f / g on IP’3 We restrict it to the nonsmgular surface ¥ C P3 defined
by w +x2 —z2 = 0. The axis A : {f = g = 0} C P3 consists of two
lines A1 U Az. One of them, namely A1 := {x = z = 0}, is a double line and
therefore it is natural to consider that every member of the pencil f /& is singular
along this line. Now the axis A := ANY of the pencil on Y consists of two
points and both are on A1.The pencil on Y is a nongeneric pencil, since having
singularities in the axis.

We work with the Nash blow-up of Y along A, cf. Definition 9.1.1:

Y := closure{(y,[s: t]) € Y x P! | sf (y) —tg(y) = 0}.
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Letusset X := YN X x ]P’l), the projection p : Y — P!, its restriction
X X — P! and the projection to the first factor o : Y — Y. The restriction
of pto Y\ (A x P') can be identified with h = f /g.

Asin §9.1, we fix a Whitney stratification YV on Y such that V is a union of
strata. The restriction of JV to the open set ¥ \ A induces a Whitney stratification
on Y\ (A x P1), via the identification Y \ A ~ Y\ (A x P!). We then denote by
S the coarsest Whitney stratification on'Y that coincides over Y \ (A x P') with
the one induced by WW on Y \ A. This stratification exists within a neighbourhood
of A x P, by usual arguments (see e.g. [GWPL]), hence such stratification is
well defined on Y. We call it the canonical stratification of Y generated by the
stratification W of Y. The canonical stratification of X will be the restriction of
StoX.

According to Definition 2.2.1, the singular locus of p with respect to S is the
following closed analytic subset of Y:

Sing gp = U Singpis.
SpeS

The critical values of p with respect to S are the points in the image p(Sing gp).
By Proposition 9.1.2, both p : Y — P! and Px X — P! are stratified locally
trivial fibrations over the complement P! \ A of the finite set A := p(Sing sP)-
The problem we have to deal with is what happens in the pencil when we
encounter such a critical value.

Definition 10.1.2 We say that the pencil defined by the meromorphic function
h = f /g is a (nongeneric) pencil with isolated singularities if dim Sing gp < 0.
We shall say that X has the structure of a Lefschetz fibration with isolated
singularities if there exists a (possibly nongeneric) pencil on X with isolated
singularities.

The case of projective varieties. In case where Y is projective, the condition
dim Singgp < 0 in the above definition is equivalent to the condition: the
singularities of the function p at the blown-up axis A x P! are at most isolated.
Indeed, the singularities of p outside the axis are also isolated, by the following
reason. Suppose that p has nonisolated singularities and take some component C
of the singular locus Sing gp, with dim C > 1. Since C is necessarily contained
in a single fibre of p, call it p~1(b), it has to intersect the axis A x {b}, since
it is a hypersurface in p~1(b). Then, at all points of C N (A x {b}), we have
dim Sing gp > 1. This gives a contradiction.

The assumption dim Sing gp < 0 is satisfied for instance in the following
particular but significant case.
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Proposition 10.1.3 Let Y C PV be a projective variety endowed with some
Whitney stratification JV and let h= f /& define a pencil of hypersurfaces in PV
with axis A. Let B denote the set of points on ANY where some hypersurface
of the pencil is singular or where A is not transversal to W. If dim B < 0 and
the singular locus of 7 : ¥ \ A — P! with respect to W consists of at most
isolated points, then dim Sing gp < 0 and Singgp C B X P!

Proof OnY\ (A xP"),pisjusthandits singularities are isolated by hypothesis.
The notation A stays for A N Y, as usual.

Next, let us remark that Y = H N (Y x ]P’l), where H = {x € PN, [s:1t] €
P! | sf (x) —tg(x) = 0}. Since f and g are homogeneous of the same degree, the
singularities of H are contained into the set X := AxPHn {saf —tdg = 0},
which is at most a collection of lines, by hypothesis. We endow H with the
coarsest Whitney stratification. It follows that H is transversal to the strata
W; x Pl of Y x P!, except eventually along B x P!. By using that a transversal
intersection of Whitney stratified sets is Whitney (see A1.1), it follows that the
canonical stratification S of Y restricted to (A \ B) x P! contains only strata
which are products by IP!. Hence the projection p is transversal to these strata.
Finally, we might have nontransversality only along the projective lines B x P!.
The stratification S may distinguish at most a finite number of point strata on
B x P!. Then p is still transversal to the complement of these points in B x P!,

O

Lefschetz Hyperplane Theorem via nongeneric pencils. The classical
Lefschetz Hyperplane Theorem (abbreviated LHT) asserts that, if ¥ < PV
is a projective variety and H C PV a hyperplane such that ¥ \ H is nonsingular
of dimension > n (more generally: if thd Y \ H > n), then the pair (Y,Y N H)
is (n — 1)-connected, i.e. (Y, Y NH) =0forallk <n — 1.

Lefschetz’ original proof ([Lef], see also [Laml]) uses a generic pencil
of hyperplanes to scan the space. Several generalizations to quasi-projective
spaces with singularities, such as by Goresky and MacPherson [GM2], Hamm
and Lé [HL1-3], use the Morse theory (a method first employed by Bott [Bo3],
Andreotti and Frankel [AF]).1

Our strategy is based of course on the use of pencils. So let us first remark
that the hyperplane H in the above statement of the LHT, although not assumed
generic, may nevertheless be viewed as a member of a generic pencil: it is
sufficient to choose a generic axis A C H, in the sense that A intersects trans-
versely all the Whitney strata of Y. This is always possible in the projective
space. Then Proposition 10.1.3 tells that the pencil containing H and having
A as axis is a pencil without singularities in its axis. It is therefore a generic
pencil, which may have only isolated singularities outside the axis (but maybe
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more complicated than only Aj-singularities). Then one may apply the pencil
method and reach the same conclusion.

In our more general setting, this viewpoint leads to the following extended
Lefschetz slicing principle. The presentation is based on [Ti9].

Theorem 10.1.4 (Nongeneric Lefschetz Hypersurface Theorem) [Ti9]
Let X =Y \'V, where Y and V. C Y are compact complex analytic spaces.
Let f, g be sections of a holomorphic line bundle over Y, defining a pencil
h = f /g with at most isolated singularities in the axis (Definition 10.1.2) and
let X denote a generic member of the pencil (i.e. ¢ € A). Letthd X > n, where
n>2.

If one of the following two conditions is fulfilled:

(@) A ¢ V and the pair (X.,A N X.) is (n — 2)-connected,
(b) ACVandV D {g =0},

then the pair (X,X.) is (n — 1)-connected.

We shall give several consequences, among which Proposition 10.1.11 states
that, if X, is not generic, then, in the conclusion of Theorem 10.1.4, we may
replace X, by a small “tube" neighbourhood Xp of X..

We shall also derive connectivity estimations for the fibres of polynomial
functions and for complements of affine hypersurfaces.

We deduce for instance the following attaching result, by applying Switzer’s
[Sw, Proposition 6.13] (see also the arguments in the proof of Theorem 9.3.1):

Corollary 10.1.5 Under the hypotheses of Theorem 10.1.4, the space X is
homotopy equivalent to X, to which one attaches cells of dimension > n.

If in addition X is a Stein space of dimension 7, then the attaching cells are
of dimension precisely n. If moreover X is n — 1 connected, then the general
hyperplane section X, has the homotopy type of a bouquet of spheres V"~

O

Proof of Theorem 10.1.4. The proof is based on homotopy excision and on
local Lefschetz type results. We shall see that the situation (b) is simpler to
treat. We start by several preliminaries.

Let A = Singgp = {by,...,b,} C P! be the singular values of p. Let
K C P! be a small closed disk with K N A = ¢ and let D denote the closure
of its complement in P'. We denote by S := K N D the common boundary,
which is a circle, and choose a point ¢ € S. Then take simple, nonintersecting
paths y; € D\ U;D; from c to ¢; € aD;. The configuration U;(D; U yi) is a
deformation retract of D. We shall also identify all fibres X, to the fibre X., by
parallel transport along the paths ;. We have denoted A’ :=ANX =ANX,.
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h
‘We have the homotopy equivalence (X, X.) % (X, Xk) and we tend to apply
homotopy excision (Blakers—Massey theorem [BM], in the version of [BGr,
Corollary 16.27]) to the pair (X, Xg), where X = Xx U Xp.

Proposition 10.1.6 (The case A ¢ V.) We assume that A" # @.

(a) If (X.,A") is m-connected, m > 0, then:
(i) (Xs,X.) is at least m 4+ 1 connected.
(ii) The excision morphism 7;(Xp, Xs) — m;(X, Xk) is an isomorphism
for j < m+ 1 and an epimorphism for j = m + 2.
(b) If, forany i € {1,...,r}, the pair (Xp,,X,) is s-connected, then (Xp, X.)
is s-connected too.

Proof (a)(i). Note first that X is homotopy equivalent to the subset Xg UA’ x K
of Xk. Let I and J be two arcs of angles less than 27 but more than & which
cover the circle S. We have the homotopy equivalence

X X) = (XU x K)UX, U@ x K)).X, U @A x K)).

According to the homotopy excision principle (Blakers—Massey theorem), if
we assume that the pairs (X; U (A’ x K), Xy U (A’ x K)) and (X; U (A" x
K), X3, U (A" x K)) are (m + 1)-connected, then the following morphism:

TXrU @A xK), Xy UA xK) = 7(X;U@A x K)UX; U A" x K),
X, U@ x K))

is an isomorphism for j < 2m + 1. This is enough to conclude that (Xs, X,) is
(m + 1)-connected.

We still have to prove our assumption in the homotopy excision. This goes

as follows, using the local triviality of the map p;x over P! \ A. The pair
(XU’ xK), Xy;U(A’x K)) is homotopy equivalent to (X, x I, X, x dTUA" xI).
The latter is precisely the product of pairs (X.,A’) x (I,dI). Since (X.,A’) is
m-connected by hypothesis, it follows that the product is (m + 1)-connected.
This follows from the fact that the spaces are CW-complexes and by using
Switzer’s [Sw, Proposition 6.13].
(i1). We apply homotopy excision to the pair (X, Xg), where X = Xg UXp. The
pair (Xp, Xs) is at least zero-connected and we need the connectivity level of
(Xk, Xs). By considering the triple (Xg, Xs, X.), where X, < Xk is ahomotopy
equivalence, we get, for any i > 0, the isomorphism:

miv1 (X, Xs) = mi(Xs, Xe). (10.1)
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From this we draw that (Xx, Xs) is (m + 2)-connected since the pair (Xs, X,)
is (m + 2)-connected by (i).

Now the homotopy excision applies to (Xp, Xs) < (X, Xk) and yields the
desired conclusion.
(b). By Switzer’s result [Sw, 6.13], the s-connectivity of the CW-relative com-
plex (Xp,, X,,) implies that, up to homotopy equivalence, Xp, is obtained from

h
X, by attaching cells of dimension > s + 1. Since Xp :t' UiXp,uy, (via a

deformation retract) and since X, g X, it follows that Xp is obtained from
X, by attaching cells of dimension > s+ 1. This shows that the pair (Xp, X,) is
s-connected, and our proof abuts since, by Lemma 9.2.1, the inclusion of pairs
(Xp,X:) — (Xp,X,) is a homotopy equivalence. O

Proposition 10.1.7 (The case V O {g = 0}.) We assume that V D {g = 0}.
If the pair (Xp,,X;) is s-connected, for any i € {1,...,r}, then (X,X,) is
s-connected.

Proof The meromorphic function iy = f/g, which defines our pencil, is in
this case a well-defined holomorphic function X — C. Since C retracts to D,

h
the spaces K and S do not occur and we simply have (X, X,) :t' Xp, X.). Since
A’ = @, we get Xp, = Xp, and the claim follows by the proof of Proposition
10.1.6(b). |

We have shown up to now that the connectivity of (X, X.) depends on the
connectivity of each (Xp,;,X,). So we further study (Xp,,X.,); we fix the
index j and write simply (Xp, X.). We have assumed that p has only isolated
singularities over the center b of D; then let Y, N Sing gp := {a1,...,a;}.

Let us consider small enough local Milnor-Lé balls B; C Y at each isolated
singularity a; of Y.

Proposition 10.1.8 If thd X > s + 1, then, for any j € {l,...,[}, the pair
(B N Xp, B N X,) is at least s-connected.

Proof We first prove that thd X > s 4 1. Since on the space X X P! we have
the product stratification YW x P!, the condition rhdyyX > s+ 1 implies
rhd ), p1 X X P! > 5+ 2. Since our space X is a hypersurface in X x P! we
have thd X > s + 1, by [HmL1, Theorem 3.2.1].

The rectified homotopical depth of X gives a certain level of connectivity
of the complex links of the strata of the stratification S, according to [GM?2]
and [HmL1]. We may then relate the connectivity of these complex links to the
connectivity of the Milnor-L€ data (B;NXp, B;NX.). This is more special data,
especially when the singularity is not in Xp but on its ‘boundary’ Y N (V x P1).



10.1 Relative connectivity of pencils 189

Such arelation among the connectivities is the local Lefschetz theorem of Hamm
and Lé [HmL1, Theorem 4.2.1 and Cor. 4.2.2]. This local result can be applied
to the function p; : Yp — D with isolated singularities and for the space
Xp = Yp \ (V x IP’I). It tells precisely that, since thd X > s + 1, the pair
(B N Xp, B N X,) is at least s-connected. O

Corollary 10.1.9 Ifrhd X > s+1, then the pair (Xp, X.) is at least s-connected.

Proof For D small enough the restriction p;x : Xp \ Ujl.lej — D is a trivial

stratified fibration, thus the inclusion of pairs (Xp, X.UXp\U;B;) = Xp,X.)
is a homotopy equivalence.

We may apply Switzer’s result for CW-complexes [Sw, 6.13] to Proposition
10.1.8 and get that the space B; N X is obtained from B; N X, by attaching cells
of dimensions > s + 1. It follows that Xp is obtained from X. U Xp \ U;B; by
attaching B;NXp over B;NX,, for each j, and we have seen that this corresponds
to attaching cells of dimensions > s + 1. Our claim is proved. O

End of the proof of Theorem 10.1.4. By Corollary 10.1.9 for s = n— 1, the pairs
(Xp,,X,,;) are (n — 1)-connected and by applying Proposition 10.1.6(b) we get
that (Xp, X;) is (n — 1)-connected too.

Using the long exact sequence of the triple (Xp, Xs, X.) and that (Xg, X,)
is (n — 1)-connected by Proposition 10.1.6(a)(i), it follows that the following
morphism, induced by the inclusion:

7 (Xp, X)) = mi(Xp, Xs)

is an isomorphism for j < n — 1 and an epimorphism for j = n. The same
conclusion holds for:
7;(Xp, Xs) — mi(X, Xk)

and this follows from Proposition 10.1.6(a)(ii). Since X retracts in a fibrewise

way to X, the pair (X, Xg) is homotopy equivalent to (X, X,). This ends the
proof of Theorem 10.1.4(a).

The claim (b) is an immediate consequence of Propositions 10.1.7 and 10.1.8.

O

Note 10.1.10 The proof of Theorem 10.1.4(b) only uses the weaker condition
that dim Sing gp” < 0, where p’ is the restriction of p to Y.

Further remarks on the relative connectivity. We start with an observation,
which goes back to Grothendieck, Hamm, Goresky—MacPherson, Hamm-L¢:
one may replace the hypersurface slice X, in the conclusion of Theorem 10.1.4
by a tubular neighbourhood of some member of the pencil, even if this is
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a ‘very bad’ one. Let D, C P! denote a small enough disk centered at a such
that D, N p(Sing gp) C {b}.

Proposition 10.1.11 In Theorem 10.1.4, let us replace ‘pencil with at most
isolated singularities in the axis’ by ‘pencil with at most isolated singularities
except at one fibre X, that is dim(Sing gp N X,,) < 0, forall a # b’.

Then (X, Xp,) is (n — 1) connected.

Proof We revisit the proof of Theorem 10.1.4, with the same notations; in
particular X, still denotes a generic member of the pencil. Our disk D,
will be one of the small disks D; C D, and we take ¢ € 9D;,. We con-
sider simple, nonintersecting paths y; C D \ U;D; from ¢ to ¢; € aD; for
all ¢; such that D; # Dj. The configuration U;(D; U y;) is a deformation
retract of D.

It follows from Proposition 10.1.6(a)(i) and from (10.1) that (Xg, Xs) is n-
connected. By excising Xp from (X, Xp), we get that (X, Xp) is n-connected.
Next, via the homotopy exact sequence of the triple (X, Xp, Xp,), this shows
that the morphism induced by inclusion 7;(Xp,Xp,) — mi(X,Xp,) is an
isomorphism fori <n — 1.

We then focus to the pair (Xp,Xp,). Since D and D, are contractible,

h
Lemma 9.2.1 implies the homotopy equivalence (Xp, Xp,) zt Xp,Xp,).
By Proposition 10.1.8 and the observations before it, the pairs (Xp,, X,,) are
(n—1)-connected. A deformation retraction using the local triviality of the map

px yields the homotopy equivalence Xp g Xp,, Upi£p, Xp,uy,;

By the argument in the proof of Proposition 10.1.6(b), Xp is obtained
from Xp, by attaching cells of dimension > n. Consequently, (Xp, Xp;) is
(n — 1)-connected, and this ends the proof of our claim. O

Remark 10.1.12 In the conclusion of the above Proposition 10.1.11, the tube
Xp, may be replaced by X;, whenever the inclusion X;, C Xp, is a homotopy
equivalence. This occurs for instance in the two following situations:

(a) X is compact,
(b) Xp has no singularities in the axis, i.e. (A x {b}) N Sing gp = 9.

Applying the nongeneric LHT 10.1.4 by recursion. The conditions assumed
in Theorem 10.1.4 are recursive, let us see why.

Firstly, the rectified homotopical depth condition, cf. Definition 9.2.4, passes
to slices. Namely, by [HmL1, Theorem 3.2.1], thd X > n implies rhd X, >
n — 1. Secondly, the condition on the connectivity of the pair (X.,A N X.) was
already used by Lamotke [Lam1]) and the idea behind it is to apply induction.
Indeed, suppose that X, is defined by the equation f” = 0. Then A N X, may
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be viewed as an eventually nongeneric fibre of some second pencil W' = f'/g’,
on the space X, as total space, and having as axis A} := {f’ = g’ = 0}. Let
us denote by (X.)g a generic member of this pencil. We now assume by the
induction hypothesis that the pair ((X¢)g,A1 N (Xc)g) is (n — 3)-connected. If
Theorem 10.1.4 can be applied, it yields that (X¢, (X.)g) is (n — 2)-connected.
According to Proposition 10.1.11 and Remark 10.1.12, if X is compact or if
ANX_, hasno singularities in the axis A, then this implies in turn that (X, ANX,)
is (n — 2)-connected.

10.2 Second Lefschetz Hyperplane Theorem

Reformulated in homology, the Lefschetz Hyperplane Theorem stated at §10.1
tells that, for a projective manifold ¥ of dimension n and some hyperplane
section Y N H, the following morphism induced by the inclusion:

Hj(Y NH,Z) — H;(Y,Z) (10.2)

is bijective for j < n — 1 and surjective for j = n — 1. The kernel of the
surjection in dimension n — 1 is described by the ‘second Lefschetz hyperplane
theorem’, whenever Y N H is a general member of a generic pencil, cf. §10.1.
Loosely speaking, each Morse critical point of this generic pencil produces a
local vanishing cycle and those vanishing cycles generate (not freely, in general)
the kernel of the map H,,_1(Y "H,Z) — H,_1(Y,Z).

We shall discuss the problem of finding this kernel in the much larger setting
that we have proposed before: nongeneric pencils, allowing isolated singulari-
ties in the axis, as defined in §10.1. We therefore introduce the variation maps
at each atypical value a of the pencil:

varg : Hy(Xe, Xa)reg) — Hi(Xe),

and we show that the module of vanishing cycles at X,, i.e. the kernel of the
surjection similar to (10.2), is generated by the images of these variation maps.
Our variation maps can be viewed as global versions of the local variation maps
that one defines in singularity theory, see e.g. [Lam1,Loo], [Ti4, 4.4], [NN2, §2].
It is well known that in case of nonisolated singularities, such local variation
maps cannot be defined, and this is the main reason why the use of variation
maps in our results would not extend to this context. Nevertheless, in case
of one-dimensional singularities, Siersma [Si2] studied several other types of
variation maps.2 Our exposition is based on [Ti8, Til2].
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The setting and some notations. Let Y be a compact complex analytic space
and let V C Y be a complex analytic subspace such that X := Y \ V is of
dimension n, n > 2.

We consider a pencil defined by h: ¥ --» P! with isolated singularities, as
defined in 10.1.2. This is the ratio of two sections f and g of a holomorphic
line bundle L — Y and defines a holomorphic function 7 := f /g over the
complement Y \ A of the axis of the pencil A := {f = g = 0}. We have defined
at 9.1.1 the total space:

Y := closure{(y,[s : 1]) € ¥ x P' | sf(y) — 1g(y) = O},

which is the hypersurface in Y x P! obtained as a Nash blowing-up of ¥ along
A. We have X := Y N (X x P!), the projection p : Y — P! which extends % to
a proper holomorphic function, and the projectiono : Y — Y.

We recall that, forany M C P!, we denote Yy = p_1 M), Xy :=XNYy,
Yy = o '(M)) and Xjy := X NYy.Let A = {ai,...,a,} be the set of
singular values of p with respect to the Whitney stratification S defined in §10.1
(i.e. issued from a Whitney stratification YV of ¥ \ A, such that Y N (A x Ph
is a union of strata).

We denote by a;; € Y some point of Singgp N p~(a;). We then have
Singgp = U;j{a;}. For ¢ € P! \ A we say that Y., resp. X, is a general
fibre of p : Y — P!, resp. of Px X — P!, We say that Y,, resp. X,, is a
general member of the pencil on Y, resp. on X.

At some singularity a;j, in local coordinates, we take a small Milnor-Lé ball
Bijj centered at a;; and a small enough disk D; C P! atq; € P!, so that (Bij, D;)
is Milnor data for p at a;;, for indices j and i. We may and shall take the same
disk D; (provided it is small enough) for all the finitely many singularities a;;
in the fibre Yy, .

Geometric monodromy. By Propositions 9.1.2,9.1.5 and 9.2.5, the restriction
p| : Yp,\U;Bjj — Djisatrivial fibration. Actually we may construct a stratified
vector field, which trivializes this fibration such that this vector field is tangent
to the strata cut out by the boundaries of the balls Yp, N BBij.

Let us choose ¢; € dD;. We construct in the usual way,* by using a stratified
vector field, a geometric monodromy of the fibration p| : Y,5 — aD;, cor-
responding to one counterclockwise loop around the circle dD;, such that this
monodromy is the identity on the complement of the balls, Y5\ U;B;;. This
restricts to a geometric monodromy on X, 5 with the same property, i.e. yields
a characteristic morphism #; : X.; — X,,, which is a stratified homeomorphism
and it is the identity on X, \ U;B;;.

* Cf. also §9.4, and one may look up Looijenga’s similar discussion in [Loo, 2.C, p. 31].
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Clearly h; is not uniquely defined with these properties, but induces a well-
defined representation:

Pi - ﬂl(abi, Ci) g ISO(XCI‘9XC,* \UjBlj)9

where Iso(.,.) denotes the group of relative isotopy classes of stratified home-
omorphisms (which are C* along each stratum), similar to the representation
considered in §9.4.

As shown above, the trivial fibration:

p|: Xp, \ UjBjj = D; (10.3)

allows us to identify the fibre X, \ U;B;; to the fibre X, \ U;B;.

Definition 10.2.1 We denote by X ;. the fibre X, \ U;Bj; of the trivial fibration
(10.3). The pair of spaces (X¢;, X, \ U;B;;) will be denoted by (XC[,Xa*’,).

By the local conical structure of analytic spaces [BV], the set B;; N X, \ U;a;;
retracts to 81_3,:/ NXg; . Therefore X, \ Uja;; is homotopy equivalent, by retraction,
to Xg, \ U;Bj;.

Definition of the variation maps. Coming back to our geometric monodromy,
this induces an algebraic monodromy on any homology group:

Vi Hq(Xc,"X;i; Z) - Hq(Xc,"X;;; Z)’
such that the restriction vj; : Hq(Xa*i) — H, (X‘Z_) is the identity. Consequently,
for any relative cycle § € H, (X, X*;7), the image of § by (v; — id) is an

9 al 9
absolute cycle. In this way, we define a variation map, for any g > 0:

var; : Hy(Xe;, X3 Z) — Hy(Xe;3 Z). (10.4)
We consider only homology with integer coefficients; for the sake of sim-

plicity we shall no longer indicate the ring Z in the following. By its definition,
var; enters naturally, as a diagonal morphism, in the following diagram:

v;—id
Hy(Xe) ——— > Hy(X.,)

W (10)

v;—id
Hq(Xc,-,X;[) —_— Hq(X X*)a

Ci>“ra;

where j, is induced by the inclusion.
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One encounters variation maps in the literature ever since Picard and
Lefschetz studied the monodromy around an isolated singularity of a 2-variables
holomorphic function [PS, Lef]. Zariski used the morphism v; — id in his
well-known theorem for the fundamental group, in two variables. Generalized
variation maps and Picard-Lefschetz formulas play a key role in the description
of global and local fibrations of holomorphic functions at singular fibres, e.g.
[Ph,Mi2,Laml,Loo,Si2,Ga,NN2,Vas1,Vas2]. Along this tradition, our defini-
tion is a direct extension of the local variation maps (see e.g. [Laml, Loo]) to
the global setting.3

We shall see in the next chapter § 11 how this definition can be adapted to the
more delicate setting of homotopy groups.

Second Lefschetz Hyperplane Theorem for nongeneric pencils. Over time,
Lefschetz hyperplane theorems have been generalized in several directions, giv-
ing rise to an extended literature. Let us only refer to Fulton’s general overview
[Ful], Lamotke’s ‘classical’ modern presentation of Lefschetz theorems [Lam1]
and to Goresky—MacPherson’s book [GM2], which covers a lot of material.
However, the description of the kernel of the surjection (10.2) for certain sin-
gular underlying spaces has been considered in a few papers and for generic
pencils only.

We prove and discuss here a general statement in what concerns its assump-
tions and which extends the Lefschetz principle to nongeneric pencils. We first
define the homological depth, a classical ingredient which occurs naturally in
the following theorem.

Definition 10.2.2 (Homological depth) Let ® C X be a discrete subset. We
denote by Hd¢ X the homological depth of X at ®. We say that HdpX > g+ 1
if, at any point « € ®, there is an arbitrarily small neighbourhood A of & such

that H;(N, N \ {a}) =0, fori < q.

For a manifold M, we have HdyM > dimp M at any point « € M. The
homological depth measures the defect of being a homology manifold, for the
chosen coefficients. For instance, complex V-manifolds are rational homology
manifolds (which means that they have a homological depth over QQ as if they
were manifolds). In case of stratified complex spaces, we have seen the notion
of rectified homological depth rHd in Definition 9.2.4, which is a stronger
condition since rtHd > k implies Hd > k by definition.

Theorem 10.2.3 (Second LHT for nongeneric pencils) [Ti12]
Let h: Y --» P! define a Lefschetz fibration with isolated singularities on
X =Y \ V (which means dim Sing sp < O cf. Definition 10.1.2). Let the axis



10.2 Second Lefschetz Hyperplane Theorem 195

A not be included in V. For some k > 0, suppose that the following conditions
are fulfilled:

(C1) Hy(X,X.NA) =0forq <k.
(C2) Hy(Xc,X,) = 0 for q < k and for all i.
(C3) Hdxnsing pX > k +2.

Then:
(@) H(X,X.) =0forq <k +1.
(b) If (C3) is replaced by the following condition:

(C3i) Hdrsing opX = k +3,

then the kernel of the surjection Hy 41 (X.) — Hyy1(X) is generated by
the images of the variation maps var;, fori = 1, p.

The complementary case A C V will be discussed separately. We also analyse
several special situations, such as “no singularities in the axis”, i.e. Sing gp N
(A x P1Y N X = ¢, when the Lefschetz structure of the space X turns out to be
hereditary on slices.

It will be interesting in particular to see what become the conditions (C1),
(C2), (C3) in such special cases, and why they are weaker than other conditions
used in the literature. For instance, it is well known from [HmL3] that, if X is
a complete intersection, then rHd X > dimc X, and this implies (see e.g. the
proof of Proposition 10.2.12) that condition (C3) is satisfied in this case for
k <dim¢c X — 2.

Proof of Theorem 10.2.3. We use the same notations as in the proof of Theo-
rem 10.1.4. We denote A" := AN X,. Since A ¢ V, we have that A" # (. Let
K C P! be a closed disk with K N A = @ and let D denote the closure of its
complement in P!. We denote by § := K N D the common boundary, which
is a circle, and take a point ¢ € S. Then take standard paths y; C D \ U;D;
(nonself-intersecting, nonmutually intersecting) from ¢ to ¢; € dD;. The con-
figuration U,-(Di U y;) is a deformation retract of D. We shall also identify all
fibres X, to the fibre X., by the parallel transport along the paths y;.

Proposition 10.2.4 If H, (X¢,A”) = 0 for ¢ < k, then the morphism induced
by inclusion:
Ly
Hq(XD,Xc) — Hq(X,Xc)

is an isomorphism for g < k + 1 and an epimorphism for g = k + 2.

Proof The proof uses excision in homology which, unlike the homotopy exci-
sion, requires no extra conditions. We are therefore able to get a sharper result,
compared with Proposition 10.1.6(a).
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We claim that, if H,(X;,A") = 0, for ¢ < k, then H,(Xs,X.) = 0 for
g < k + 1. Note first that X is homotopy equivalent to Xg U (A" x K), by
Lemma 9.2.1. Let I and J be two arcs which cover S. We have the homotopy
h
equivalence (X, X.) ~ XjUMA xK)YUX; U@ xK),X;U (@A x K)).By
excision, we get the isomorphism:

Hi(Xs,Xe) = Ho(X; U (A" x K), Xy U A" x K)).

Next we have the homotopy equivalences of pairs: (X; U (A’ x K), Xy, U (A" x

K)) g (Xe x I,X, x oI UA’ x I and the latter is just the product of pairs
(X¢, A" x (1,01). Our claim follows.

By examining the exact sequence of the triple (Xp, X5, X)) and by using the
vanishing of H, (Xs, X.) proved above, we see that (Xp, X)) — (Xp, Xy) gives,
in homology, an isomorphism in dimensions ¢ < k + 1 and an epimorphism in
q = k + 2. Combining this with the excision H,.(Xp, Xs) = H,.(X,Xg) will
conclude the proof. ]

By Lemma 9.2.1, since D is contractible, the inclusion of pairs:

is a homotopy equivalence. We have the excision H.(U;Xp,, U;X,,) it
H,.(Xp, X,), which gives a decomposition of the homology H,(Xp, X,) into
the direct sum @;H.(Xp,, X,;). The next lemma shows how to replace Xp, by
Xp, == Xp;, \ Singsp.

Lemma 10.2.5 If Hdxnging opX > s + 1, then, for all i, the map induced by

inclusion Hq(X*i,XCl.) ELd H,(Xp,,X,,;) is an isomorphism, for ¢ < s — 1, and
an epimorphism, for g = s.

Proof Due to the exact sequence of the triple (Xp,, XB,- ,X¢;), it is sufficient to
prove, for all 7, that H,(Xp;,, Xl*)l_) =0, forg <s.

Then let B;j C X denote a Milnor ball centered at the singular point a;; €
Sing gp. Then the inclusion:

(Xp; N (U;Byj), Xp, N (U;Bj \ {a;})) — Xp,;, X],)

yields an excision in homology, and the unions are disjoint. Finally, the
hypothesis Hdxnging ;pX > s + 1 tells that the homology of each pair
(Xp; N Byj, Xp, N Bjj \ {a;;}) annulates up to dimension s. This ends the proof
of our claim. O
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Proposition 10.2.6 If Hq(XCi,Xa*i) = 0, for g < k, then Hq(X*l_,XCi) = 0 for
qg<k+1.

Proof This is the homology counterpart of Proposition 10.1.6 Let us take
Milnor data (Bjj, D;) at the stratified singularities a;;. We shall fix the index
i and therefore suppress the lower indices i.

Let D* = D\ {a}. By retraction, we identify D* to a circle and cover this
circle with the union of two overlapping arcs 7, J of angles less than 27r. Then

ht ht
Xp+ >~ X; UXjyand X, >~ X; >~ X, x J. With these notations, we have the
following isomorphisms induced by homotopy equivalences:

H (X}, Xe) >~ H.XpUXp\U;Bj), X UXp\ U;jBj))
>~ H (X UX;UXp\UiBj), Xy U (Xp \ UjBjj)),

and recall that Xp \ U;Bj; is the total space of the trivial fibration (10.3) over

D with fibre X g X4 \ UjBj;. By excising X; U X x D from the last rela-
tive homology we get H, (X7, Xsr U X} x I), which in turn is isomorphic to
H ((Xe, X)) x (I,0])) =~ H,—1(X¢, X)). Since, by hypothesis, the homology
of the pair (X, X)) annulates up to dimension k, it follows that the homology
of the last product annulates up to dimension k + 1. 0

At this point, part (a) of Theorem 10.2.3 is proved. Indeed, we apply Propo-
sition 10.2.4, we take s = k + 1 in Lemma 10.2.5 to have condition (C3), and
we finally apply Proposition 10.2.6.

We now focus on part (b) of Theorem 10.2.3, finding the kernel of the map
Hy 1 (X:) — Hp41(X). By the long exact sequence, this is equal to the image

of the boundary map Hj (X, X,) —3> Hjy11(X.), and we shall find this image.
Consider the commutative diagram:

Ly
Hi o (Xp,Xe) —— Hip2 (X, X0)

\ l , (10.7)
0

Hi1(Xe),
where 0 and d; are the natural boundary morphisms. Since Proposition 10.2.4
shows that ¢, is an epimorphism under condition (C1), we get:

Corollary 10.2.7 If Hq(Xc,A’) = (0 for g < k, then we have Imd = Imd; in
the diagram (10.7).
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Using (10.6), we may identify the boundary morphism Hy 1> (Xp, X.) i
Hj+1(X,) to the boundary morphism Hy 2 (Xp, X,) ﬁ) Hip1(Xe).

Next, the excision H,(U;Xp,, U;X,,) 3 H,(Xp, X,) allows us to identify
the boundary map 9; to the map 9, defined as the sum of the boundary maps
0; : Hrio(Xp;, X¢;) — Hpq1(X,), where X, is identified with X, by parallel
transport along the path y;.

With these identifications, we have the following commutative diagram:

@il +2Xp;, X¢;) >~ Hi2(UiXp;, UiXe,)

d
exc ~
d

1
Hir(Xp, X)) ———— Hp11(Xe),

which implies that:
Imd; = Zlmai. (10.8)
i

Our problem is then reduced to finding the image of the boundary map 0; :
Hi+2(Xp;, X¢;) = Hiy1(X,;), for all i. We next use condition (C3i) to further
reduce it, replacing Xp, by Xz“)i := Xp, \ Sing gp.

Corollary 10.2.8 If Hdxnging ;pX > k + 3, then, for all i:
Im (9; : Hy2(Xp;, Xe;) = Hi1(X¢;))
=1Im (3] : Hy12(Xp. X)) = Hip1(Xe).
Proof We have that 9] = 9; o jx, where j, : Hk+2(X;‘)i,Xci) — Hi2(Xp,. X))

isinduced by the inclusion. But then Lemma 10.2.5 applied for s = k42 shows
that j is surjective, and this ends the proof. 0

The variation map enters in the picture now:
Proposition 10.2.9 If H, (XC,.,Xa”;_) =0, for g < k, then:
Imd; = Im (var; : Hyy1 (Xe;, X)) — Hiy1(Xe,)).

Proof We use the second half of the proof of Proposition 10.2.6, which shows
the identifications marked by “~” in the following diagram:

o/

i

Hiio (X}, Xe,) His1(Xe,)

exc T ~ T v;—id

Hy 12Xy, Xor UXy x 1) <— Hp1(Xe;, X)) @ Hi(1, 91).




10.2 Second Lefschetz Hyperplane Theorem 199

This diagram is the identification of the boundary morphism 9! via the “Wang

exact sequence” to the morphism Hj (Xci,X;;) IES Hy11(X.,). The proof
of the Wang exact sequence is given by Milnor in [Mi2, p. 67, Lemma 8.4].
Now, since the above diagram is commutative, it shows the equality Imd; =
Im (v; — id). By the construction of var;, we have Im (v; — id) = Imvar;. U

We are now able to conclude the proof of Theorem 10.2.3(b). It follows by
the sequence of results: Corollary 10.2.7, equality (10.8), Corollary 10.2.8 and
Proposition 10.2.9.

Some particular cases. From Theorem 10.2.3 and its proof, we may derive
several versions in particular cases. We have to take into account the following
facts:

Proposition 10.2.10 Let ¥ := X No(Sing gp) and assume that ANX # .

(a) Incase X N Sing gp = @, the condition (C3) is empty.

(b) In case (A x PHynXn Sing gp = ¥, one may replace condition (C3),
respectively (C3i), by the following more general condition, which is a
global one:

(C3 Hy(X,X\%)=0, forq <k +2,
respectively
(C3iy H,(X,X\X)=0, forq <k +3.

(c) In case (A x PHyn Sing gp = ¥, if condition (C1) is true, then (C2) is
equivalent to the following:

(C2) Hy(X;, X NA) =0, forqg <k — 1.

Proof Since (a) is obvious, we focus on (b). By examining the proof of The-
orem 10.2.3, we see that we have used the homology depth condition only to
compare Xp, to X;}i. We may cut off from the proof this comparison (which
means Lemma 10.2.5 and Corollary 10.2.8) and start from the beginning with
the space X \ ¥ instead of the space X. Taking into account that, under our
hypothesis, Xz")i = X;")i \ X, for all i, the effect of this change is that the proof
yields the conclusion “Hy (X \ , X.) = 0, forg < k+ 1" and the corresponding
statement for the vanishing cycles. At this final stage, condition (C3)’ allows us
toreplace X \ X by X.
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(c) When there are no singularities in the axis, we have A N Xa*, =ANX,, for
any i. Then the exact sequence of the triple (X, X,;,A N X;) shows that the
boundary morphism:

Hq(XLWXat) - Hq—l(Xc,A mX;:)

is an isomorphism, for ¢ < k, by condition (C1). This implies our claimed
equivalence. ]

Quasi-projective varieties. In case of quasi-projective varieties, we have the
abundance of generic hyperplane pencils, in the sense that the axis A is transver-
sal to the stratification. It follows from Proposition 10.1.3 that such a pencil has
no singularities along the axis. We are therefore under the conditions of Propo-
sition 10.2.10(b) and (c). Another nice aspect of quasi-projective varieties is
that the Lefschetz structure is hereditary on slices: as observed in §10.1, since
the axis A is chosen to be transversal hence generic, it becomes in turn a generic
slice of a hyperplane slice of X, and so on.”

The complementary case A C V. We continue the discussion of the case
A’ = ¢, started in §10.1. One would be tempted to replace the condition (C1)
by the condition “H,(X.) = 0, for ¢ < k", but this appears to be too restricting.
Nevertheless, in case the target of hx is P! \ {b}, for some b € P!, the situation
becomes more interesting and it appears that (C1) does not play a role anymore.

Theorem 10.2.11 [Ti12] Let X = Y \ V have a structure of Lefschetz fibra-
tion with isolated singularities over C ~ P\ {c}. For some fixed k > 0, assume
that Hq(XC,X;:_) = 0 for g < k, where X, is a general member X, and X, is
any atypical one.

(@) IfHy(X.X \ ) = 0forq < k + 1, then Hy(X,X.) = 0 for g < k + 1.
() IfHy(X, X \ X) = 0 forq < k + 2, then ker (Hy1(Xe) - Hiq1(X)) =
> P Imvar;.

Proof We show that the conditions of Theorem 10.2.3 are fulfilled and that
its proof works with some modifications which simplify it. Since the target of

our holomorphic function /x is C, we have Xp g X . Then the conclusions
of Proposition 10.2.4 and of Corollary 10.2.7 hold with no assumption on k.
Therefore (C1) does not enter any more as a condition in our proof. On the
other hand, since our condition on the axis implies (A x P') NX N Sing sp =19,
Proposition 10.2.10(b) below shows that we can use the conditions (C3)" and
(C3i) instead of (C3) and (C3i) respectively. Finally condition (C2) is itself an
assumption of the above theorem. ([



10.3 Vanishing cycles of polynomials, revisited 201

Comparing to the rHd condition.

Proposition 10.2.12 Theorem 10.2.3 holds if we replace the conditions (C2)
and (C3), respectively (C3i), by the single condition:

(C4) rHdX >k +2.
respectively:
(C4i) rHdX >k +3.

Proof The condition tHd X > ¢ implies rHd X > ¢, since X is a hypersurface
in X x P! and we can apply again [HmI.3, Theorem 3.2.1]. This in turn implies
Hd,X > ¢, for any point o € X, by definition.

Next, tHd X > g implies that the homology of the pair (Xp,, X,,;) vanishes
up to dimension g — 1, by Proposition 10.1.8 and the observations before it
(where rhd has to be simply replaced by rHd in all arguments). Up to now we
have shown that (C1) 4 (C4) imply claim (a) of Theorem 10.2.3.

On the other hand, if we assume (C4i), then, besides the vanishing of
the homology of (Xp,,X,;) up to k 4+ 2 (shown just above), it follows that
Hq(XZ‘)’_,XCi) = 0forg < k + 1, by Lemma 10.2.5. Now the proof of Proposi-
tion 10.2.6 shows in fact that the annulation of the homology of (X’l“)i,XC,.) up
to k + 1 is equivalent to the annulation of the homology of the pair (Xc;, X;;) up
to k, which is just condition (C2). Therefore Theorem 10.2.3(b) applies. [

10.3 Vanishing cycles of polynomials, revisited

We recall from §9.1 that a polynomial function f : C" — C may naturally
be considered as a nongeneric pencil of hypersurfaces on the space C", which
is itself a particular quasi-projective variety. If degf = d, then we have the
meromorphic function 2 = f /z¢ : P* ——» P!, where f is the homogenized of
f with respect to the new variable z and the axis of the pencil is A = {f; =
0} C H*®.Herewehave Y = P", V = H*® = {z = 0} C ", and we are in the
situation managed by Theorem 10.2.11 for a pencil on X = C" with hjcn = f
and ¥ = Singf.

We show here that the following more general setting can still be treated with
the same theory: the polynomial function f has isolated singularities, but no
condition on its singularities in the axis, which may be nonisolated. Moreover,
we shall see that we have a more precise grip on the variation maps.

For a big enough radius of some ball B C C" centered at the origin, we have:

ht
X4 N B~ Xy,
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for any i, since the distance function has a finite set of critical values on the
algebraic sets X,;. With arguments like in §3.1, for small Milnor balls Bj; at
the critical points of f on X, and for a small enough disk D;, we prove that
the map:

fi:f'D)NB\U;B;j — D; (10.9)

is a trivial fibration, essentially since the fibres of f over D; are transversal to
0B and transversal to the boundaries of the Milnor balls; the claim then follows
by Ehresmann’s theorem.

This implies, as in §10.2, that there is a well-defined geometric monodromy
representation at each a; € Atypf C C, p; : m; (81_),-, ¢i) — Iso(X, Xe; \
(CB (U UjB;j)). We have seen in §10.2 that this induces a variation map:

var; : Hy (Xe;, X)) — Hp(Xe,),

where in our special setting X;, is a notation for the subset X, \ CB U UjBj;) of
X.,;. This notation is suggested by the fact that X,,\ Singf is homotopy equivalent
to X, N B\ U;B;;, which in turn may be identified to X, \ CB U U;jBj;), since
both are fibres of the trivial fibration (10.9).

Corollary 10.3.1 Let f : C* — C be a polynomial function with isolated
singularities. Then:

(a) Iqu(Xc,-,X;i) = 0 for g < k and for any i, then flq(Xc) =0forg <k.

(b) [NN2, Theorem 2.3]6 The variation map var; : H,,(Xci,X;;) — I:I*(XC,.) is
injective, for any i > 0. In particular, we have H,(X;) >~ }_;Imvar; for
the first integer ¢ > 1 such that H,(X.) # 0.

Proof We apply Theorem 10.2.11. Of course the homology of C”" is trivial,
but the relative homology H, 1 (C",X,) is isomorphic to H,(X.) by the long
exact sequence of the pair (C",X,.). By Lemma 3.2.2, we have the general
decomposition into the direct sum of vanishing cycles at each atypical fibre
Xg;, namely H,1(C", X,) >~ ®;H.+1(Xp,, X,;), when the system of paths y; is
fixed.

Since the fibres of f are Stein spaces of dimension n — 1, their homology
groups are trivial in dimensions > n. The condition (C3)’ is largely satisfied,
since (C",C" \ Singf) is (2n — 1)-connected. Hence part (a) follows from
Theorem 10.2.11(a). For part (b), remark first that, by the above arguments, the
boundary map 0; : H,,+1(XD1.,XC,.)—>I:L,(XC,.) is injective, for any i. Next we
replace Xp, by XD*I, := Xp, \ Singf’, since (XDI.,XD*I,) is (2n — 1)-connected,
and we deduce that the boundary morphism 9; : H, (X *i,Xci)—ﬂE]* (Xc,) is



10.3 Vanishing cycles of polynomials, revisited 203

injective for all i > 0. By the diagram used in the proof of Proposition 10.2.9,
we identify H, (X *,-’Xcl-) to H, (XCI.,X;l,) and ker 8; to ker var;. O

The image of the ‘pseudo-embedding’ ¢ : X := Xq, N (B \ U;By) — X,
plays here the role of the boundary of the Milnor fibre in the local case. We
may therefore call Im, the group of ‘boundary cycles’ at a;. We immediately
get the following consequence.7

Corollary 10.3.2 The invariant cycles under the monodromy at a; are exactly
the boundary cycles, i.e. the following sequence is exact:

Ho(X2) —5 Ho(Xe) "2 HL (X)),

Proof We have the following commutative diagram, by (10.5), where the first
row is the exact sequence of the pair (X, X, ji):

Ly J*
Hy(X}) — > Ho(Xe) ——> HoXe, X))

var;
vl-fid

H(X).

We have the equality Im¢, = kerj,. Since v; —id = var; o j,, and since var; is
injective by Corollary 10.3.1, the claim follows. O

This result may be considered as a counterpart, in a nonproper situation, of
the well-known ‘invariant cycle theorem’ proved by Clemens [CI]. The latter
holds for proper holomorphic functions g : X — D, in cohomology (thus
‘invariant co-cycle theorem’ would be more appropriate), where X is a Kédhler
manifold. It says that the following sequence is exact:

HYX) L B (X0 5 B (x).

where 1 denotes the monodromy around the center of the disk D (assumed to
be the single critical value of g).

It is natural to ask if an invariant cycle result similar to Corollary 10.3.2 holds
for more general classes of nonproper pencils.
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We discuss in this last chapter the problem of finding natural generators for
the ‘vanishing homotopy’ of a pencil of hypersurfaces on an analytic variety X .
The solution of this problem will yield analogues of the Second Lefschetz
Hyperplane Theorem for homotopy groups, which are called in the litera-
ture Zariski—Lefschetz theorems. At the same time, this generalizes to higher
homotopy groups the Zariski—van Kampen theorem for the fundamental group.
It turns out that our geometric method allows us to prove such results in a
general setting, which includes for instance the use of nongeneric pencils.

11.1 Homotopy variation maps

We use the same notations as before: Y is a compact complex analytic space,
V C Y is a closed analytic subspace such that X := Y \ V is connected, of
pure complex dimension n > 3. Assume that there is a pencil on X defin-
ing a Lefschetz fibration with isolated singularities on X, in the sense of
Definition 10.1.2, involving the Whitney stratification S of Y.

Fora; € A :={ay,...,a,}, at some singularity a;; € Sing gp N Y, in local
coordinates, we take Milnor data (Bj;, D;) for p at a;;. Moreover, we may keep
the same disk D; for all j, provided that it is small enough.

Since the function p : Y — P! has isolated stratified singularities, the fibres
of p are endowed with the stratification induced by S except that we have
to introduce the point-strata {a;;}. Every fibre has therefore a natural induced
Whitney stratification. For the construction of a geometric monodromy at a;
we refer to §10.2. The exposition follows closely [Ti8, Til0].

Construction of the homotopy variation map. We assume from now on that
X, \ U;Bj; is path connected, for all i. For instance, if the general fibre X,

204
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is path-connected and if (X, X \ U;jB;) is 1-connected then X, \ U;Bj;
is path connected. (The assumptions of Theorem 11.2.1(b) will allow these
considerations.)

We have to keep track of the base points of homotopy groups, so let us fix
ue S Vandv e Xe; \UjBjj. Let y: (Dq,S‘f’l,u) — (X¢; Xe; \ UiBjj,v),
for ¢ > 3, be some continuous map, and let [y] be its homotopy class in
7y (Xe;» Xe; \ UjBjj, v). The homotopy class [h; o ] is a well defined element of
74 (Xe;» Xe; \UjBjj, v) and does not depend on the representative 4; in its relative
isotopy class. Consider the map p: (DY, sa-1 u) — (D4, sa-1 u) which is the
reflection into some fixed generic hyperplane through the origin, which contains
u. Then [y o p] is the inverse —[y] of [y]. We use the additive notation since
the relative homotopy groups 7, are abelian for g > 3.

Consider now the map:

it nq(Xci’Xc,- \UjBij, V) — nq(Xci»Xc,' \UjBij7 V) (11.1)

defined as follows: w;([y]) = [(hio y) * (y 0 p)] = [hi 0o y] = [¥].

The notation “x” stands for the operation on maps which induces the group
structure of the relative 7. The map w; is well defined and itis an automorphism
of my(Xc;, Xe; \ UjBjj,v), because of the abelianity of the relative homotopy
groups 1, for ¢ > 3. This construction does not extend to the case g = 2.1 In
case ¢ = 1 there are the monodromy relations which enter in the well-known
Zariski—van Kampen theorem.

Lemma 11.1.1 The map v; := (hj o y) * (y o p): (D9,59 ' u) — X Xer \
U;Bjj,v) is homotopic, relative to S9! toa map (57, u) — (X, v).

Proof We first observe that for the restriction of y to S 4=1 which we shall call
y', we have h; o y’ = ¥/, since the geometric monodromy £; is the identity on
Imy’. Without loss of generality, we may and shall suppose in the following that
the geometric monodromy #; is the identity over a small tubular neighbourhood
T of Xe; \ UjBjj within X, .

Let v,f denote the restriction of v; to S4~!. We claim that we can shrink Im v;
to the point v through a homotopy within Imv/. The precise reason is that, by
the definition of p, the map ¥’ * (¥’ o p) is homotopic to the constant map to
the base-point v, through a deformation of the image of ¥’ * (¥’ o p) within
itself. We may moreover extend this homotopy to a continuous deformation
of the map v; in a small collar neighbourhood 7 of $9~! in D7, which has its
image in the tubular neighbourhood 7', such that it is the identity on the interior
boundary of 7 (which is a smaller sphere 7! DY). Then we extend this

1-¢
deformation as the identity to the rest of D?. In this way we have constructed
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a homotopy between v; and a map (D4, S9 -1 u) — (X, v,v), which is nothing
else than a map (D9,u) — (X,,,v). This represents an element of the group
g (Xen V). O

The construction in the above proof is well defined up to homotopy
equivalences, hence we get:

Definition 11.1.2 The map defined in the proof of Lemma 11.1.1:
hvar; : my(Xe;, Xe; \ UjBjj, v) — m(Xe;, v), (11.2)

is called the homotopy variation map of the monodromy #;.

Let us point out that hvar; is a morphism of groups. Indeed, due to the
abelianity we have:

hvar;([y]4[8]) = [(hioy) * (hio8)] — [y %] = [hioy]+[hiod] —[y]—[4]

= [hioy] = [y]+ [hi o8] — [8] = hvar;([y]) + hvar;([3]).

By its geometric definition, the homotopy variation map enters in the
following commutative diagram:

Ki
nq(XCi’XC,' \U/B,/,V) I nq(XCi’XCi \U/Bl/’v)

\ B T (11.3)
hvar;

ﬂq(Xc,-, v),

where j; is induced by the inclusion (X;,v) — (X¢;, X¢; \ UjBjj, v).

For simplicity reasons, we use the notation in Definition 10.2.1 and we write
X, for the fibre X, \ U;Bj; of the trivial fibration (10.3). Thus the pair of spaces
(X¢;» Xe; \ UjBjj) will be denoted by (X, X,;").

Keeping in mind the significance of X;', we shall use in the remainder the
following notation for the variation map, instead of (11.2):

hvar; : nq(XC,.,in,.) — g (Xe;, ). (11.4)

The action of ;. The fundamental group 771 (X, .) acts on the higher homotopy
groups 7m,(X,.) and on any relative homotopy group, where X, appears at
the second position. Under the hypotheses of Theorem 11.2.1(b), X,; is path

connected for all i and g (in, ‘) LN 1(X¢;, ) is an isomorphism. Having
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this assumption, we may and shall identify the two actions of 71 (X, .) and of
71 (X¢;, ») modulo the isomorphism i.

We therefore have the action of 71 (X, .) on those higher relative homotopy
groups of pairs where X is the second space of the pair, and we also have
the action of 7y (Xa";, .), via the isomorphism i, on 7,(X,;, .) and on the higher
relative homotopy groups of pairs, where X, is the second space of the pair.

Lemma 11.1.3 The image of hvar; is invariant under the action of 71 (X, .).

Proof For some 8 € ”l(X;,«’-)’ we have hvar;(8[y]) = Blh; o y] — Bly]l =
Bhvar;([y]), since, by the functoriality, the action of 8 commutes with the
morphism induced by the geometric monodromy map #4; : X., — X, (]

We shall denote in the following by 7, the quotient of the corresponding
higher homotopy group by the action of 7 (X, ) or by that of 71 (X, .) even-
tually through the isomorphism i,. We shall use the same notation b for the
passage to the quotients of some morphism v which commutes with the action
of 7.

11.2 General Zariski-Lefschetz theorem for
nongeneric pencils

Let us now state the general Zariski-van Kampen—Lefschetz type result,
which uses the homotopy variation map (11.2). It is a faithfull analogue of
Theorem 10.2.3 (the nongeneric Second LHT). The ingredients were defined
before, except of the homotopy depth condition ‘hd’, which is also entirely
analogous to the homology depth Hd, cf. Definition 10.2.2. The exposition
follows [Ti8, Til0].

Theorem 11.2.1 [Ti8, Til0] Let h: Y --» P! define a pencil with isolated
singularities such that the axis A of the pencil is not included in V and such
that the general fibre X, on X = Y \ 'V is path connected. Let us consider the
following three conditions:

1) (X¢,X.NA) is k-connected,
(ii) (X¢, X)) is k-connected, for any critical value a of the pencil;
(iii) hdxnsing gpX > k + 2.

Then we have the following two conclusions:

(a) Ifforsomek > Othe conditions (i), (ii) and (iii) hold, then wy (X , X,.) = 0
forallg <k + 1.
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(b) If for some k > 2 the conditions (i) and (ii) hold, and if condition
(iii) is replaced by the following one:
(111/) thﬂSingst >k+3,
then the kernel of the surjective map mwi41(Xe,o) — M1 (X,.) is
generated by the images of the variation maps hvar;.

The conditions in our theorem are satisfied by a large class of spaces X . For
instance, the conditions (ii) and (iii), respectively (iii"), are both fulfilled as
soon as X is a singular space that is a local complete intersection of dimension
n > k + 2, respectively n > k + 3 (see also Definition 10.2.2 and after it).

In what concerns part (a) of Theorem 11.2.1, this is a general (nongeneric)
LHT for homotopy groups, which recovers Theorem 10.1.4 with a significantly
weakened hypotheses.

The focus is here on part (b) of Theorem 11.2.1, which treats the ‘homotopy
vanishing cycles’. Since the homology counterpart of it is Theorem 10.2.3, we
concentrate here on those more delicate arguments for homotopy groups. The
result does not cover the case k = 1 because of the technical restriction in the
definition of the variation map (11.2).

Theorem 11.2.1 represents a synthetic viewpoint on Zariski—van Kampen-
type results for higher homotopy groups, having in the background the
pioneering work of Lefschetz [Lef], Zariski and van Kampen [vK]. It recovers
several cases considered before in the literature and at the same time it extends
the range of applicability of the Zariski—-van Kampen—Lefschetz principle.2

We shall discuss in §11.3 several consequences and particular, cases. In
particular, we show how to get a version of Theorem 11.2.1 in the case of
complements of singular projective spaces. Some other possible applications
of Theorem 11.2.1 parallel the ones for homology groups, which have been
discussed in §10.

Proof of Theorem 11.2.1. For the connectivity part (a), we follow in the
beginning the proof of Theorem 10.1.4.

Definition 11.2.2 One says that an inclusion of pairs of topological spaces
(N,N’) < (M ,M')is ag-equivalence if this inclusion induces an isomorphism
of relative homotopy groups for j < g and a surjection forj = q.

Lemma 11.2.3 Let (X.,A’) be k-connected for k > 0. Then the inclusion of
pairs ¢ : (Xp, X)) — (X,X.) is a (k + 2)-equivalence, for k > 0.

Proof This can be extracted from page 189. Under the assumption (X,,A’) is
k-connected, k > 0, Proposition 10.1.6(a)(i) shows that (Xs, X.) is (k + 1)-
connected. From the exact sequence of the triple (Xp, Xs, X.), we deduce that
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the inclusion (Xp,X.) — (Xp,Xs) is a (k 4+ 2)-equivalence. Next, Propo-
sition 10.1.6(a)(ii) shows that, by homotopy excision, the inclusion of pairs
(Xp,Xs) — (X,Xk) is a (k + 2)-equivalence. Since Xk retracts in a fibrewise
way to X, the pair (X, Xx) is homotopy equivalent to (X, X,). (]

We turn our attention to the Nash blow-up X. We have that the inclusion
Xp,X:) = (Xp,X.) is a homotopy equivalence, by applying Lemma 9.2.1.
Next, Proposition 10.1.6(b) shows that (Xp, X,) is (k + 1)-connected, k > 0,
provided that (Xp,, X.,) is (k 4+ 1)-connected for all i.

Then we replace Xp, by Xz“)i := Xp, \ Sing gp, using the homotopy depth
assumption.

Lemma 11.2.4 If thmsmg st > g+ 1, for g > 1, then the inclusion of pairs

(X, Xe:) <y (Xp,, Xc,) is a g-equivalence, for all i.

Proof In the exact sequence of the triple (Xp,, X’Bi , X¢,), itis sufficient to prove
that (Xp,, Xf)l_) is g-connected. By the homotopy depth assumption, for all j,
the pair (Xp, N Byj, Xp; N Bj; \ {aj;}) is g-connected. Then, by Switzer’s result
for CW-complexes [Sw, 6.13], the space Xp, N Bj; is obtained from B;; \ {a;;}
by attaching cells of dimensions > ¢ + 1.* It follows that Xp, is obtained from
X}’_‘)i by replacing each Bj; \ {a;;} with B;;, which amounts, as we have seen, to
attaching cells of dimensions > ¢ + 1. So our claim is proved. (|

To conclude part (a) of the proof of Theorem 11.2.1, we need the following
key result.

Proposition 11.2.5 If (X, X,;') is k-connected, k > 0, then (X*[_,XC,.) is (k +
1)-connected.

Proof We shall suppress the lower indices i in the following.
Let D* := D \ {a}. We retract D* to the circle dD and cover this circle by
h
two arcs I U J. We have the homotopy equivalences Xp+ = X7 U Xy and
h
X, zt X7. We recall that Xp \ U;Bj; is the total space of the trivial fibration
p: Xp\U;B;; — D.Its fibre is homotopy equivalent to X, \ U;B;; and has been
denoted by X¥. Recall that X7, := Xp \ Sing gf . Then the following inclusions

are homotopy equivalences of pairs. They induce isomorphisms in all relative
homotopy groups.

* Note that, if a;j & Xg; then the two spaces of the pair are identical and the connectivity of the
pair is infinite; in this case there is nothing to attach.
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X5, Xe) <> Xp U Xp \ UjByj), X¢) —
— Xp« UXp \U;B;j),X; U(Xp \UjBjj)) <
— (X;UX; UXp\ UjB[j),XJ UXp\ UjBij))-

Let us consider the following homotopy excision:
X;UX;UXp\U;By)), Xy UXp\U;Bj)) < (X7, Xar UX7\U;B;)). (11.5)

The right-hand side pair is homotopy equivalent to (X7, X, x dl UX} x I),
which is the product of pairs (X., X)) x (I, 91). Since (X, X)) is k-connected
by our hypothesis, this product is (k 4 1)-connected. This follows from the fact
that the spaces are CW-complexes and by using Switzer’s [Sw, Proposition
6.13].

By the Blakers—Massey theorem (cf. Gray [BGr, Cor. 16.27]), it will follow
that the excision (11.5) is a (k + 1 + g)-equivalence provided that the pair
Xy U Xp \ UjByj), Xy U (X; \ UjBy)) is g-connected. If ¢ > 0, then this
proves our claim that the original pair (X}, X.) is (k + 1)-connected.

It therefore remains to evaluate the level g. Since the inclusions X; \ U;Bj; —
Xp\U;B; and X; \ U;B;; — Xp \ U;B;; are homotopy equivalences, it follows
that the following inclusions of pairs are homotopy equivalences, and therefore
induce isomorphisms in all relative homotopy groups:

(X7 U Xp\ UjByj), Xy U (X7 \ UjByj)) —
— X; UXp\U;B;j), Xy UXp \ UjBy)) <
< (X7 U X7\ UjBy), Xay U (X7 \ UiBy) < (X7, Xas U Xy \ UiBy)).

We also have:
(XJ,X()]U(XJ\UBIJ))_(X XJ,Xe x0JUX) xJ) = (Xe, X)) x (J,0]).

Since (X, X ") is supposed k-connected, this implies that the above product of

Cr“q

pairs is at least (k + 1)-connected, so the level gisk + 1 > 0. O

We next prove the more delicate part (b) of Theorem 11.2.1. From part (a)
we know that w4 (Xe,s) — mr41(X,.) is a surjection. The kernel of it is
invariant under the the m1(X¢,.)-action on myy1(Xc,.), by the functoriality
of this action. So in order to prove (b) it suffices to show that the i he image of
J k42 (X, Xy v) = Aps1(Xe, ) is generated by the images Im (hvar) since
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Im (hvar;) is also invariant under the 77 -action, see the end of §11.1. This will
be done in the last part of the proof.

But first, let us observe that we may replace 3 by do. Indeed, we has the
natural commutative triangle:

L
nk+2(XD’XC, ') D ka+2(X9XC7 ')

\ la (11.6)
do

i1 (Xes ),

where 0 and dp are boundary morphisms and ¢ is the inclusion of pairs
(Xp,X:) = (X, X.). The fundamental group acts on this diagram and the action
is functorial. By Lemma 11.2.3, the inclusion of pairs ¢ : (Xp,X.) — (X, X,)
is a (k + 2)-equivalence, for k > 0, and taking quotients by the action of 7}
preserves this property. Consequently, we have the equality:

Imd = Im dy. (11.7)

For all i, let ¢; : (Xp,;,X.;) — (Xp,X,) denote the inclusion of pairs and
let 9; : w42 (Xp;, X¢;h0) = Wi41(X,;, -) denote the boundary morphism in the
pair (Xp,, X.;). Consider now the following commutative diagram, for k > 1:

@iﬁk+2(XD,-,Xc,-, ')

>0
D otis l \ (11.8)
9

T2 (X, Xy ) ——> 1 (X o),
where, for all i, we identify (X,,,.) to (X,,.) together with the base points “.”
by using the paths y;, as explained in the proof of Theorem 10.1.4. We use the
additive notations Y 9; and ) tiy since for k > 1 the groups myy1(X,,.) and
7r4+2(Xp, X,, ») are abelian. By the functoriality of the action of 7y (X, .), we
get the induced “hat” diagram:

@iﬁk-‘rZ(XDi’XC,'? ')
>0
>l l (11.9)

A 0 A
Te42(Xp, Xey o) —— M1 (Xey o).
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Proposntlon 11.2.6 Let (Xp,,X,;) be (k + 1)-connected, k > 1, for all i. Then
Imdy = Im Q- ) in diagram (11.9).

Proof We use Hurewicz maps between the relative homotopy and homol-
ogy groups (denoted H; and H below). We have the following commutative
diagram:

i

®iﬁk+2(XDia XC,', ') % ﬁk+2(X'D7X6‘7 ')

l ®iHi \L H
>l

@il 2Xp,, X¢e;)) — Hi o Xp, Xo).

The additive notations are used because the relative homotopy groups are
abelian for k > 1.

Under our hypothesis and by the relative Hurewicz isomorphism theorem
(see e.g. [Sp, p. 397]), we get that the Hurewicz map H; : 7x42(Xp,, X¢,, ) —
Hy12(Xp,;,X,,;) is an isomorphism, for any i. The same is H, since (Xp,X,)
is (k + 1)-connected, by Proposition 10.1.6(b). Next, Y ¢, is a homology
excision, thus an isomorphism.

It follows then from the diagram that ) ;; is an isomorphism too, which
proves our claim. (]

To complete the proof of the theorem, we need to find the image of the map
0; : ﬁk+2(XD,~,an D) —> ﬁk—Q—l(Xcia .,k > 1, foralli.

Corollary 11.2.7 If thmSing SPX > k + 3, k > 0, then the following equality
holds, for all i:

Im (3; : A2 (X X o) = ey 1 (Keon) =
= Im(al{ : ﬁk+2(X;3[_,XC,.,.) — ﬁ'k+1(Xc,-, ).

Proof By applying Lemma 11.2.4 for g =2, we getthatj; : mx42 (X}*)l_ s Xepsn) =
k42 (Xp;, X, +) is a surjection. Since 8] = 9; o ji;, we get our claim after taking
the quotient by the 7 (X;, .)-action. ]

Proposition 11.2.8 If (XCI.,X;[) is k-connected, k > 2, then:

ImJ] = Im (hvar; : T 1 Koy Xo0) = g1 Xy o).

Proof We work in this proof with a fixed index i; we shall write c, a, 1 instead
of c¢;,aj, ;i respectively. The final purpose will be to show the commutativity
of the diagram (11.13) below. The idea is to compare it with the analogous
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diagram for homology groups, via the Hurewicz maps. However, we cannot
do this directly, since we do not have the k-connectivity of X, from the upper-
right corner of (11.13); we only have that the pair (X, X)) is k-connected. We
therefore construct a proof in two steps.

Step 1. Let us consider the following diagram, not claiming that it is
commutative:

arr

a
nk+2(XE,XC X I’ ') = nk+2(X37XC9 ') — 7Tk+] (XCs X;, ')
mT TM (11.10)

T (X1, Xe x AT UXF X 1,2) < mpp1 (Xes X2,

where 11 := p; is the morphism defined in (11.1) and 8" denotes the bound-
ary morphism of the homotopy exact sequence of the triple (X7, X., X ). The
fundamental group 771 (X, .) acts on the groups at the right-hand side of this dia-
gram and, via certain isomorphisms, on the groups at the left-hand side. These
isomorphisms are w1 (X, .) =~ w1 (Xc,.) =~ w1 (X x 0IUX ) x 1, .) which follow
from the connectivity hypothesis on (X, X ") and from the inclusion of spaces
X xICX,xdlUX) xI C X, xI.Therefore the natural diagram (11.10)
passes to the quotient by the my-action and yields:

ar

A A d o
nk+2(X*DsXC X 1, ') = 7Tk+2(XE, XC’ ') > Tj+1 (XC’X;3 ')

@T: Tﬂ (11.11)

ﬁk+2(X[,Xc x dl UX;< x1,) <— ﬁk+1(Xc,X;,.).

We now claim that (11.11) is a commutative diagram. Let us see, there is the
following diagram in homology:

Y

Hi (X5, Xe) ————— Hip1 (Xe, X))

exe T ~ Th*_id (11.12)

Hyo(Xp, Xe x AT UXS x I) <—— Hip1(Xe, X)),

which is a Wang type diagram, and therefore it is commutative. Milnor
explained a simpler version of it in [Mi2, p. 67] and his explanation holds true
in the relative homology. We have used it in the proof of Proposition 10.2.9.
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Let us prove the claim. We parallel the homotopy groups diagram (11.11)
by the homology groups diagram (11.12) and connect them by the Hurewicz
homomorphism. We get in this way a ‘cubic’ diagram. Notice that the homology
version of the homotopy map u is just &, — id, by the geometric definition of
(o given in (11.1). By the naturality of the Hurewicz morphism, all the maps
between homotopy groups are in commuting diagrams with their homology
versions (as ‘faces’ of the cubic diagram). Moreover, the Hurewicz theorem
may be applied each time. The connectivity conditions that the four Hurewicz
morphisms become isomorphisms are fullfilled: (X, X)) is k-connected by
hypothesis and (X7, X.) is (k+ 1)-connected by Proposition 11.2.5. This allows
us to identify the homotopy diagram (11.11) to the homology one (11.12), and,
since the later commutes, it is the same with the former. Our claim is therefore
proved.

Step 2. We claim that the following diagram:

. o .
T2 (X)), Xey ) ——————— M1 (Xe, )

”ACTN Tﬁr (11.13)

R 2 (X, Xe x AT UXE X 1,2) <——— Fpp1 (Xe, X[ ),

which differs from (11.11) by the upper right corner only, is commutative too.
Let us justify why we may replace the morphisms w and 3” in (11.11) by the
morphisms hvar and 3’ respectively. We have the following diagram:

ﬁk+1 (XL‘sX;» ')

Ji
7 —

ﬁk—i—z(XE’XCv ') — ﬁk—‘rl(XL" ')

E

1K, X o).
(11.14)
The two triangles of this diagram are commutative by the following reasons:
(1) the right-hand side triangle coincides with diagram (11.3) after having
taken quotients by the action of m(X,,.), and (2) the upper-left triangle is
commutative by the naturality of the boundary morphism.
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Let o € my1(Xe, X, 4). As explained in the construction of the homotopy
variation map §11.1, an element of the form p () is homotopic, relative to X,
to a certain element of the absolute group 4 (Xc, ), which we have denoted
by hvar(«). Furthermore, let us remark that, by the commutativity of diagram
(11.11), o) = é”(ﬁ) € Mpp1(Xe, X)) for some B € M 12(XF), Xe,.). We
get hvar(a) = ' (B).

Hence we can ‘pull-back’ the upper-right corner of the diagram (11.11),
as shown in diagram (11.14). This completes the proof of the commutativity
of (11.13).

The proof of our statement follows now from the commutativity of the dia-
gram (11.13) and the fact that the bottom row and the excision from the left are
both isomorphisms. [

The scheme of the proof of Theorem 11.2.1(b) is as follows: apply one after
the other (11.7), Proposition 11.2.6, Corollary 11.2.7 and Proposition 11.2.8.

11.3 Specializations of the Zariski—Lefschetz theorem

In the following we discuss what becomes in some particular cases Theorem
11.2.1, i.e. the generalized Zariski—Lefschetz theorem.

Aspects of the homotopy depth condition. Let us show that, if the space
X satisfies the condition thd X > k + 2 (as assumed in the statement of the
Lefschetz Hyperplane Theorem 10.1.4), then this replaces the conditions (ii)
and (iii).

Indeed, rhd X > k + 2 implies thd X > k + 2 by [HmL3, Theorem 3.2.1]
applied to the hypersurface X of X x P!. This in turn implies hd, X > k + 2, for
any point v € X, by definition. Moreover, the condition thd X > k 4 2 implies
that the pair (Xp,,X,,) is (k 4+ 1)-connected, in other words Lemma 11.2.4
is replaced by Corollary 10.1.9. Therefore Proposition 11.2.5 is not needed
anymore and we have a shortcut to the proof of part (a) of Theorem 11.2.1 not
using at all the condition (ii). The path connectivity of X, is also not needed here;
it only comes up in part (b), in the construction of the homotopy variation map.

In what concerns Part (b) of Theorem 11.2.1, the condition rhd X > k + 3
implies not only (iii’), as shown just above, but implies also the condition (ii),
which is important in the proof of Part (b). Let us prove this.

We claim that every pair (X, NBj;, X¢; NdBj;) is k-connected. Firstly, X, N B;;
is (k+1)-connected since Xp N B;; is contractible by the local conical structure,
and the pair (Xp N Bjj, X¢; N Bjj) is (k + 1)-connected by Proposition 10.1.8.
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Secondly, thd X > k + 3 implies rhd X,;;, > k + 2, by [HmL3, Theorem 3.2.1].
This implies hda,./.Xai > k + 2, which shows that X,; N 0B;; is k-connected
(by the local conical structure of X,,). Since X, N dB;; is homeomorphic to
Xc; N 3By, our claim is proved.

Now, by using Switzer’s result for CW-complexes [Sw, 6.13] we get that the
space X, N By is obtained from X, N dB;; by attaching cells of dimensions
>k+1.

It then follows that X, is obtained from X, \ U;B;; by attaching X, N B;; over
X.; N dBjj, for each j, and we have seen that this corresponds to attaching cells
of dimensions > k +1. It then follows that the pair (X, X, \U;Bjj) = (X, X;I,)
is k-connected, which is condition (ii).

Pencils on X having no singularities in the axis. Let us consider the situation
(A x P'Y N X N Sing gp = @, which means that the pencil has no singularities
along the axis on X . However, in our setting there might be singularities (which
we still assume isolated, as before) along the axis on Y, and they certainly
influence the topology of the pencil on X. This situation may be discussed
somewhat more as follows (see also Exercise 11.1 for an interesting subcase).

We claim that the homotopy depth condition (iii), resp. (iii’), may be replaced
by the following more general, global condition:

(X, X \ X)is (k 4+ 2)-connected, resp. (k + 3)-connected, (11.15)

where ¥ := o (Singgp) C Y 3 Indeed, we notice that we have used the homo-
topy depth condition only for comparing Xp, to X;‘)[_. So we may get rid of
this comparison by replacing everywhere in the proof of Theorem 11.2.1(a) the
space X by the space X \ X. In particular, this reduces to tautologies Lemma
11.2.4 and Corollary 11.2.7. We then get the conclusion of Theorem 11.2.1 for
the inclusion X, < X \ X instead of the inclusion X, < X. But, at this stage,
we may just replace X by X \ X since the condition (11.15) tells that X \ ¥ and
X have isomorphic homotopy groups up to 7x 1, which suffices to our purpose.
Still in case (A x PHynX N Sing gp = @, let us observe a second fact: in
Theorem 11.2.1, if the condition (i) is fulfilled, then the condition (ii) becomes

equivalent to:
(X;;»ANX,) is (k — 1)-connected. (11.16)

Indeed, when there are no singularities in the axis, we have A N X;l_ =
ANX. = A, for any i and our claim follows from the exact sequence of the
triple (XC,Xa";,A/).

The classical case: generic pencils on the projective space. From the preced-
ing observations on pencils without singularities in the axis, we may derive the
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following statement for complements P"* \ V of arbitrarily singular subspaces
Vv P

Its proof will go by induction, and is based on the abundance of generic
pencils in P", in the sense that the pencils have no singularities along the axis
and such that the axis A is transversal to all strata and is not included into the
subspace V.

Corollary 11.3.1 Let V C P”" be a singular algebraic projective space of
pure dimension, not necessarily irreducible. Let H C P” be some hyperplane
transversal to all strata of some Whitney stratification of V. Then there exist
generic pencils of hyperplanes having H as a generic member and we have:

(a) HN(P"\ V) — P"\ Visa (n+ codimV — 2)-equivalence.

(b) Ifdim V < 2n—35, then the kernel of the surjection 77, codimy —2 (H N (P"\
V), ) = Tptcodimv—2(P"\ V,.) is generated by the images of the variation
maps hvar; of such a generic pencil.

Proof We may choose a hyperplane A of H = P"~!, hence codimp:A = 2,
such that A is transversal to all strata of Y. The set of generic axes A is a Zariski—
open subset of the set of all axes A C H C P". Let us then fix in the following
such an axis and consider the corresponding pencil.

The part (a) is classical and well-known and its proof goes by induction on
dim V. By repeated slicing with generic hyperplanes, the dimension of V goes
down by 1 at each step until we reach the dimension zero. At each stage we
choose a generic pencil.

Let us see that the conditions of Theorem 11.2.1 are satisfied at the induction
step. We have X := [P\ V. The generic fibre X, of our pencil is path connected
at each step. Condition (iii), resp. (iii’), is empty at every step, since a generic
pencil has no singularities in P~/ \ V.

The condition (i) in case dimV = 0 (hence V consists of finitely many
points) is the level of connectivity of the pair (P* \ V,P"~!), which is known
to be equal to 2n — 2. Indeed, we have that (P, P!y is (2m — 1)-connected
and the homotopy depth of P is 2m.

If condition (i) is satisfied, then (ii) is equivalent to the condition “(Xa*l,,A/ )
is (k — 1)-connected” as shown above, cf. (11.16) of §11.3. Let us notice that
X, = Xg; in our case. But then the pair (Xq;,A') is of the same type as the
pair in the conclusion of our statement, namely X, is the complement of some
projective space in P"~! and A’ is a generic hyperplane in P"~!, and there-
fore this condition too can be reproduced at each step by the conclusion of
Theorem 11.2.1(a).
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We also need to check the initial conditions for our induction, i.e. the start of
the induction. In case dim V = 0, we have that (X,;,A") = (P"\ V, P=1\ V)
and this is (2m — 2)-connected. Then Theorem 11.2.1(a) says that the higher
pair P\ V, P\ V) is (2m — 1)-connected. This becomes the conditions
(1), and (ii) in its equivalent form (11.16), for the next induction step.

In conclusion, after a number equal to dim V' of steps of induction we get
the connectivity 2n — dim V — 2, which was our claim. So far we have proved
part (a).

Part (b) follows from (a) and from Theorem 11.2.1(b), since all conditions are
fulfilled, modulo the fact that our homotopy variation map works for homotopy
groups starting with level 3 (by its definition). This fact amounts to the condition
2n — dim V — 2 > 3. The proof is now complete. |

Part (b) of this Corollary is a new result since we consider the general situation
of complements of arbitrarily singular subspaces. There are three cases not
covered by the condition dim V < 2n — 5, namely the case n = 3, dim V = 2,
and the casesn = 2 and dim V = 1 or dim V = 0. The last one is trivial, since
clearly the kernel we are looking for is just Z. The second case is covered by
the classical Zariski—van Kampen theorem. The only open case is therefore the
case of complements of surfaces in P3 (see Exercise 11.2).4

Exercises

11.1 Prove the following complementary case of Theorem 11.2.1, which is the
homotopy analogue of Theorem 10.2.11:
Let h: Y --» P! define a pencil with isolated singularities, such that V
contains a member of the pencil. Le X, be path connected and let (X, X;")
be k-connected, where ¢ ¢ A is a regular value of the pencil and a € A
is a critical one. Let ¥ := X N o (Sing gp).
(i) If £ > 0 and (X,X \ X) is (k 4+ 1)-connected, then the inclusion

X, — X isa (k + 1)-equivalence.

@) If k > 2 and if (X,X \ X) is (k 4+ 2)-connected, then the kernel of
the surjection 7y 41 (X.) — w41 (X) is generated by the images of the
variation maps hvar;.

11.2 Prove that the case k = 1 in Theorem 11.2.1(b) can be recovered by
showing that the construction of the homotopy variation map may be
carried out in case g = 2.



Appendix 1

Stratified singularities

Al.1 Stratifications of singular spaces and
fibration theorems

‘Whitney stratifications’ is a key device for studying singular analytic spaces, in
the real or complex setting. An excellent reference to this topic is [GWPL] and
an introduction, with historical remarks, may be found in [GM?2]. Let us briefly
recall some basics. A stratification of an analytic space X (we stick to this
setting) is a partition of A" into a locally finite collection S = {S;}; of connected
locally closed submanifolds, such that, if S; N S; # @, then S; C S; and in this
case we write §; < ;. The stratification S is called a Whitney stratification if
any two strata S; < §; satisfy the conditions (a) and (b), as follows. Let x; € S;
be a sequence of points converging to some y € S;. Suppose that in some local
coordinate system the tangent planes T\, S; converge to some plane 7" in the
appropriate Grassmannian. Then:

@@ T DTS;.

Let moreover y; € S; be a sequence of points converging to the same point
y € S;. Suppose that, in the same local coordinate system, the secant lines
l; = Xxyy converge to some line /. Then:

b) TOl.

It was proved that condition (b) implies (a). We shall use the following
well-known facts, and send to the textbooks [GM2, GWPL] for the appropriate
references:

1 Any closed analytic (or subanalytic) subset X of an analytic manifold admits a
Whitney stratification such that its strata are analytic manifolds. In the complex
analytic setting, we call this a complex Whitney stratification.

219
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2 The transversal intersection of two Whitney stratified subspaces is a Whitney stratified
space whose strata are the intersections of the strata of the two spaces (see e.g. [GWPL,
p. 19]).

3 Whitney stratifications are topologically trivial along the strata. More generally, one
has Thom—Mather s first isotopy lemma: given a proper stratified submersionf : X —
KP, there is a stratum preserving homeomorphism ¢ : X — f -1 (tp) x KP, which
is smooth on each stratum and commutes with the projection on K”; in particular the
fibres of f are homeomorphic by stratum preserving homeomorphisms, which are
C*°-diffeomorphisms on each stratum.

Let us introduce a stratification which is weaker than a Whitney stratification
but still allows us to prove a local isotopy theorem, which is useful in the study
of the topology of polynomial and meromorphic functions.

Let g : X — K be a K-analytic function, where K = C or R. Suppose that
X is endowed with a complex (resp. real) stratification G = {Gy }qea, such that
¢~ 1(0) is a union of strata.*

Definition A1.1.1 We say that G is a dt-stratification (partial Thom stratifi-
cation) relative to g~1(0) if, for any two strata G, < Gp with G, C ()
and Gg C X'\ ¢~ 1(0), the Thom (ag)-regularity condition is satisfied at all the
points of G.

One may look up for instance [GWPL, ch. I] for the definition of the (agz)
regularity condition, introduced by Thom. This is a relative (a)-type condition,
which, in terms of conormal spaces, amounts to the following: two strata G, <
G satisfy the Thom (ag )-regularity condition if and only if, at any point§ € G,
the relative conormal space of g on _C’;ﬂ is included into the conormal of G, i.e.,
(T;‘@)g C (Téa)g.

Local dt-stratifications exist since local Thom stratifications relative to
a function exist, see e.g. [HmLI, Théoreme 1.2.1], [Hiro], [Be] (‘local’
means in some neighbourhood of a point x, for any x € X). Nevertheless
dt-stratifications are less demanding than Thom stratifications.**

Fibration theorems. The existence of Thom—Whitney stratifications and of
partial Thom stratifications allows us to prove fibration theorems. A well-known
one is the Milnor—-Lé’s local fibration theorem, in the complex setting:

Theorem Al1.1.2 [1L&3] Let h : (X,x) — (C,0) be a holomorphic function
germ. For any ball B, centered at x of sufficiently small radius ¢ > 0 and any
0 < § K ¢, the restriction:

h :B. Nk~ (D}) — D} (1.1)

* Tt is well known that we may refine a given stratification such that this assumption also holds.
** Also called Thom—Whitney stratifications, since these are Whitney stratifications which
satisfy in addition the Thom (ay)-regularity condition relative to some function f for any
couple of strata Gy, < G - See also Theorem A1.1.7 below.
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is a locally trivial C* fibration. Its fibre is called Milnor-Lé fibre. The isotopy
type of the fibration does not depend on the choice of the radii € and §.

Theorem Al1.1.3 (open local isotopy) [Ti4]

Let (X,x) C (KN, x) bea K-analytic irreducible space germ, dim, X > 2. Let
h:(X,x) - (K,0) be a K-analytic map transversal to a dt-stratification G
relative to g~ (0). Suppose moreover that X \ g~ (0) is nonsingular. Then, for
any small enough ¢ > 0 and 0 < § <K ¢, the following restriction of h:

B Nh~ N (Ds) N (X \ g7 1(0)) — Ds

is a topologically trivial fibration.

Proof We give the proof from [Ti4] since in the same manner we may prove
several fibration theorems, e.g. L&’s theorem A1.1.2.

The stratification G may fail to be Whitney, hence we cannot apply Thom’s
first isotopy lemma. Also G might not be (c)-regular in the sense of Bekka [Be,
§2, Def. 1.1], nevertheless it is of a similar flavour.

The idea of proof is to lift by 4 the unit real (resp. complex) vector field 9/9¢
on Dj to a vector field on X', tangent to both S, := 3B, and to all positive levels
of g.

First choose ¢ > Osuchthat, forall0 < &’ < ¢, the sphere S, is transversal to
all strata of G and to all positive dimensional strata of the stratification induced
by G on h=1(0) (by e.g. [HmL1, Theorem 1.3.2] or [Loo, Lemma 2.2]). Our
hypothesis on 4 implies that the levels of & are transversal to the levels of g
different from 0, at any point of B, \ g~'(0), for & small enough. We may
therefore define a continuous vector field v on B, N A~ (Ds) N (X \ g~1(0)),
without zero, which is a pull-back of the unit vector field /97 on Ds and is
tangent to the levels of g. This follows for instance from the fact that G is, so
to say, ‘partially’ (c)-regular, in the sense that |g|> is a control function for two
strata G, < Gg satistying G, C ¢ 1(0) and Gg C X'\ g~ 1(0). Therefore, we
may still construct a continuous vector field v as done by Bekka in [Be, p. 61,
point 1].

But v might not be tangent to the sphere S, so we have to modify it in the
neighbourhood of S, N A~"(Ds). We need the following:

Lemma A1.1.4 Suppose that i : (X,x) — (K,0) is transversal to G except
possibly at x. Then for some 0 < @ < ¢,0 < § < ¢ we have that h_l(h(q)) is
transversal to S, N g_l(g(q)), forany g € Sg N h~Y(Ds) N g_l (D).

Proof Our hypothesis implies that I'g(g, 7)) N ¢ 10) C {x}. Indeed, if y €
g 1(0), y # x, then h is transversal to the level of g at any point within
Ny, N X\ g~ 1(0), where N, is some small enough neighbourhood of y. It
follows that I'g (g, h) NS N g (Dy) = @, for small enough ¢ and 0 < o < &.
We recall that ¢ was chosen small enough such that S is transversal to all
positive-dimensional strata of the form Kl (0) NGg, with Gg € G.
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If the conclusion of this lemma is not true, then there would exist a sequence
of points p; € S:Ng~1(D%) € X\g~'(0), withp; — p € S.NA~1(0)Ng~'(0),
such that the intersection of tangent spaces Tpl.h_1 (h(pi)) N T, l.g_1 (g(pi)) is
contained in T), (Se N X). Then, provided that the following limits exist (which
we may assume without loss of generality), we would have:

lim T, i~ (h(p)) N lim Ty, g~ (¢ (i) C TS (1.2)

On the other hand, let G4 C g‘l(O) be the stratum containing p. We have
that lim 7,,, A~ (h(p;)) D TGy, since G is a dt-stratification. Now, since 4 is
transversal to Gy and since p € h=1(0), the set =1 (0) N Gy must have positive
dimension and we have assumed that S is transversal to it. But this contradicts
(1.2). O

We now complete the last part of the proof of Theorem A1.1.3. From Lemma
Al.1.4, it follows that there exists a continuous vector field w without zero on
some collar of S VA~ (Ds) Ng =1 (DY) € B Nh~'(Ds) Ng=!(D}), whichis a
lift of 3/3¢ by h and is tangent to ey N g~ ! (p), forany p € D} and &’ < &’ < ¢,
for some &’ close to &.

Lastly, there exists another continuous vector field u without zero on B, N
h=1(Ds) \ g~ 1 (Dg), which is again a lift of /07 and is tangent to the sphere
Se (by the choice of ¢).

We then glue those three u, v, w by a partition of unity and get a vector field
which trivializes the fibration A,. O

We stick to the complex setting for the remainder. We have the following
Lefschetz type result extending Hamm and L&’s statement [HmL 1, Corollary
4.2.2] from the point of view of the stratification involved in the statement.

Corollary A1.1.5 Let (X, x) be a complex analytic space germ and let /4, g :
(X,x) — (C,0) be holomorphic functions such that 4 is transversal to a dt-
stratification with respect to g~!(0), except possibly at x. Assume that X \
¢~ 1(0) is nonsingular of dimension n. Then for any & small enough, any 0 <
8 « ¢ and any n € Dy, the pair:

BN (Ds) N X\ g1 0),B.NA~ ) n X\ g7 1(0))

is (n — 1)-connected.

Proof Under the stated conditions, the following pair:
B:Nh™' D) N X\ g™ (0), (S N~ (D)) U B NA~ ) NX\ g7 (0))

is (n — 1)-connected, by [HmL1, Theorem 4.2.1]. We should check that the
proof in [HmL1], still works in our setting.
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By Lemma A 1.1.4, the restriction of 4 to S, Nh~1(Ds) N X'\ g ~1(0) induces
a topologically trivial fibration over Ds, and the conclusion follows.
d

Local stratified triviality An interesting and delicate problem would be to find
reasonable converses to Thom’s first isotopy lemma or to Theorem A1.1.3. Let
us discuss an aspect of this matter, following [BMM, Ti4].

So let X € CV be a complex analytic set endowed with a Whitney (a)-
regular stratification. Let G, be a stratum, dimG, > 0, let x € G, and let
h: (CN,x) — (CP,0) be a submersion transversal to G,. Let D), denote the
open ball centered at 0 € C?, of radius 1 and let B, C CV be some ball centered
at x, of radius €. For ¢ > 0 small enough, G induces a Whitney (a)-regular
stratification on 2~ (0); therefore X N (B, Nh~1(0)) is stratified, its strata being
the intersections of 4! (0) with the strata of G. Then Dy x (XN (BN h=10)))
is endowed with the product stratification.

Definition A1.1.6 [BMM, 4.1] The stratification G of X satisfies the
local stratified triviality property (abbreviated LST) if and only if for any
point x € X and any submersion & : (CN,0) — (CP,0) transver-
sal to G, at x, where x € G, and 0 < p < dim{G,, there are
n > 0, & > 0, some neighbourhood U C CN of x and a stratified
homeomorphism & such that the following diagram commutes:

XU — Dy x (XN (B N1 (0))

T

D,.

One notices that the LST property is preserved when slicing by hyperplanes
transversal to the strata. Moreover, the LST property is preserved when restrict-
ing to the closure @ of some stratum, since & is a stratified homeomorphism.
The LST property is verified for instance by Whitney stratifications, by Thom’s
first isotopy lemma.

Theorem A1.1.7 [BMM, Ti4] Let X C CN be endowed with a Whitney (a)-
regular complex stratification G, such that g~ (0) is a union of strata and that
G verifies the LST property. Then G is a dt-stratification relative to g~ (0).

This is a reformulation of a result due to Briancon, Maisonobe and Merle
[BMM, Theorem 4.2.1]. The original proof uses D-modules techniques. We
give bellow the geometric proof from [Ti4].
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Proof Let Y C g~'(0) be the locus where the (ag)-regularity fails and assume
that ¥ # #. Let 7 be some complex (a,)-regular stratification of X', which
refines G and such that new strata occur only within Y; we remark that this is
possible by the definition of Y. Let 7y C Y be a stratum of maximal dimension
among the ‘new’ strata. We may assume that dim 7y = 0. (If not so, then
we reduce the problem to this case by slicing with a plane V with dimV =
N — dim 7y. Then the slice X N V inherits the same properties as the ones
assumed for X.)

Then let y € 7y be an isolated point of our set ¥, which is assumed to be
of dimension zero, by the reduction argument. Now let Gy be the stratum of G
containing y. Notice that dim Gy > 0, by the definition of 7. Our hypothesis
ad absurdum amounts to:

(Thx)y & TG, (CY). (1.3)

Then there is some stratum G; € G, G C X'\ {g‘l(O)}, of dimension > 2,
such that:

(Tgy & TG, (CY). (1.4)

Letus pickup & e (T;|?)y \Tg, (CN) and identify & with a linear form / on CV.
1
We then consider the germ at y of the polar locus I'g (/, gla). By the definition of

&, we have I'g ([, gIQT) Ng~1(0) = {y}, and by typical ‘polar curve arguments’
(as in the proof of Theorem 7.1.2) we show that dim I'g (/, gla) = 1.

The LST property implies that the complex links CL(Gy,y) and CL(G; N
g 1(0), y) are contractible (see Definitions 6.1.4 and A1.2.3). We consider the
germ at y of the map (/, g)) : Gi — C? and take a small enough in the polydisk
neighbourhood P of y (see [Lé2] and also [Ti2] for the definition). Then the
slice I=1(I(y) + &) N P, for & > 0 small enough, is just the complex link
CL(G1,y). This slice is obtained, up to homotopy type, by attaching a finite
number of cells of dimension = dim¢ G — 1 to I='(I(y) + &) N g~1(0) N P,
which is just the complex link CL(G; N g~1(0),y)) (e.g. lookup the proof of
Theorem 4.2.5). These cells correspond to the singular points of the function
g on I7'(I(y) + &) NP (namely to one singular point there corresponds at
least one cell), which are exactly the points where the polar curve I'g(/, g‘a)

intersects [~} (I(y)+e)NP.Since I'g (I, gIQT) is a nonempty curve, the number
of these intersection points is greater than zero, hence the number of cells is also
greater than zero. This contradicts the contractibility of CL(Gy, y) and finishes
our reductio ad absurdum proof. (]

The Milnor fibre of holomorphic germs. We have seen by the Milnor-Lé
theorem A1.1.2 that to any holomorphic function germ 4 : (X,x) — (C,0)
we associate a Milnor type fibration. It has been proved by Milnor [Mi2] that
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the Milnor fibre M}, (x) has a nice structure in case of a function with isolated
singularity on a nonsingular space, see § 3.2.

More generally, in case h has a stratified isolated singularity at x, i.e.
dim Singyy)h = 0 for some Whitney stratification W on X" (cf. Definition
2.2.1), we have some more information on the homotopy type of the Milnor
fibre My (x). L€ pointed out that, under certain conditions, the space X has
‘Milnor’s property’ in homology (which means that the reduced homology of
the Milnor fiber of / is concentrated in dimension dim X — 1, where X’ is purely
dimensional). Then the Milnor-Lé number (1(h) is well defined as the rank of
this homology group. Milnor’s property is satisfied, cf. [Lé5], if (X,x) is a
singular complete intersection and more generally, if rHd (X, x) > dim(X, x),
where rHd (X, x) denotes the rectified homological depth* of (X, xp).

If we are interested in the structure of the Milnor fibre up to homotopy
type, then similar results hold, namely the Milnor fibre is homotopically a
bouquet of spheres VS"~! as soon as X is irreducible, of pure dimension n
and is a complete intersection or has maximal rectified homotopical depth, i.e.
rhd (X,x) > dim(X,x). In the general case, we have the following result,
the proof of which relies on a ‘controlled attaching of cells’ provided by the
carrousel monodromy:

Theorem A1.1.8 [Ti2] Let h : (X,x) — (C,0) have a stratified isolated
singularity with respect to a local Whitney stratification VW = {Wi}?: |- Then
we have the following homotopy equivalence for the Milnor fibre:

M) = CL@Y,0) v v (\/ S5 (CLa W),

where ki = dimc W;, CLx (W;) is the complex link of the stratum VW; and Ski
means the k;-times repeated suspension.™* U

The number of objects in the last bouquet \/ depends on polar invariants;
one may find the details in [Ti2].

A1.2 Stratified Morse theory, characteristic classes and
cycles

Stratified Morse theory. We recall here very few basics on the stratified Morse
theory and send the reader to [GM 1, GM2].

Let M be a complex analytic manifold and let X C M be a complex analytic
subvariety, endowed with a complex Whitney stratification S.

* See Definition 9.2.4.
** By convention, the suspension over the empty set is the O-sphere sY.ie. two points.
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Definition A1.2.1 Let N C M be the germ of a closed complex submanifold.
We say that N is a normal slice to some stratum S of X, at some point x € S,
if N is transversal to S and N N S = {x}. _

Acovector (x,&) € TgM is called normally nondegenerate if (x,&) ¢ Te,M,
for all strata §" # S.

Definition A1.2.2 Letx € Sandletg : (M,x) — (K,0), where K =R or C,
be a C* function germ, such that dg, is normally nondegenerate with respect
to S. We say that x is a stratified Morse critical point of g with respect to the
stratification S if x is a classical Morse critical point (real or complex) of the
restriction g|s to the submanifold S.

The key notion of the complex stratified Morse theory is the complex link
[GM2, p. 161, Def. 2.2]. Let S € S,x € Sand leth : (M,x) — (C,0) be a
holomorphic function germ such that dz, € T¢M is normally nondegenerate.
Let N be a normal slice to S at x. The local Milnor-Lé fibration (Theorem
A1.1.2) of the restriction & xny has an isolated stratified critical point at x.

Definition A1.2.3 We call complex link of the stratum S the Milnor fibre:
CLx(S) :=XNNNBs(x)N{h=u} for 0<ul K§<KI.

of the Milnor-L¢ fibration of h. We call complex link of X at x the complex link
CLy ({x}) of the point-stratum {x}, also denoted by CL(X, x).
The pair of spaces:

NMD(S) := (X N\NNB;s(x), XANNBs(x)N{h = u}) for 0 < |u| <8 < 1,

is called the normal Morse datum of S.

Goresky and MacPherson [GM2, p.163, Theorem 2.3] showed that the strat-
ified homeomorphism type of the complex link CLy (S) as well as the normal
Morse datum NMD(S) are independent of all choices (in particular, of the
choice of the point x € §) and thus they are indeed invariants of the stratum
SinX.

Definition A1.2.4 Let « : X — Z be a constructible function with respect to
the stratification S of X . Then its normal Morse index along S:

n(S,a) := x(NMD(S),a) = x(X NN NBs(x),a) — x(CLx(S), ) (1.5)

is a well-defined invariant of the stratum S.*

* We refer the reader to Schiirmann’s book [Sch] for all details and results on constructible
functions and constructible sheaves.
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In particular, when dim(S) = dim(X ), we have CLyx (S) = ¥ and we get:
n(S,a) = x (NMD(S), @) = a(x). (1.6)

Chern classes and characteristic cycles. We give a very brief account on sev-
eral notions used in §6.2 and §6.3 and refer to [Sch, ScTi] for the full details.
Let F(S) denote the group of constructible functions with respect to the strati-
fication S. Let L(S) be the group of conic Lagrangian cycles generated by the
conormal spaces TS*M := T¢M to the closures of strata S of our stratification.

Definition A1.2.5 The characteristic cycle map is defined as follows:

cc: F(S) = L(S); ccl(a) = Z(—l)dimsn(S,a) . Tg‘M,

SeS
where the sum is locally finite.
The map cc is an isomorphism:
cc: F(S) 5> L(S), (1.7)

the injectivity follows by (1.6), and the surjectivity by induction on dim(X).
Denoting by L(X, M) be the group of all conic Lagrangian cycles, for all Whit-
ney stratifications on X, it is not difficult to see that the characteristic cycle
cc(a) € L(X,M) is independent of the choice of the stratification S.

The following index theorem is one of the main applications of stratified
Morse theory to the theory of characteristic cycles. A proof in terms of real
Morse theory for constructible sheaves can be found in [Sch, pp. 290-292].

TheoremAl1.2.6 Letf : M — [a,d[C R beasmoothfunction, whered € RU
oo, such thatfix is proper and the stratified critical locus Singf is compact with
image f (Singf) C la, b]. Then, for any o € F(S), the global intersection index
g([cc(a)] U [df (M)]) is equal to the Euler characteristic x(X N{f < r}, ),
forallr €]b,d]. U

Let us briefly recall the main ingredients in MacPherson’s definition of his
(dual) Chern classes of a constructible function and the relation to the theory of
characteristic cycles.* These enter in the following key diagram used in §6.3:

- éM a
F(X) <2 Z(X) ——— H.(X)
chlml Ax )NSx (18)
L(X, M)

* Some other useful references for this topic are [BDK, Dub2, Gi, Ken, Sab].
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The notations F(X) and Z(X) stay for the groups of constructible functions
and cycles respectively, in the complex analytic or algebraic context. We denote
by H, (X) either the Borel-Moore homology group in even degrees HﬁM X,72)
or the Chow group CH,.(X).

It follows from (1.7) that the morphism cc : F(X) S L(X,M) from the
above diagram is an isomorphism. The vertical map cn is the correspondence
Z — TJM. By definition, L(X, M) is the group of cycles generated by the
conormal spaces, so cn is an isomorphism. We shall explain the other notations
and give an idea of the proof of the commutativity of the diagram (1.8).

MacPherson’s Chern class transformation. Some properties of the local
Euler obstruction Euy have been recalled in §6.2; in particular, Euy is a con-
structible function. The maps Eu and ¢Ma from diagram (1.8) were defined in
§6.3. The dual MacPherson Chern class transformation:

M= Mo Byl F(X) - Ho(X), (1.9)

also defined in §6.3, agrees up to sign with MacPherson’s original definition of
his Chern class transformation ¢ :

M) = (1) - M (a) € Hi(X).

The dual Euler obstruction EuZ and the dual Chern—Mather classes Ef‘k”“ 2)
were originally defined in terms of the Nash blow-up 7 of Z. The handling of
this objects in §6.3 needs their interpretation in the language of the conormal
space TyM := TZegM of ZinM.

For ¢M%(Z) we have the following interpretation in terms of the Segre classes:

M7y = H(T*Miz) N s (TEM), (1.10)

the details and the appropriate references may be found in [ScTi]. This obviously
yields the commutativity of the right triangle in (1.8).

The description of the dual Euler obstruction Euz of Z in terms of the conor-
mal space T, M and 1-forms may be found in [Sch, §5.2]. We have the following
micro-local description of the dual Euler obstruction as a local intersection
number of conormal cycles at dr, € T*M:

Euz(z) = tar. (T;M1 U [dr(M))), (1.11)

The Euler obstruction Eug is constructible with respect to the stratification S,
and it turns out that its characteristic cycle verifies the following equality (see
[Schl, ScTi]):

cc(Bug) = TiM. (1.12)

This proves the commutativity of the left triangle in (1.8).



Appendix 2

Hints to some exercises

1.2. Use the Tarski—Seidenberg theorem.

1.4. Use the Lefschetz number of the local monodromy at some critical point.
1.5. Use the curve selection lemma.

1.6. Use the function p from Example 1.2.3. Let E, := {x € C" | p(x) < r}
for some r > 0. Then the local Milnor fibre of f at 0 € C” (i.e. f ' (¢) N Eg,
for some small enough ¢ and 0 < |c| K ¢) is diffeomorphic to the global fibre
f_l(c), sincef_l (c) is transversal to 9E,, Vr > . See also §3.1.

1.7. Let v(x) be the projection of the vector field gradf (x) to the (real or
complex) tangent hyperplane of the level of p, at the point x € N. This is the

(@rad [ (0),rad p)
leradpl? 21240,

where (a,b) = Y1, aib;. By renormalization, we get the (real or complex)

vector field w(x) := L),, which is nowhere zero on N and it is a lift
(v(x),grad f (x))

of 9/0t since (w(x), gradf (x)) = 1.
1.8. Use the curve selection lemma and the definition of pg regularity.
2.1. B-class. We have X; = {f — txg = 0} C P". Also Singf N X; = SingX;
and SingX; C SingX, and therefore SingX; N H* C (SingX;) N H.

Now SingX; = {% =0]i=0,...,n} and so (SingX;) N H® = {% =
0.fg—1=0i=1,...,n} =X.
3.4 One of the equalities was already proved in that section. The second equality
goes with a similar proof.
7.1. If the singularity at p of [ is on a stratum of positive dimension of X,, then
the complex link of the restriction /|x, is a nontrivial bouquet of spheres.
7.5. Use also Corollary 1.2.6 and Proposition 1.2.12.
7.6. Consider the germ of the map (F,s) : C"*2 — C2. See also the proof of
Proposition 3.3.6.
9.1. The stratified singularities of the restriction of p to X (w) x C can only
occur on a finite number of fibres of p. Since dim X (w) < s, it follows that
dimY'*° N Singgp <'s.

following nowhere zero vector field v(x) := grad f (x) —

229
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9.2. The proof of Proposition 9.1.7 shows that, if dim ¥ < s, then dim X*° N
Sing gp < s. This implies that dim Singgp < s + 1. In turn, this yields
dim Singf < s+ 1, since C"*! is a stratum of the stratification S of X.
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Chapter 1

The proof of the finiteness of the set of atypical values has been sketched by
Thom [Th2] and uses stratifications. A complete proof along these lines can be
deduced from Verdier’s study on Bertini—Sard theorems [Ve]. Another proof using
the resolution of singularities was given by Pham [Ph, Appendix].

This proper extension of f has been systematically used in the study of polynomial
functions [Brl, Ph,Pal, ST2] etc. We may use other proper extensions of f, by
embedding K" into weighted projective spaces or toric varieties, see
[A’CO,Ti4,Za, LiTi].

For complex polynomial functions, the transversality to big spheres (i.e. the
pg-regularity) was used in [Br2, p. 229] and later in [NZ], where it is called
M-tameness.

In case n = 2, a similar procedure was used by Ha H.V. and L& D.T. [HaL].

The relative conormal has been introduced by Teissier, and later used by Henry,
Merle and Sabbah, see [Te3], [HMS]. A more refined concept is the characteristic
cycle, introduced by Kashiwara.

In the complex setting, a Whitney stratification at infinity (i.e. C" is a stratum and
X is a union of strata) has automatically the Thom (ay, )-property. This was
proved by Briancon, Maisonobe and Merle [BMM]. A geometric proof is given in
[Ti4, Theorem 2.9], see Appendix Al.1.

Known as the ‘Malgrange condition’, since used by Malgrange [Mal]), it was first
formulated by Pham [Ph, 2.1] in the complex case. Our definition includes a
localized version at infinity and works also in the real case, cf. [Ti7].

One finds in [Pa2] several interesting inequalities and all the details of the last part
of the proof, which is due to Parusiriski.

Chapter 2

Local-at-infinity polar curves were used in many papers [Pal, ST2,Ti4, ST4,ST5].
Affine polar curves in several variables were introduced in [Ti4] and turn out to be
very useful, as we show in Part II.

Broughton [Br2] considered for the first time B-type polynomials and studied the
topology of their general fibres. The VV-class of polynomials was introduced in
[ST2], while F-type polynomials were considered in [Li2, ST5, STS].

231
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The equivalence (a) < (b) of Theorem 2.2.5 was proved in particular cases by: Lé
and Ha [HaL] for curves, Parusinski [Pal] for B-type polynomials, and Siersma and
Tibdr [ST2] for VW-type polynomials.

In two complex variables, the equivalence (a) < (b) of Theorem 2.2.5 has been
proved by Lé and Ha [HaL]. In his survey, Durfee [Du2] gives another equivalence
in terms of a resolution at infinity. For this viewpoint, one may also consult
[LéWel,LéWe, ACD].

One of the simple proofs of the line embedding theorem (Abhyankar—-Moh—Suzuki
theorem) was given by Rudolph [Rud] and is based on knot theory exclusively.
Together with the Jacobian Conjecture formulation at 2.3.4, this gives an almost
completely topological viewpoint over the Jacobian problem in 2.

One may consult [CP] for a similar criterion, which presents an effectivity
viewpoint.

Chapter 3

Links at infinity were studied notably by Neumann [Neu], see also Eisenbud and

Neumann’s monograph mainly for the local setting [EN]. Local links are intensely

studied since the pioneering work by Milnor, Brieskorn, Hirzebruch, Mumford etc.

Milnor also shows that his two fibrations are equivalent.

The condition ‘trivial ¢-controlled local relative homology at infinity at 7’ may be

interpreted as absence of vanishing cycles at infinity at 7. More precisely, this

means that the support supp ®;—, (ixCx) of the sheaf of vanishing cycles of T —

does not intersect Xtooo. (Here i : X C P x C denotes the inclusion.) In this terms,

Parusiriski has proved in [Pa2] a result related to Proposition 3.1.9.

The bouquet theorem 3.2.1 is a global version of the local bouquet theorems by

J. Milnor’s [Mi2, Theorem 6.5] and by L& D.T. [Lé5, Theorem 5.1] in the singular

case. In the global setting, bouquet theorems were proved to different degrees of

generality by Broughton [Br2], Siersma and Tibér [ST2], Tibadr [Ti4] and

Parusiriski [Pa2]. Theorem 3.2.1 extends the one for polynomials with ‘good

behaviour at infinity’: tame [Br2], quasi-tame [Ne2], M-tame [NZ]. Recall that

‘tame’ implies ‘quasi-tame’, which implies in its turn ‘M-tame’ [Nel], [NZ].
Under the additional hypothesis dim X = 0, the (weaker) homology counterpart

of Theorem 3.2.1 was proved (with a different proof) by

Broughton [Br2, Theorem 5.2]. In this case he also got Corollary 3.3.3(a).

The total Milnor number 4y has an algebraic interpretation as the dimension of the

quotient algebra C[x1, ..., x,]/ (%, R %), see [Mi2].
Chapter 4

This formula was observed by Dimca and Parusiriski and may be found for instance
in [Dil].

There are more other aspects of this ‘opposite behaviour’ among the local and the
global affine settings, for certain quantifiers (e.g. Hodge numbers).

This behaviour was been noticed in several examples by Siersma and

Smeltink [SiSm].

We have worked in [BT] with analytic braids, which have a similar definition.
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Chapter 5§

Couples of space-function germs (Xj, g5), varying with the parameter s, have been
been investigated, from the point of view of the stability or variation of the Milnor
fibre, in [JT].

Bodin proved in [Bo3] the topological equivalence in case there are no singularities
at infinity and in case n = 2 with some additional hypotheses, by using results due
to L. Fourrier [Fo], which involve resolution of singularities.

One may ask if the formal homotopy class of the boundary is a topological
invariant, which is a priori a stronger condition than being an invariant of
topologically trivial deformations. The answer is yes in the particular case when this
boundary is diffeomorphic to the standard sphere s2n=1 by Morita’s work [Mo].
Morita formulae express the formal homotopy class (as an element of
790,—2(802,—1/U,—1)) in terms of the Milnor number u and of the signature of the
Milnor fibre, which are both topological invariants. However this proof does not
work for other types of links, in particular since it uses the fact that the restriction of
the tangent bundle of RR2" to the unit sphere § 2n=1 admits a canonical

trivialization.

This case was previously proved by Ha and Zaharia [HZ].

Chapter 6

Global polar invariants for affine hypersurfaces have been first used in [Ti6] in order
to characterize the equisingularity at infinity of families of affine hypersurfaces.
Massey’s approach [Mas] is based on a reformulation of MacPherson’s theory in
terms of characteristic cycles of constructible sheaves or holonomic D-modules.
One may compare for example with [BDK, Dub2, Gi, Sab].

The idea of proving properness of projections from the global polar set by using
genericity conditions at infinity can be traced back to Hamm[Hm3].

Such a formula for x (X) has been first proved for hypersurfaces with isolated
singularities in [Ti6] and then for general X in [Ti14]. See Exercise 6.2.

Chapter 7

A probably very incomplete list of authors who studied polar curves looks as
follows: Greuel, Giusti, Henry, Langevin, Casas, Ephraim, Steenbrink, Zucker,
Michel, Spivakovsky, Siersma, Weber, Gabrielov, Ptoski, Gwozdzewicz, Némethi,
Lipman, Oka, Massey, Maugendre, Gusein-Zade, Garcia Barroso, Snoussi, Kuo,
Parusiriski, Corral, Lenarcik, Campillo, Olivares, Ueda, Ebeling, Bondil,
Masternak, Wall.

We have defined in [Ti6, §3] polar intersection multiplicities for such a family.
In this context, the nongeneric multiplicity up(Y) + up(Y N H ©°) was used in
[Ti6, 3.7].

A survey of this topic can be found in Griffiths’ paper [Gri].

The exchange principle was originally used in the framework of total absolute
curvature of knots and embedded real manifolds, by Milnor [Mil], Chern and
Lashof [ChL], Kuiper [Ku].
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Chapter 8

1 The construction of a model of the typical fibre and of geometric monodromies
along loops in C \ Atypf acting on this model appeared in [Ti6].
2 For the carrousel construction, one may also consult [Til,Ti2, Til3].

3 To compute ;l.rel and ¢s+ we may use the method given in [Til] based on a
Mayer—Vietoris argument for an annular decomposition of the carrousel disk. This
works reasonably well for a carrousel with only first-order smaller carrousels (i.e.
when the branches of the germs of A have only one Puiseux pair), but computations
become very quickly too complicated when the complexity of the A increases.

4 For the Lefschetz number in case of functions on singular spaces, one may consult
[Til].

Chapter 9

1 Instead of endowing Y with a stratified structure, another strategy for studying the
topology of the meromorphic function F would be to further blow up Y in diagram
(9.1), such that the pull-back of {P = 0} U {Q = 0} becomes a divisor with normal
crossings. We may then use the data provided by this divisor in order to get
information. In this spirit, some results were found in the polynomial case, in two
variables, by Fourrier [Fo] and L& and Weber [L.é We]; computation of the zeta
functions of the monodromy has been done for polynomials and particular
meromorphic germs (namely for ¥ nonsingular and X = Y \ A) by Gusein-Zade,
Melle and Luengo [GLM2, GLM4].

2 We may also construct a canonical (minimal) dz-stratification; we send to [Ti4] for
the details.

3 This type of result was observed before in different particular situations, see e.g.
[Br2, §5], [Sil,ST2,NN1,DN1].

4 The notion of rectified homotopical depth was introduced by Hamm and L& [HmL1]
in order to explain Grothendieck’s predictions that the homotopical depth (see
Definition 10.2.2 for the homology version) was the cornerstone for the Lefschetz
type theorems on singular spaces [G].

5 Polydisk neighbourhoods were first used by L& [Lé3].

6 Libgober [Li2, §1] considers the case when V has at most isolated singularities and
V is transversal to the hyperplane at infinity in P".

7 This result supersedes the connectivity estimation proved in [DP] and other more
particular results previously proved by Dimca and Kato.

8 In the particular case of polynomial functions, the Picard type formula appeared in
[NN2] and [DN2]. It was independently noticed, in the general setting of
meromorphic functions, in the arXiv preprint of [ST6]).

9 This result was remarked in [DN1] for polynomial functions and in [ST6] for
meromorphic functions, for nonsingular ¥ and for X = Y \ A.

Chapter 10

1 For the bibliography up to 1988, one may look up [GM2]. It appears that in some of
these generalizations (e.g. in [GM2, Thm. 1.2, p.199]), under the respective
hypotheses, generic pencils do exist and their use yield alternative proofs.
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Our approach starts in the spirit of the Lefschetz method [Lef], as presented by
Thom in his Princeton talk in 1957 and by Andreotti and Frankel in their paper [AF].
This vein has been exploited in relatively few papers ever since; we may mention
the interesting ones by Lamotke [Lam1], Chéniot [Ch1,Ch2] and Eyral [Ey]. The
use in the statement of our Theorem 10.2.3 of the comparison between the general
element of the pencil and the axis comes from Lamotke [LLam1] and occurs in
Chéniot’s statements in [Ch1,Ch2]. Our setting being far more general, we follow a
different strategy and use in a crucial way specific geometric constructions and
results of stratified singularity theory.

Chéniot [Ch2] works with a different kind of variation map.

For generic pencils of hyperplanes on quasi-projective manifolds, by Chéniot
[Ch2], and on complements in P" of hypersurfaces with isolated singularities and
for higher homotopy groups, by Libgober [Li2]. The extension of Theorem 10.2.3 to
homotopy groups is investigated in [Ti8, Ti10] and some subsequent papers by
Chéniot, Eyral and Libgober, and will be discussed in Chapter 11.

The fact that the Lefschetz structure on quasi-projective varieties is hereditary on
slices was observed before by several authors, e.g. Chéniot [Ch1].

For generic pencils of hyperplanes, condition (C2)" has been used by Chéniot
[Ch1,Ch2] and Eyral [Ey], respectively condition (C3)" has been used by C. Eyral
in proving a version of the first LHT (one should compare to [Ey, Proof of
Theorem 2.5]). Therefore, via Proposition 10.2.10 and the observations in case of
quasi-projective varieties, Theorem 10.2.3 recovers the results in the cited articles.
This is Neumann—Norbury’s result [NN2, Theorem 2.3] modulo an identification,
by some excision, of our variation map to the local variation maps used in [NN2].
This may also be deduced, modulo some identifications, from the more general
result [NN1, Theorem 1.4].

Chapter 11

It is an interesting challenge to cary over the construction of the variation map in
case g = 2.

A tremendous effort has been done to enlarge the Lefschetz slicing principle. There
is a long list of articles around this topic, such as

[AF, Chl, Ch2,Ful, FL,GM2,HmL1,HmL3,Lam1, Lef,Li2,Loo, Mi2] Results of
Zariski—van Kampen type have been proved by Libgober [Li2] for generic
Lefschetz pencils of hyperplanes and in the particular case when X is the
complement in P"* or C" of a hypersurface with isolated singularities. In recent
papers after 2002, Chéniot and Libgober [CL] and Chéniot and Eyral [CE] treat
with different backgrounds some particular cases of Theorem 11.2.1—the first
version of which appeared in [Ti8].

Under those conditions, Part (a) of Theorem 11.2.1 specializes to a connectivity
statement, which recovers Eyral’s main result [Ey], where such a condition was
used for generic pencils.

In the particular case of a hypersurface V C C” with at most isolated singularities
and transversal to the hyperplane at infinity, a related result, but with different
background, has been proved by Libgober [Li2], including at the 7, level. See also
Exercises 11.1 and 11.2.
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